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Abstract. In this paper, we consider the problem of “importance sampling” from

a high dynamic range image, motivated by a computer graphics problem called
image-based lightingmage-based lighting is a method to light a scene by using
real-world images as part of a 3D environment. Intuitively, the sampling problem
reduces to finding representative points from the image such that they have higher
density in regions of high intensity (or energy) and low density in regions of low
intensity (or energy).

We formulate this task as a facility location problem where the facility costs are
a function of the demand served. In particular, we aim to encourage load balance
amongst the facilities by using V-shaped facility costs that achieve a minimum
at the “ideal” level of demand. We call this thead-balanced facility location
problem, and it is a generalization of the uncapacitated facility location problem
with uniform facility costs. We develop a primal-dual approximation algorithm
for this problem, and analyze its approximation ratio using dual fitting and factor-
revealing linear programs. We also give some experimental results from applying
our algorithm to instances derived from real high dynamic range images.

1 Introduction

This paper introduces a discrete optimization model to address a problem arising in
computer graphics. The clustering problem we propose, a variant of facility location, is
NP-hard, so we design an approximation algorithm to attack it. This approach is unusual
for computer graphics, where most methods that are proposed are heuristics that do not
come with any sort of provable guarantees on the quality of the solutions they produce.

Suppose that we wish to synthetically render a scene that is being illuminated by
multiple directional light sources. The challenge here is to accurately represent the re-
flections of light off of the surfaces in the scene. The way that light scatters off of a
surface depends on physical properties of the surface material and on the directions
from which incident light rays are striking the surface. By knowing these two things,
we can compute how much light would be scattered in the direction of the viewer’s eye,
and hence how we should render the surface.

One typically assumes that all of the light sources are infinitely far away, so that the
incident illumination is identical at every point in space throughout the scene, modulo
occlusions and reflections from objects inside the scene. Therefore, to capture all rel-
evant information about the lighting, it is enough to obtain a sifigig probe image



a spherical map of the intensity of light coming from each direction. From this spher-
ical map, we can then compute the light incident on any given point via ray tracing,
accounting for other elements of the scene that might occlude the direct lighting from
certain directions, and also for single or multiple reflections from surfaces in the scene.
This lighting method is calleémage-based lightingn computer graphics—that is, a
method to light a scene by using real-world imagery as part of a 3D environment. The
resolution of the light probe image is much greater than the number of rays we can
typically afford to trace, and therefore we desire to sample a much smaller number of
rays and trace only those. It is this sampling problem that we address in this paper.

Intuitively, we would expect to obtain the most faithful rendering if we sample many
rays in regions of high intensity (or energy), and allocate relatively few in regions of
low intensity (or energy). In other words, the quality of approximating an image-based
lighting environment as a finite number of point lights is increased if the light positions
are chosen to follow the distribution of the incident illumination. This is called the
importance samplingroblem. Debevec [4] suggests the following guideline. Suppose
that the total intensity summed over all pixels in the light probe imaggeasd we have
a budget ofB light rays (i.e., pixels from the light probe image) to sample. According to
Debevec, subdividing the image iniregions of equal intensity and choosing a single
light source in each region (center or centroid) should be sufficient. While he suggests
a particular heuristic for defining the regions and placing a light source in each, we
can interpret his strategy as follows: we should try to samplefblight rays such that
when we compute the Voronoi diagram of our chosen rays and sum the intensities of the
pixels in each Voronoi region, the total intensity is split as evenly as possible amongst
the regions, i.e., each sum is as close as possitl¢io

We cast this ray sampling task as a type of facility location problem. Every pixel is
a client with demand equal to its intensity, and every pixel is also a potential facility.
We wish to open a set of facilities and assign each unit of demand to some open facility
S0 as to minimize the sum of two types of cosihe first is a connection cost for each
unit of demand, proportional to the distance between that demand and the facility that
serves it. We assume that these distances form a metric. The second cost is incurred by
each open facility, and is a function of the amount of demand served by that facility.
The facility cost will be a “V” shape, described by three parameters. The firshrget
capacityU, which denotes the ideal amount of demand that the facility should serve.
Second, there is a fixed ca&§ to open the facility. Third, there is a penaltyfor each
unit by which the total demand served by the facility deviates from the ideal capacity
Thus, if the facility serve® units of demand, the facility cost would g + A| D — U|.
If D > U we say that the facility isverfull, if D < U we say that it isunderfull We
denote byd;; the connection cost of routing one unit of demand at cliett facility
1. We call this theload-balanced facility location problerfLBFL). Notice that when
A = 0, our problem reduces to the uncapacitated facility location problem with uniform
facility costs, which is NP-hard.

