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The NP-Completeness Column: An Ongoing Guide
DAVID S. JOHNSON

AT&T Bell Laboratories, Murray Hill, New Jersey 07974

This is the eleventh edition of a quarterly column that provides continuing coverage of
new developments in the theory of NP-completeness. The presentation is modeled on
that used by M. R. Garey and myself in our book ‘‘Computers and Intractability: A Guide
to the Theory of NP-Completeness,”” W. H. Freeman & Co., New York, 1979 (hereinafter
referred to as “‘[G&J]”’; previous columns will be referred to by their dates). A back-
ground equivalent to that provided by [G&J] is assumed, and, when appropriate, cross-
references will be given to that book and the list of problems (NP-complete and harder)
presented there. Readers who have results they would like mentioned (NP-hardness,
PSPACE-hardness, polynomial-time-solvability, etc.), or open problems they would like
publicized, should send them to David S. Johnson, Room 2C-355, AT&T Bell Laborato-
ries, Murray Hill, NJ 07974 (CSNET address: dsj.btl.csnet-relay). Please include details,
or at least sketches, of any new proofs (full papers are preferred). If the results are unpub-
lished, please state explicitly that you would like them to be mentioned in the col-

umn. Comments and corrections are also welcome. For more details on the nature
of the column and the form of desired submissions, see the December 1981 issue of this
Journal.

1. INTRODUCTION

An interesting pair of notes is to appear in a forthcoming issue of IEEE Trans-
actions on Automatic Control. Both refer to an earlier paper by Pichai, Sezer,
and Siljak [35] that proposed a decomposition technique for acyclic graphs,
called input-output decomposition, which would simplify the analysis of dy-
namic systems. The first note [40], by R. E. Tarjan, proves that it is NP-
complete to tell whether a given graph has such a decomposition and concludes
that “‘the possible benefits of having an input-output decomposition may be out-
weighed by the difficulty of finding one.”” The second note [36], by Pichai et
al., can only be characterized as an ‘‘authors’ rebuttal’’ to the NP-completeness
result.

Although this is the first formal rebuttal I have seen, it is certainly not the first
time someone has wanted to cry ‘‘foul’” when his problem was shown to be
NP-complete. Often this is simply due to the frustration of seeing a promising
new idea crumble into the dust of intractability. However, there are cases where



one can plausibly argue that the NP-completeness result is misleading. This is
the approach taken by Pichai et al., who claim that the instances arising in their
proposed application will all be so small that one can afford to use exponential
time algorithms. Another argument that is often used against the relevance of
NP-completeness results to practical applications begins by pointing out that
NP-completeness is a worst-case concept, and concludes with a claim that, in
practice, the ‘‘hard instances’’ never (or at least hardly ever) arise.

Both these arguments raise the fundamental question of when NP-complete
problems can be solved ‘‘in practice.”” In this column I wish to address the re-
lated question of when they can be solved ‘‘on average.”” (Note that I said
solved; this column will not deal with the well-studied possibility of circumvent-
ing NP-completeness by settling for near-optimal rather than optimal solutions.)

There is, of course, a difference between the two notions of ‘‘in practice’” and
“‘on average.”” Claims about an algorithm’s performance ‘‘in practice’’ are
most convincing when supported by extensive tests of the algorithm on real in-
stances from the application in question. Claims about performance ‘‘on aver-
age,”’ on the other hand, are mathematical in nature and hence can be supported
by theorems. Depending on the relative scarcity of machine cycles and theoreti-
cians, this may be an advantage, although there are trade-offs. To state a theo-
rem about behavior ‘‘on average,”’ one needs to be able to describe mathemati-
cally the probability distribution (on instances) over which the average is taken,
and this may not always be possible for distributions occurring in practice. To
prove such a theorem may place even more constraints on the distribution, given
the current state of the theorem-proving art. As a result, the set of distributions
to which the current results apply may not match up exactly with anyone’s no-
tion of the distributions that occur in practice, and the results themselves should
be viewed as suggestive rather than definitive (just as worst case results are only
suggestive).

The remainder of this column is divided into two sections. The first surveys
results that show NP-complete problems to be easy for given distributions, i.e.,
to be solvable in polynomial time ‘‘on average.”” The final section then consid-
ers how one might argue that a problem is hard ‘‘on average,”” and discusses an
important new result of L. A. Levin (one of the original discoverers of the the-
ory of NP-completeness) that suggests a theoretical analogue of NP-
completeness for the average case.