Let us examine how we could apply this model to obtain a good solution for our ray
sampling problem. Here, the connection costs are given by the great circle distance on
the sphere. These costs encourage each demand to be routed to its Voronoi center, while

! Note that we allow a single client to split its demand amongst multiple facilities.



the facility costs encourage the facilities to be placed such that each serves rbughly
units of demand. Clearly, we should $ét= I/ B. This leaves us two knobs to turfy

and 4, in order to achieve our twin goals of opening rougllyfacilities and splitting
demand evenly amongst them. Consider a demand poimtose nearest open facility
(i.e., Voronoi center) is. This demand can be routed to some other facilitgnly if

i is overfull, 4" is underfull, andd;; < d;; + 2/, because in this case the increased
connection cost is overwhelmed by saving a penaltyl@n each of the two facility
costs. Thus, small values dfforce the clusters to look more like Voronoi cells, while
large values ofl push the cluster sizes towartis Setting Fj, to be sufficiently high

will cause only one facility to be opened, which will result in high connection costs
and a highly overfull facility. As we decreadg while keeping/ fixed, the number of
facilities will increase, in order to decrease both the connection cost and the penalty for
overfullness. Thus, our choice dfexpresses a tradeoff between how well our clusters
should resemble Voronoi cells and how much the demand should be balanced among
them. Fixing a value forl, we can adjust}, so as to open roughl facilities.

There are other ways that we could have modeled ray sampling as a discrete opti-
mization problem in order to satisfy Debevec’s criterion of roughly balanced Voronoi
cells. The most obvious would be to explicitly requéssamples such that the vector
of demands contained in th¢ Voronoi regions they induce is as close as possible to
the vector(I/B,...,I/B) under some norm. Another option would be to formulate
it as a facility location problem with a hard constraint that the total demand served by
each facility must fall inside some window surroundifyg3. We chose our formulation
because it seemed to be the most tractable.

Related Work. Facility location problems have been a major focus of study in oper-
ations research since the 1960s, and in theoretical computer science since the 1990s.
Many variants of this problem have been studied. The most popular onetis¢hpac-

itated version (UFL), where each facilitypays a fixed cost for being opened, and can
then serve an unlimited amount of demand for no extra cost. See [14, pp. 22-25] for an
excellent summary of much of this work and a long list of references.

Since most variants of the problem are NP-hard, they have inspired a large body
of work developing approximation algorithms for them, particularly for the uncapac-
itated version. An--approximation algorithnis an algorithm that runs in polynomial
time, and is guaranteed to return a solution of value at magnes the optimum;

r is called theapproximation ratio The uncapacitated facility location problem has
provided fertile ground for developing a large range of approximation techniques, in-
cluding LP rounding, randomized rounding, pipage rounding, cost-scaling, greedy aug-
mentation, local search, and primal-dual methods, including dual fitting and factor-
revealing linear programs (FRLPs). Again, see [14] for references. The current best
approximation factor, due to Mahdian, Ye and Zhang [16],5@ and uses a combina-

tion of cost-scaling and dual fitting, analyzed using FRLPs. Regarding hardness, Guha
and Khuller [7] proved that no 1.463-approximation algorithm exists undégs C
DTIME[nC(loglogn)],

Several papers [9, 15, 5] have given approximation algorithms for facility location
problems with facility costs that vary with the demand served, but all of these assume



that these costs are increasing with the demand. In contrast, our costs are V-shaped, so
they first decrease then increase. This turns out to drastically change the structure of
the problem. It also causes standard local search techniques such as those in [15, 5] to
break. These algorithms bound the connection cost by considering a sequence of moves
that add all the optimal facilities to the current solution and re-route all demand to them.

In our problem, shedding demand from a facility can actuiatyeaseits cost, so this
bounding technique breaks.

Svitkina [17] recently gave @558 + ¢)-approximation algorithm for théower-
bounded facility location problepwhich is identical to UFL, except that each facility
has a hard lower bound on the amount of demand it must serve. This model was previ-
ously introduced by [8, 13]. It is not appropriate for our desired application, because it
does not give the opportunity to penalize for overloading a facility, so the solutions are
not load-balanced. For our graphics application, it might be reasonable to use a model
that imposes both upper and lower bounds on the demands served. However, an optimal
solution for this model would tend to push the demands toward the bounds, so we prefer
our formulation since it encourages true even splitting.

We use the technique of dual fitting, which involves constructing a dual solution to
an LP relaxation of our problem along with an integer primal solution in such a way that
the dual exactly pays for the primal, but is infeasible and hence does not give a valid
lower bound. However, it can be scaled down by some fagttr give a valid lower
bound, resulting in an approximation guarantee.ddne uses an FRLP to find a value
of ~ that will work for all instances. This technique goes back to Chvatal's analysis
of the greedy algorithm for set cover [3], and was formalized by Jain et al. [11], who
applied it to UFL. Mahdian, Ye and Zhang then used it to obtain the current best approx-
imation factor for that problem [16], and it has been successfully applied to other com-
binatorial optimization problems as well [2, 10, 12]. FRLPs were first used explicitly
by Goemans and Kleinberg [6] (although not in the dual fitting framework) to analyze
their algorithm for the minimum latency problem. Our work extends the techniques and
applicability of dual fitting and FRLPs.

Our Results. We develop an approximation algorithm for the LBFL problem where
the approximation factor depends on a paramgter AU/ Fj, but is a constant with
respect to the size of the input. We analyze the approximation ratio using the techinque
of dual fitting and FRLPs. This means that the analysis of our approximation algorithm
boils down to analyzing the optimal solutions of an infinite family of linear programs
(LPs). This involves identifying patterns in the optimal dual solutions to these LPs, so
that we can establish a valid upper bound on the optimal value of each LP in the infinite
family.

Like the FRLPs previously used for UFL [11, 16], our FRLP has quadratically many
“triangle inequality” constraints. Using a clever trick based on the max flow / min cut
theorem, we reduce this to a linear number (Theorem 1). This is important for three
reasons. First, the new, smaller LP and its dual are much simpler and help highlight the
structure of their solutions. Second, the smaller size allows us to solve larger FRLPs
faster, which is useful when exploring the solution structure. Both of these features are
important because a detailed understanding of the structure of optimal solutions to the



FRLP is needed to prove upper bounds on the approximation ratio of our algorithm.
Third, Theorem 1 can be applied to [11, 16] as well, allowing a simpler derivation of
their results and possibly aiding any future work that uses their framework.

In Jain et al.’s analysis for UFL, the collection of FRLPs that requires analysis is
only a single-parameter family, corresponding to the possible values of the total demand
served by a single facility. Our collection is indexed alsdhy\ and another parameter
k*, soitis a 4-parameter family. This is a significantly more complex beast, but we are
able to tame it. The approximation guarantee that we derive dependswaich is
inherent in our approach because the LP we use to get lower bourd®®nhas an
integrality gap off2(\).

Finally, we applied our algorithm to instances arising from real images, and report
the results.

2 The Model

The input to our problem is a set tHcilities 7, a set ofclients(or demand poinisD,
a metricd on 7 U D whered;; denotes the distance from facilifyto demand point
j, a fixed facility costFy, an ideal capacity/ and a penalty parameter. These last
three parametrize a facility cost functidiy, 7 4(D) = Fy + A|D — U| for D > 0.
We assume for simplicity of exposition th&t is an integer and every client has unit
demand, but everything can still be made to work without this assumption. \ifile
U and A are the most natural parameters from a modeling perspective, for our analysis
it will be more convenient to rescale the facility costs. het AU/ Fy, p = Fy/U, and
fux(D) =U+ XD —U|. ThenFg, y.4(D) = pfu (D). We will ordinarily omit the
subscriptd/ and )\, and write the facility cost asf (D).

The goal is to open a subset of faciliti€sC F and select an assignmeft D —
O of demands to open facilities so as to minimize the quantity

Y dogys + Y pfli o) = i),

jJED €O
which is the sum of the connection costs of each client to the facility that serves it, plus
the sum of the facility costs for each facility to serve the amount of demand routed to
it. Notice that for any fixed set of facilities, the optimal assigment of demands can be
computed using min-cost flow, so (by integrality of flows) if we were to allow ourselves
to split a client’s unit demand over multiple facilities, it would not lower the cost.

In much of our analysis, we will have to distinguish between the two casesl

and\ > 1, owing to a qualitative difference between the two. For a facility serving
exactly the ideal demand, the facility cost per unit demand js while the over- or
underfullness penalty ipA. Thus, forA > 1, the cost per unit demand achieves a
minimum when the facility is exactly full, whereas far< 1, the cost per unit demand
continues to decrease even once the facility is overfull.

3 Our Algorithm and Analytic Framework

Let us define astar (4,.5) to be a facilityi € F, along with a collection of demand
points.S C D that it might serve. Every solution to our facility location problem can be



viewed as a partition of the demand points by stars, where the center of the star is an
open facility and the facility serves exactly the demand pointS.ifthis problem can

be modeled by an integer program whose linear relaxation is shown below, along with
its LP dual. We use(; s) = >, 5 dij + pf(|S]) to denote the cost of the st@r 5).

min Z C(i,8)%(4,5)

(&.9) maxz aj — Z i

s.t.z zrus) =1, Vj€D JED i€EF
153}; S.t.z Q5 — [ < C(i,5)5 V(Z, S) (1)

a S
Zx(i7s) <1, VieF ’€ i
S i >0, Vi e F.