2. SOME AVERAGE RESULTS

Just as there are different kinds of ‘‘averages’ one can derive from a set of
numbers (means, medians, modes, etc.), so there are different ways in which
problems can be easy to solve ‘‘on average.”” Minimally, there should be a
polynomial time algorithm that, for all sufficiently large instance sizes, solves
the problem with probability at least some fixed constant ¢ > 0. (By ‘‘solve’’ 1



mean ‘‘determine the correct answer and provide a proof that it is correct.’’)
The next step up in strength is a polynomial time algorithm that solves the prob-
lem with probability 1 — €(n) for instances of size n, where €(n) approaches 0
as n approaches c. This can be referred to as solving the problem ‘‘almost al-
ways’’ in polynomial time. The strongest type of result exhibits an algorithm
that solves all instances and whose expected running time is bounded by a poly-
nomial function of n. (Note that such a result implies a result of the previous
form.)

This section will contain examples of all three types of results, but let me be-
gin with some examples that illustrate the difference between the latter two.
These examples involve a type of graph theoretic probability distribution that is
especially natural from a mathematical point of view. Suppose we generate n-
vertex graphs G according to the following procedure, in which the parameter
p(n) is a function from the positive integers to [0,1]. Let the vertices of G be la-
belled v, ,..., v,,. The edge set of G is chosen as follows. For each pair
v, v; of vertices, let G contain the edge {v;, v;} with probability p(n), inde-
pendently of which other edges are included. (Note that if p(n) is identically
equal to 1/2, then for each n all graphs on the given set of n labelled vertices are
equally likely, an appealing property.) Let us now look at how distributions of
this form can reduce three well-known problems from presumed intractability in
the worst case to polynomial time solvability on average.

HAMILTONIAN CIRCUIT [GT37]. In 1975, Posa [37] showed that for suf-
ficiently large n, if p(n) > o In n/n, where o0 > 1, then G almost surely has a
Hamiltonian circuit, i.e., the probability that it has one approaches 1 as n ap-
proaches co. (This is interesting from a graph theoretic point of view since, if
o < 1/2, then almost surely G is not even connected [16].) Thus for such
graphs an algorithm for the HAMILTONIAN CIRCUIT problem that always
answered ‘‘yes’” would almost surely be correct, although it wouldn’t ‘‘solve’’
the problem in the sense of providing a proof when it was correct. To do that,
one would presumably have to exhibit a Hamiltonian circuit. Fortunately,
Posa’s proof was constructive, and in 1976 Karp showed that it yielded a poly-
nomial time algorithm that would construct a tour with probability 1 — O(n™°)
for some ¢ > 0 depending on o [25]. These results were tightened and general-
ized in 1977 by Angluin and Valiant [2], who devised an improved algorithm
with running time O(n’log n). They also extended the results to DIRECTED
HAMILTONIAN CIRCUIT and to the related distribution in which for each n
we consider only graphs with exactly oz In n edges where o > 1/2, and con-
sider all such graphs equally likely.

Note that the above algorithms do not solve all instances of the problem; they
can halt without finding a Hamiltonian circuit even when one exists. However,
it is easy to convert such an algorithm to one that does solve all instances. For
example, whenever the algorithm fails to find a circuit, we could call as a sub-
routine the O(n?2") dynamic programming algorithm of [23], which is



guaranteed to find a circuit if one exists. Note, however, that such a composite
algorithm would not necessarily run in expected polynomial time, even though
its running time is O(n>log n) for almost all instances. For all we know from
the above bounds, the probability that the subroutine is called may be as large as
Q(n~°), which could yield a contribution as high as 2"/n°~? to the expected
running time, rendering it exponential.

To obtain a polynomial expected running time by this approach, we would
need to find Hamiltonian circuits with probability 1 — O(27"). Note that this is
not possible unless p(n) = 1/2. The reason is almost trivial: for p(n) = o, the
probability that G has an isolated vertex is at least (1 —a)" and hence exponen-
tially greater than 27" when o < 1/2. Even if our algorithm first checks for
isolated vertices, the case when p(n) < 1/2 seems difficult to analyze, as does
the case when equality holds. It is not until we have p(n) = 1/2 + € for some
€ > 0 and all n, that a polynomial expected time algorithm is clearly within
reach. (Under this assumption, the degree sequence of G must, with probability
1 — 0o(27"), satisfy the hypothesis of a theorem due to Chvatal [11], in which
case G has an easily constructible Hamiltonian circuit).