0<=zus <1, V(,9)

We use a dual-fitting algorithm to construct a feasible primal solution along with
an infeasible solution to the dual. Our algorithm will fix al] variables to zero and
never change them. Our primal and dual solutions will have the same objective function
value, and we will exhibit some such that multiplying our dual solution by makes
it feasible and hence provides a lower bound@RT. Thus, our primal solution is a
~-approximation. The main thrust of our work will be to prove an upper bound on the
maximum-y that could ever be necessary to make the scaled dual solution feasible.

Conceptually, our algorithm starts all clientsvith «; = 0, and raises these dual
variables uniformly until some staf, S) becomes tight. At this point, we opéncon-
nect all clients inS to it, and freeze their dual variables. We then proceed as before, ex-
cept that we consider only unfrozen clients when computing the next star to open. For an
already-open facility that is currently underfull, if any clientachievesy; = d;; —pA,
then we connect to ¢ and freeze it. Ifi is already full or overfull, thep must achieve
o = d;; + pA to connect this way. We always raise the unfrozen dual variables uni-
formly until we first hit one of these new star or direct connection events, at which point
we process the event, then continue until all demands are frozen.

This is the most natural algorithm to consider, given that we are using LP (1) and
aim to use dual fitting for the analysis; it is very similar to one in [11] for UFL. It can
be implemented to run i®(m log m) time, wherem = |F||D|. The implementation is
similar to that in [11], so we omit the details.

Deriving the Factor-Revealing LP. By construction, thé) . «; resulting from the
algorithm exactly pays for the primal. Since the smallest acceptable value of the scale
factor~ is

ieg O
max @7 )
(i,S) C(i,S)
we need to find an upper bound on this quantity. Notice that the max is takemalbver
possible starsnot just the ones that the algorithm actually opens. Consider the star
(i, S) that maximizes (2), and lét = |S|. We rename the clients ifi as1, ..., k such
thata; < ... < oy, and abbreviatd,; asd;. Thenc(; ) = ZjeS d; + pf(k). Since



scaling dowrp and alld;; uniformly causes the algorithm to behave the same but with
the o scaled, we can assume WLOG thats) = 1. Thus, our goal reduces to finding
the largest possible value thﬁjes a; can be, given that the algorithm imposes the
following constraints.

Facility < was opened during the time intervaly-, ay-41), for some indext*
(wherek* = 0 if ¢ was opened before time,, andk* = k if ¢ was opened aftemy
or never). We claim that the following linear program, dend®éd, U, \, k*), provides
an upper bound on the approximation ratio for this instance. The constraints are labeled
by the names we will give to their corresponding variables in the dual of this LP.

k
maximize Zaj
j=1
k
subject to Z d; +pf(k)=1, )
j=1
o < ap+dy+dj + 2Ap, Vi<i<j<k (Triy;)
Vi <k*, S C k]
|Slay < dy +pf(1S)), o (Starg)
St minS =j
ges
a; < dj + Ap Vi > k¥ (DCJ)
a; < Qg Vi<j<k (05)
a,d,p=>0

We need to justify constraintsfi;;), (DC;), and Starg). For (DC;), recall that
facility < is already open before time;, so oncej pays for its connection cost modulo
the £\p penalty/discount, it will connect tbas a singleton.

For (Iri;;), consider the situation faced by cliehjust before it connects to some
facility at time ;. Demand! < j connected to some facility at time «;. Since!
received a discount of at mosp, we knowa; > d;;; — Ap. To connect ta’ later as a
singleton,j would be charged at mosta penalty. Thus, we have

o < dirj + Ap < dip + dig + dij + Ap < (ou + Ap) + di + dj + Ap,

from the triangle inequality and the previous lower boundwnThus, (Iri;;) is valid.

For (Starg), consider the point in time just before demahdonnects to some fa-
cility. Each demang > j is still active at this point, and at this time all active demands
have dual variable equal ;. Sinces is not yet open at this point, one possible star
is the one centered atnd serving exactly these demands. Thus, the sum of their dual
variables cannot exceed the cost of opening this star, since then the star would have
been opened strictly before tinag. Constraint §targ) expresses this.

Let us denote the optimal value Bk, U, A\, k*) by p(k, U, A, k*). Then our goal
is to compute the quantity(\) = supy, - p(k, U, \, k*), because this is an upper
bound on the violation factor of any possible star in the dual solution generated by
our algorithm, and is hence a valid approximation guarantee. Our approximation bound
must depend on since a simple example shows that the integrality gap of (2)(is).



4 Analysis of the Factor-Revealing LP

In this section, we study the structurelfk, U, A, k*) in depth, so we can understand
what optimal solutions to this LP look like. In particular, we would like to construct a
near-optimal solution to its dual, which will give a good upper boun@(©Y). We start

by simplifying the LP itself. We then show that the worst case LP is whea k* = k
andk — oo. Finally, we construct a dual solution for this worst case to establish an
upper bound om(\).