GRAPH 3-COLORABILITY [GT4]. The answer to the previous problem
was almost always ‘‘yes.”” Here the answer is almost always ‘‘no.”” Even for
quite small values of p(n), most random graphs are not 3-colorable; in fact,
most of them contain 4-cliques. The crucial technical result is that the probabil-
ity that a random graph does not contain a 4-clique is O(c™?™""") for some
constant ¢ > 1 [8]. Thus one can easily determine whether such a random
graph is 3-colorable in expected time O(n*) even when p(n) is growing only
slightly faster that n~'/® (for example, when p(n) = log n/n'/®): First test by
exhaustive search whether the graph contains a 4-clique; then, if it does not, use
the O(n32.445") algorithm of [28] to determine the chromatic number exactly.

For denser distributions, in which p(n) is a fixed constant, a substantially im-
proved expected running time is possible. Wilf [42] has shown that for such
distributions the 3-colorability can be solved, not just in expected polynomial
time, but in expected constant time. One need only perform the standard (and
worst-case exponential) backtrack search algorithm; for p(n) = 1/2, the ex-
pected number of nodes in the search tree is about 197 (mainly because one will
normally encounter a 4-clique very quickly). This result generalizes to GRAPH
k-COLORABILITY for any fixed k, although the expected size of the search
tree grows exponentially as a function of k (for £k =5 it is already about
750,000). Moreover, the variance and all higher moments of the running time
are also constants, and the results extend to the model in which all graphs with n
vertices and m edges are equally likely (so long as m = Q(n?)) [4].

13

Our third example is a problem whose worst-case complexity remains open,
although many suspect that it is neither in P nor NP-complete.



GRAPH ISOMORPHISM [OPEN1]. Once again, the answer is almost always
no.”” If we fix one graph, the probability that a random graph is isomorphic to
it is less than 2~ for any ¢ < 1/2. The proof of the above statement is non-
constructive (simply divide the number of ways the vertices of an n-vertex
graph can be permuted by the total number of graphs on n vertices). Neverthe-
less, certificates of non-isomorphism are easy to find with probability approach-
ing 1. The probability that the two graphs even have the same number of edges
is O(n~'?), and more sophisticated tests, such as computing degree sequences
or the spectra of inter-vertex distances, can reveal non-isomorphism with far
higher probability. Unfortunately, this probability does not seem to be high
enough to make possible an expected polynomial time algorithm that combines
a collection of such non-isomorphism tests with a backup algorithm for general
graph isomorphism (at least I have been unable to unearth such a result).

Expected polynomial time algorithms can be constructed, however, if a differ-
ent route is taken. The idea is to devise a method for converting graphs into
canonical form, such that two graphs are isomorphic if and only if they have the
same canonical form. Thus canonical forms can serve as certificates of isomor-
phism as well as non-isomorphism. Building on earlier work, Babai and Kucera
in 1980 [3] devised a method of constructing canonical forms in polynomial
time that limited the class of exceptions to probability O (c~" 108 7/loglog my " thyg
making expected polynomial time possible.

(It would suffice to apply the O(c") general graph isomorphism algorithm of
[21] on the exceptions, but Babai and Kucera take the more elegant approach of
simply extending their canonical form construction algorithm so that it works on
all graphs. They spend exponential time on the graphs not previously covered,
but the overall expected running time for the canonical form construction algo-
rithm is /inear in the expected number of edges in the graph.)

It remains open whether expected polynomial time graph isomorphism algo-
rithms can be constructed for random graphs with lower edge probability, or for
the distribution that makes all graphs on n vertices and m edges equally likely.

3

At this point, the reader may well be inclined to make another cry of ‘‘foul.”’
The results we have seen all depend on distributions that are very one-sided,
yielding answers that are either almost always ‘‘yes’” or almost always ‘‘no,”’
and the stronger the result we wish to prove, the more likely the preferred an-
swer must be. One might argue that this trivializes the results, but as we also
saw above, there can still be some interesting graph-theoretic issues involved,
especially in going from ‘‘almost always’’ to ‘‘expected’’ polynomial time. Let
us now turn to some famous problems that do not deal with graphs, and against
which the above objections are (possibly) less potent.

SATISFIABILITY [LO1]. Perhaps the most famous algorithm for telling
whether a conjunctive normal form formula F is satisfiable is the ‘‘Davis-
Putnam Procedure’” (DPP) [14], and there has recently been a flurry of



seemingly conflicting reports on the average-case behavior of this algorithm.
The conflicts arise because the results are not only based on different assump-
tions about probability distributions, but also concern different versions of the
algorithm.