Simplifying P(k, U, X, k*). P(k,U,\, k*) has (%) (Iri;;) constraints, and it turns

out that many of these are redundant. By considering the feasibility system consisting
of only these constraints, taking its dual, performing a transformation based on the max
flow-min cut theorem and taking the dual again we can derive the following theorem
(whose proof we defer to the full paper because of space limitations):

Theorem 1 The non-negative variables, d,p satisfy all the(Tri;;) constraints iff
there existvy,...,wr > 0,t € Rs.t.

aj>t—di—MAp+ > w, VI<j<k (TG;)
9:9>J

aj <ttdi+Mp+ > w,  VI<j<k (TL;)
9:927

Therefore, if we add the variables toP (k, U, A, k*) and replace theTti;;) con-
straints with the (G;) and (I'L;) constraints, we end up with an equivalent LP, which
we denotd(k, U, A, k*). The dual of this LP iD(k, U, A, k*):

minimize v

subject to
TLj — TGJ + DCJ +0;—051
+ Z |S|Starg >1 ViI<j<k (o))
S:min S=j
v >TL;+TG; + Y Starg +DC; VI<j<k (dy)
S:jeSs
k
flk)w =Y f(IS])Stars + A Y (TL; + TG; + DC;) ®)
S j=1
k k
> TG; - > TL; =0 (t)
j=1 j=1
> TG =Y TL, Vi<j<k (w)
L:l<j 1:1<j

DC; =0(j < k), Starg =0 (S s.t.min S > £*)
00 = TLy = TG}, = 0, TL, TG, Star, o > 0



Reducingtop(k, k, A, k), k — oco. We next proceed to show thet= k* = k, with
k — oo is the worst case for this LP (i.e., the value of the optimal solution is highest
for this case).

Theorem 2 For all k, U, A\, k*, we havep(k, U, \, k*) < p(k, k, A, k*).

Proof: Fix any solution tadD(k, k, A, k*). We show that this solution is also feasible for
D(k,U, \, k*) for all U, and the result follows. The only constrainti(k, U, \, k*)
that depends oW is (p), since the functiong(-) depend implicitly onU. Thus, we
only need to show that these constraints are still satisfied when we chiange

Lets; = >, 51— Stars, andg(U) = fu(k)v =32, fu(l)si—A 32, (TL; +TG; +
DC;) (i.e.,g(U) is the slack in they) constraint). We know (k) > 0 and wish to show
thatg(U) > 0 for all U. Recall that

1=—NU+A, fU<I

3
1+ NU =N, ifU>1 )

fo)=U+ Al -U| = {
Thus,%fU(l) =1+ Xforalll < k < U.Moreover, for each fixed fi;(1) is a convex
function of U, sog(U) is concave ono0, k].

First consider the cadé > k. Differentiating givesy’(U) = (1 + X)(v — Y, s1).
But sincefy.(k)v > 37, fi(l)si+A >, (TL; +TG; +DC;) andf (1) achieves its min
atl =k, we haver > >, s;. Thus,g’(U) > 0forall U > k, sog(U) > 0 as well.

Now consider the casE < k. Sinceg is concave orf0, k] andg(k) > 0, it is
enough to show that(0) > 0, which simplifies tokv > >°, Is; + > . (TL; + TG; +
DC;). Summing all thed;) constraints gives precisely this.

Theorem 3 For all £, \, k*, and evernyM € N, p(k, k, A\, k*) < p(Mk, Mk, X\, Mk*).

Proof: For simplicity, we prove the theorem fad = 2. The proof for general! is
analogous. Given any feasible solutiorttk, k, A, k*), we will “double” it to obtain a
feasible solution td(2k, 2k, ), 2k*) of equal value, and the result follows.
Let(a, d, p,t,w) be our solution td® (k, k, \, k*). We propose a solutiof, d, p, t, @)
to P(2k, 2k, A\, k*). Letp = p/2 and, for eachj € [k], letag;—1 = an; = a;/2,
Jgj,l = d}j = d;/2. By construction, the objective value is still the same, and con-
straints ¢), (DC;), (c;), are still satisfied. By Theorem lg, d, p) satisfies theTri;;)
constraints, sda, d, p) does too. By Theorem 1, there exisand? such that the new
solution satisfies{G;) and (I'L;). The Starg) constraints are a bit more subtle.
Given anyS C [2k], there exist set®, E C [k] s.t.S={2j—1:5€ O} U{2j:
J € E'}. Summing constraintsS¢aro) and Star g) for the original solution gives

|O‘O‘min0 + |E|aminE S Z dg + Z dq +pfk(|0‘) +pfk>(|E|)

geo geFE
(101 + | ED)emin(our) < 2 dg +2p(k + Ak — [O]) + k+ A(k — |E]))  (4)
g€eS
2‘S|amin5’ < QZJQ + 2ﬁf2k(|g|),
g€eS

where (4) follows from §;). This last inequality is simply twic&Starz). [



Theorem 4 For all k, A\, k*, we haveo(k, k, A\, k*) < p(k, k, \, k).