DPP is a backtrack search procedure, augmented with a few shortcuts. The
two main shortcuts are (1) the unit-clause rule, which says that a literal should
be set true if it occurs in a clause all by itself, and (2) the ‘‘pure literal’’ rule,
which says that a literal should be set true if its negation never occurs. Even
with these shortcuts, DPP still takes exponential time in the worst case. How-
ever, Goldberg, Purdom, and Brown [19] have recently shown that, for a certain
type of probability distribution on formulae, DPP runs in expected polynomial
time.

In this distribution, which we can denote as G(n,m,p), 0 < p <1/2, we gen-
erate n random clauses on m variables as follows: For each variable v,
1 £i < m, arandom clause will contain either the literal v;, the literal v;, or nei-
ther, with probabilities of p, p, and 1 — 2p, respectively. These choices are
made independently for the different variables, and each of the n random
clauses is generated independently of the others. Goldberg et al. [19], extend-
ing earlier work of Goldberg alone [18], consider the variant on DPP in which
the unit-clause rule is omitted and the variables are treated in a pre-specified or-
der, with the pure literal rule only applied when the current variable is ‘‘pure’’
(restrictions imposed mainly to facilitate the proof). They show that this variant
has an expected running time that is polynomial in n and m (although it is expo-
nential in 1/p). Note that for certain extremes of the parameters, we once again
get instances for which the answers almost always go the same way. If m is
fixed, the probability that F is unsatisfiable goes to 1 as n goes to e. On the oth-
er hand, it is shown in [17] that if m grows as fast as the n 7K for some k, then F
is almost always satisfiable (by almost all truth assignments). However, be-
tween these extremes there may well be a relationship between m and n (say
m = c log n) such that ‘‘yes’” and ‘‘no’’ answers both occur with positive prob-
ability. By the above result, the modified DPP still runs in expected polynomial
time for such a combination.

Note, however, that if p is fixed, then letting m grow results in clauses whose
expected length 2pm can be arbitrarily large. If one considers this unreasonable,
and chooses to let p be proportional to 1/m so that the expected length is con-
stant, the expected running time becomes exponential in m. This is not neces-
sarily as bad as ‘‘almost always exponential,”” but a result of this latter form is
obtained in [17] for a related distribution in which all clause lengths equal a
fixed constant, given that one further handicaps DPP by torally omitting the pure
literal rule. (For our original distribution, omitting the pure literal rule also
causes trouble, leading to an expected running time that is exponential in m even
for fixed p [19].)



If the reader is a bit confused by the various incomparable combinations of
probability models and algorithmic variants mentioned for SATISFIABILITY,
he should be glad that LINEAR PROGRAMMING is now known to be in P,
and hence can be omitted from the current discussion. The [March 1983] col-
umn mentioned two models for which variants of the worst-case exponential
time Simplex algorithm had been proved to run in some version of ‘‘expected
polynomial time’’ [9,39]. Since then at least two more combinations of proba-
bility models and Simplex variants have been shown to yield ‘‘expected polyno-
mial’’ running times [1,22] (see also [41]). Few of these results are strictly
comparable, and although they all provide insight, they also all have drawbacks
that prevent them from providing a complete explanation of why the standard
implementations of the Simplex algorithm perform so well in practice. When
and if the dust ever settles in this area, I may provide a more detailed summary
of the results. (This digression would be incomplete, however, if it failed to
point out the real news on the linear programming front: N. Karmarkar’s new
worst-case polynomial time algorithm, which improves on the ellipsoid method
by a factor of n2° [24].) Let us now go on to another problem discussed in the
[March 1983] column.

SUBSET SUM [SP13]. This problem was mentioned in the [March 1983]
column because of its use in the proposed Merkle-Hellman ‘‘knapsack’” public
key cryptosystem [34], a system whose security had just been seriously put into
question by an algorithm of Shamir [38] for recovering the ‘‘trapdoor’’ informa-
tion. A new and complementary result, due to Lagarias and Odlyzko [27],
raises even more doubts. It shows that, for certain distributions, SUBSET SUM
can be solved almost always in polynomial time, even without the trapdoor in-
formation, and hence its presumed intractability is not widespread enough to
serve as a basis for guaranteeing a code’s unbreakability.