Proof sketch: In D(k, k, A, k*), when we changé* from k to something smaller, we
lose some targ) constraints but gain som@®(;) constraints. Our goal is to show
that this makes the LP tighter. Combining th&{;) and ¢ ;) constraints yieldsy; <
ming>; dg + pA, for j > k*. This constraint implies most of th&tars) constraints.
Fixing S C {k* +1,...,k}, with j = min S, we have

Sla; < 151 mindy + 1S3 < 3 dy + IS
g

This implies the §targ) constraint as long as|A < f(|S|) = k + A(k — |S]), that s,
|S] < % This is always the case as long as eithet 1, or A > 1 andk* > %k
The proof of the remaining case (i.e.,> 1,k* < %k) is much more involved, so
we defer it to the full version of paper. [

Putting Theorems 2, 3 and 4 together yields:

Corollary 5 p(A) = limg o0 p(k, k, A, k).

Bounding p(k, k, A, k) with a Canonical Dual. Now that we have reduced our prob-
lem to analyzindimy_. . p(k, k, A, k), we can use an LP solver to help us further ex-
plore the structure of the optimal solutions¢k, k, A, k) andP(k, k, A, k). Theorem 3
suggests the optimal solutions will be roughly scale-invariant, meaning that if we ex-
press all the indices as fractions/ofind scale down the primal variables and the dual
Starg variables by a factor of, the solutions for largé should look very similar as
varies. We solved a bunch of these LPs with CPLEX, which confirmed this intuition.

Table 1. p(k, k, A, k) for different values ok and\ (generated by CPLEX), along with the best
upper bound om()) that we can prove analytically.

k |[A=0.00]A=0.25[A=0.5{A=0.75A =1.0]A = 1.5(A =2.0
50 | 1.7979| 1.9499 | 2.0948| 2.2310 | 2.4684| 3.0212| 3.5694
100 | 1.8064| 1.9588 | 2.1039| 2.2400 | 2.4844| 3.0427| 3.5967
200| 1.8107| 1.9632 | 2.1084| 2.2445| 2.4925| 3.0535| 3.6106
400 1.8128| 1.9655 | 2.1107| 2.2467 | 2.4966| 3.0590| 3.6175

proof| 1.8608| 2.0396 | 2.1719| 2.2500 | 2.5007| 3.0645|3.62434

Table 1 shows the computed value g, k, A, k) for a range ofA andk values,
along with the best upper bound we can prove 40k) using the method outlined
below. For fixed\, we see that the approximation boupgk, k, A, k) appears to be
converging fairly rapidly. Since the full details of proving the bounds are quite hairy,
we defer them to the full version of the paper, but here we sketch the steps involved.

Our overall goal is to create a “canonical” solutionldk, k, \, k) which can be
“projected” onto a feasible dual solution for any given value: pthereby yielding an



upper bound op(k, k, A\, k). Because of Corollary 5, we care about the quality of this
bound only for large.

We first establish which variables (k, k, A\, k) andD(k, k, A, k) are non-zero.

We can readily deduce some of the patterns just by looking at the LPs. For instance,
since we expegt to be non-zero in an optimal solution, there is no way for bdt {)

and (I'L;) to be tight for the samg. Thus, by complementary slackne$%;; andTL;
should never both be non-zero. Inspection of the optimal solutions output by CPLEX
reveals further structure. For instance, whe» 0.8022, the solutions adhere to the
following pattern. Allo; are positive, and alr; andw; are zero. The onl$targ vari-

ables that are non-zero are for tail stars, i.e., ones of the rem {j,...,k}. There
exists a partition of the indiceld, . . ., k} into three intervals]; = {1,...,bik}, o =
{bik+1,...,b0k}, Is = {bok + 1,...,k}, whereQ < b; < by < 1 are roughly con-
stant with respect té, but depend on\.. These intervals determine the non-zero pattern
of the remaining variables, as follows. Fpi I3, d;, TG;, andStars, are non-zero,
while Starg; is also non-zero oi;, andTL; is non-zero on/s. All other primal and

dual variables are zero.

Once we have identified the pattern of non-zeros in the primal and dual, we use
the complementary slackness conditions to determine which dual constraints should
be tight. We then solve this system of linear equations to determine the non-zeros in
the dual solution, up to a dependence on a small handful of parameters. Doing this
for the pattern described above yields the following solution in terms of the parameters
b1, ba,c: Stars, = £ onl; andﬁ only; TG; = [S;|¢ —1onl; TL; = 1onlIz. Any
choice of these parameters defines a canonical dual sol(fiGn TL, Starg, o, ).