Recall that an instance of SUBSET SUM consists of a target sum ¢ and a col-
lection a;, 1 < i < n, of potential summands, and we ask whether there is a sub-
set of the a;’s that sums to . To “‘prove’” that the answer is ‘‘yes’’ one must
exhibit the subset, and this is what the new algorithm attempts to do, using the
“‘basis reduction’’ algorithm of [29] as a subroutine. The algorithm runs in
polynomial time, and succeeds ‘‘almost always’’ for distributions of the follow-
ing kind. Given d, let all length n integer vectors @ with 1 < a; < 2"/? be equal-
ly likely and let all length n binary vectors ¢ with 0 < Z?zl e; < n also be

equally likely. A ‘‘random’’ n-item instance is constructed by independently
choosing one vector of each type, letting the a;’s be the potential summands,

and letting the target sumbe t = " a;e;. For sufficiently small d (provably

i=1
for d < 1/n and perhaps for larger values, although not for d > 0.645), the al-
gorithm succeeds ‘‘almost always.”” (An alternative, less rigorously analyzed
algorithm, due to Brickell [10], also seems promising for low density SUBSET
SUM instances.)



Note that, for the given distribution, the decision problem version of SUBSET
SUM is trivial; the answer isn’t just almost always ‘‘yes,”’ it is always ‘‘yes’” —
there always is a subset of the a;’s that sums to £. To ‘‘solve’’ the problem,
however, we must find this subset, which isn’t made any easier by the fact that
we know the subset exists: If we had a polynomial time algorithm that, when re-
stricted to instances of SUBSET SUM for which the answer is ‘‘yes,”” always
found the desired subset, we could use it on arbitrary instances of SUBSET
SUM to determine whether the answer was ‘‘yes’” or ‘‘no’’ (the answer is
“‘yes’’ if and only if the algorithm finds a subset that does sum to f), and hence
P would equal NP.

These results complement Shamir’s original result, as Shamir’s algorithm was
effective mainly for systems in which the largest of the a;’s was bounded by
24 for relatively large values of the density d. (Lagarias [26] showed that the
approach could be implemented in time polynomial in » for any fixed d, but was
exponential in 1/d.)

KNAPSACK [MP9]. Although the Merkle-Hellman ‘‘knapsack’ cryptosys-
tem does not actually have anything to do with what is commonly know as the
‘‘knapsack problem,”’ there is an average case result, due to Goldberg and
Marchetti-Spaccamela [20], that does. The result is weaker than those discussed
so far in that the polynomial time algorithms presented ‘‘solve’’ the problem
only with probability exceeding a fixed non-zero lower bound, not ‘‘almost al-
ways.”” It is also stronger, however, in that the algorithms solve the optimiza-
tion form of the problem, rather than just the decision problem. Thus our re-
quirement that the algorithm must provide a ‘‘certificate’’ along with each an-
swer becomes much more onerous. That certificate can’t just be a simple struc-
ture or configuration that forces the answer to be ‘‘yes’” or ‘‘no,”” but must be a
proof of optimality.

In the optimization form of the knapsack problem, an instance can be viewed
as a sequence of pairs of rational numbers (s;,v;), 0 < s;,v; < 1,1 <i<n,
where s; is the ‘‘size’’ of item i and v; is its ‘‘value,”’ together with a ‘knap-
sack capacity’” C. The goal is to find a subset of the items whose total value is
maximum over all subsets whose total size is C or less. The distributions over
which averages are to be taken view the pairs (s;,v;) as points in the unit
square, and choose the points uniformly out of that square. (Thus irrational val-
ues for the parameters are allowed; an interesting question is whether this result
can be extended to the more realistic case of limited precision.) To avoid the
dependency effects that would arise if n were fixed in advance, the points are
chosen by a Poisson process with n as the expected number picked. This makes
the numbers of points in two disjoint regions independent of each other. The
probability that a region of area A contains exactly / points is e " (rA)"/h!. In
addition to n, the distribution has a parameter 3, and the knapsack capacity is
chosen to be Bn. Note that the problem is trivial for f < 0 (in which case none
of the items will fit in the knapsack) and for B > 1/2 (in which case, with



probability approaching 1 as n approaches oo, all the items will fit).