Since the {;) and ) constraints are just lower bounds pnas long asd;), (t), (w;)

and the non-negativity constraints are satisfied, we can justtedbe the max of these
lower bounds. Thus, any choice of the parameters that causes the dual to satisfy these
constraints is valid. Treating the parameters as variables, we can solve a non-linear
program to optimize them such thats as small as possible. This whole process results

in a proof of our upper bound an(\), for any particulat\. When\ = 1 for example,

we get(by, b, ¢) = (0.2068,0.5577,3.5007), yielding v = 2.5007. Fortunately, the
behavior ofD(k, k, A, k) is qualitatively the same over intervalsofe.g.,\ > 0.8022),

so we have to derive only a few of these “parameter-revealing” non-linear programs.
However, to obtain the actual bound pf\), we need to solve one of these non-linear
programs for that particulax. This is why we do not give an explicit formula for our
approximation bound as a function &f although we can say that it is asymptotic to

A. Since a trivial example gives an integrality gap)gf for LP (1), our algorithm is

within a constant of the best one can do if one uses LP (1) as the lower bodn&6n

Notes on SolvingD (k, U, \, k*). As we have shown, actually solvil(k, U, \, k*)
andD(k, U, \, k*) computationally and inspecting the results was invaluable in deriving
our approximation guarantees. It was also quite useful in guiding us to discover the
theorems leading to Corollary 5. Thus, it is worth noting the multiple ways in which
Theorem 1 helps us to solve these LPs efficiently and analyze them effectively, even
though doing so is necessary only for the analysis of our algorithm, not for running the
algorithm itself.



The transformation fron® (k, U, \, k*) andD(k, U, \, k*) to P(k, U, \, k*) and its
dualD(k, U, \, k*) allowed by Theorem 1 helps enormously in deciphering the form of
the canonical dual solutiod(k, U, A, k*) has(’g) Tri variables, which are highly re-
dundant and thus cause a lot of degeneracy in the optimal solutibrikofU, A, £*),
which makes it very difficult to pick out the relevant patterns in e variables.
Switching toD(k, U, \, k*) greatly simplifies our task by getting rid of the degener-
acy, and also by giving us many fewer variables to understandfust2 TL andTG
variables).

Since there are exponentially mafigars variables, we solv@ (k, U, \, k*) using
cutting planes (or equivalently, soN& k, U, \, k*) using column generation). It is easy
to find the most violate&tars constraint amongst af s.t. min S = j. We just sort
clientsg = j + 1,..., k by increasingl,, and take all for whicha; — dg + Ap > 0,
provided there are at mo&t— 1 of them. If there are more, we take the fitst- 1, and
in addition we take any such thaiy; — d, — Ap > 0. The most violated' consists of
the clients we just identified, plys

We initialize the cutting plane method with theail stars (i.e.,S1, ..., Sk). In our
experience, the number of additional cuts generated was always les8kth@hus,
in practice, the LPs actually considered by the solver always &g variables and
constraints. This highlights the next reason that Theorem 1 is so helpful: it reduces the
size of our LPs from quadratic to linear in When trying to divine the asymptotic
behavior ofp(k, k, A, k), we want to pustk as high as we can while still being able to
solveD(k, k, \, k) reasonably quickly. Thus, the size and solution time of the LP really
becomes an issue, even though we are using the LPs only to help us prove theorems.

Note that when/ > k, we do not have to worry about stars of size larger than
U. Thus, the separation oracle becomes easier since we need not st Thés also
means that we could get rid of th&térg) constraints entirely by defining new variables
Cj: > 0 and adding the constrain€s;; > o, — d; + Ap (Vj > ¢) andzj:m Cj <
pU(1 + A) (Vt). However, this is a bad idea because it again blows up the size of the
LP from linear to quadratic i&.

5 Experimental Results

In this section, we describe some experimental results obtained from applying our al-
gorithm to sample High Dynamic Range (HDR) images used in computer graphics for
lighting scenes. We implemented our algorithm in C++. Its theoretical worst-case run-
ning time isO(m log m) wherem is the product of the number of demand points and
the number of potential facilities. In this setting, the demand and facility sets are both
identified with the pixels in the image. Henge = (# pixelg?, which is prohibitively
high even for moderate-sized images. However, in practice our implementation man-
ages to avoid explicitly considering most (client,facility) pairs and hence runs much
faster tharO(m log m).

In order to further speed up the running time for our experiments, we need to reduce
the cardinality of the facility set. We do so by generating some sé&f o B pixels
that we would expect to be good candidates for our final samples, and use these as
F. We then run our load-balanced facility location algorithm on this input to identify



roughly B of theseK pixels as our final solution. Since we want our initial facility set
F to lie in regions of high intensity, a good solution to themedian problem seems
to be a natural attractive choice f@f.> We generate such af using an algorithm
proposed by Arthur and Vassilvitskii [1]. Their algorithm choogésandom facilities
in succession, according to a distribution that depends on the facilities already chosen. It
gives anD(log K)-approximate solution fok-median (in expectation). The algorithm,
in addition to its theoretical guarantees, is very fast and simple to implement. For a
budget of B samples, we sk to be either 6B or 32B.

Our algorithm has two parametelg (the facility cost at/) and A (the penalty per
unit demand for deviating from ideal capacit}). A allows us to trade off Voronoi-
ness against load balance.Af= 0, we get Voronoi cells. IfA = oo, we get perfect
load balance. Given a fixed, Fj, allows us to control how many facilities are opened.
If Fy = oo, only one facility will be opened. Whehy = 0, more will be opened.
Adjusting these values gives us a way to control the number of open facilities as well as
the load balance. We use the following strategy tofseand A so that we get roughly
B approximately load-balanced facilities. We start with= 0 andA = 0. This setting
opens all facilities. We increasg until we open abou2 B facilities. We then increase
Fy until the number of open facilities is close i

Data Sets We use 5 high dynamic range images of various sizes to test our algorithm.
They are nameMemorial RosetteNave LampsandTree Table 2 shows the statistics
for the different input images.

Table 2. Statistics about the input images.

Namelmage Size# Fac.|F||BudgetB|Tot. Intensity/ U
Memorial 512 x 512 2048 128 50889.8| 397.6
Rosette256 x 256 4096 256 98443.0| 384.5
Nave 256 x 256 2048 64 191955.2{2999.3
Lamps 256 x 256 1024 64 3104.0| 48.5
Treg 256 x 256 1024 64 11033.6| 172.4

Table 3. Results from our algorithm.

Name F,| A| \|# Open FagTotal Fac. Cosfotal Conn. CosApprox. Ratig
Memorial 45.0| 1.3|11.4 134 6030.0 81529.9 5.15
Rosette 35.0| 0.9|9.88 252 8820.0 116180.0 2.15
Nave 60.0(0.54|27.0 66 3960.0 197038.0 6.23
Lamps 90.0| 0.3|0.16 72 6480.0 14471.8 1.32
Treg122.5/0.37]0.52 88 10780.0 53787.2 1.38

2 The K-median problem is the same as UFL, except that there are no facility costs (only con-
nection costs), and the number of open facilities is restricted & be



Table 4. Evaluating our algorithm’s output for load balance and Voronoi-ness.

Name# Fac|Conn. Cost Ratip  Our Under/OverVoronoi Under/Over-
Open (ours/Voronoi)full Demand (% of I} full Demand (% of |
Memorial| 134 1.0503 10.2655 / 5.5779| 27.1197 / 22.4322
Rosette 252 1.0705 6.0096 / 7.5720| 11.6977 / 13.2601
Naveg 66 1.0547| 11.8984 /8.7734| 17.9927 / 14.8676
Lamps 72 1.0626| 41.3946 / 28.8821| 39.1269 / 26.6140
Treg 88 1.0093| 38.7969 / 1.2788 38.5549 / 1.0368

Fig. 1. Results of our algorithm on thEreedata set. On the left is the original image; on the right,
we have superimposed our samples and their Voronoi cells.

Table 3 shows the results of our algorithm on the input images. The first three
columns indicate our settings fét, A and\ = AU/ Fy. The next four columns show
the number of facilities opened by our algorithm, the total facility cost, the total con-
nection cost and an upper bound on the approximation ratio for this particular instance.
We derived our upper bound on the approximation ratio by computing (2), i.e., iden-
tifying the most violated star in the dual solutiangenerated by our algorithm. The
actual approximation ratio of this instance could be substantially better, since the lower
bound generated by scaling dowruniformly is likely to be fairly weak, compared to
the bound one would obtain by actually solving LP (1). It may be feasible to solve this
LP via column generation; we leave this to future work.

Finally, to test the results with our original objective of sampling such that each open
facility roughly serves equal demand and that most clients connect to their closest open
facility, we compare the total connection cost of our output with that of the Voronoi cells
for the for each facility. If these costs are close, that implies that most of the demand is
met by the closest facility. We also list the total demand served by overfull and underfull
facilities. If there is perfect load balance and we open exagt{the budget) faclities,
then they would be zero. Table 4 shows the details for each of the data sets. Figure 1
depicts the sampling produced by our algorithm onTreeinstance, along with the
corresponding Voronoi cells.
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