The new results show that for any §, 0 < B < 1/2 and any € > 0, there is a
polynomial time algorithm that, for all sufficiently large n, solves the knapsack
problem with probability 1 — €. The algorithm’s running time is exponential in
1/¢, and so these results do not seem to lead directly to a polynomial time algo-
rithm that almost always solves the problem. It also should be noted that the al-
gorithm itself (not just the analysis of its behavior) depends on the distribution
under consideration; the value of [ is used in the algorithm’s calculations.
These reservations aside, however, the algorithm (and its analysis) are quite in-
genious. The algorithm works by first finding the solution /* to the relaxed
problem in which one item can have just ‘‘part’’ of itself included. It relies on a
theorem that the optimal subset must come from a set X of alternatives ‘‘close’’
to I'*, where | X| is polynomially bounded with high probability, although there
is a tradeoff between the polynomial and the probability. Given a desired prob-
ability, the algorithm can thus search through X until it has exhausted either X or
the corresponding time bound. In the latter case it has failed; in the former it
must have the optimal solution.

In this section on positive results, I have concentrated on the mathematical
analysis of average case behavior, made possible by the assumption of a spe-
cific, mathematically defined probability distribution on instances. Note, how-
ever, that such distributions can also serve as the starting point for experimental
evaluations. By testing algorithms on many instances generated randomly ac-
cording to these distributions, experimenters may well obtain more precise (al-
though less asymptotic) information about how the algorithms behave on aver-
age. Experiments of this type for SATISFIABILITY are reported in [15]. I
conclude this section by describing another series of experiments that are rele-
vant to the topic at hand.

The experiments, reported in [5], concerned the familiar problem of BIN
PACKING [SR1], viewed as an optimization problem, and the equally familiar
algorithm ‘First Fit Decreasing’” (FFD), normally viewed as an approximation
algorithm. The bin size was normalized to 1 and, for each n, instances were
generated by independently choosing n random (limited precision) numbers
from the interval (0,u], where u is a parameter of the distribution and could be
fixed at any value from O to 1. The experiments revealed, rather surprisingly,
that when u was 1/2 or less, FFD found an optimal solution approximately 75
per cent of the time. The ‘‘certificate’’ of optimality in those cases was the ob-

servation that the number of bins used was precisely B = [Z :’71 a,}, where a;

is the size of the i” item, which is an obvious lower bound on the optimal num-
ber of bins.

The ratio of 3/4 was observed to hold for values of n from 125 to 128,000.
This of course provides no information about asymptotic behavior (although an
instance of size 128,000 may well be far more ‘‘asymptotic’’ than any instance
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one is likely to encounter in practice). Still, it does suggest the possibility that
FFD solves the problem with probability 3/4 for such distributions and all n.
Although no such theorem has been proved, there is a theoretical result in [6]
that, together with the experiments, lends it credence.

Suppose we reformulate the experimental results so that the quantity mea-
sured is the difference between the number of bins used and the sum of the item
sizes (whenever this difference is less than 1, the solution is optimal). Then one
obtains an average value of about 0.7 (and a range from 0.2 to 1.2), and this
holds true for each of the values of n tried. The experiments thus say that no
growth in this average is apparent as n increases. The theorem in [6] says that
no growth is to be expected; the expected value of the difference is bounded by
a constant. Unfortunately, the constant provided by the theorem’s proof is
slightly larger than that provided by the experiments (it is at least
10,000,000,000), but it is tempting to attribute this difference to the limitations
of the proof techniques used rather than to the limitations of the experiments.

3. NP-COMPLETENESS FOR THE AVERAGE CASE

In the previous section we saw that certain NP-complete problems are solv-
able in polynomial time ‘‘on average.”” In this section we address the natural
question raised by such results: Are there NP-complete problems that are hard
on average? More specifically, is there an NP-complete problem and a proba-
bility distribution over that problem’s instances such that no algorithm that
solves the problem can run in expected polynomial time (or polynomial time al-
most always, or polynomial time for some fixed fraction of the instances)?

Most research into this question has had the more limited goal of showing that
specific approaches to a given <problem,distribution> pair do not perform well
on average. Of particular interest is a growing body of results showing that en-
tire classes of approaches are ineffectual for certain distributions, in that they re-
quire exponential time ‘‘almost always.”” The first such result was due to
Chvatal [12] and concerned the optimization version of INDEPENDENT SET
[GT20] and the distribution in which all graphs on n vertices and dn edges are
equally likely (d fixed and sufficiently large). Two later results of this form
concern optimization versions of problems discussed in the previous section.

For the optimization version of GRAPH k-COLORABILITY, where one is
trying to find the minimum number of colors necessary (i.e., the chromatic num-
ber), McDiarmid [33] proves an almost always exponential time result for a
class of branch and bound algorithms and the standard random graph model,
with edge probability p(n) fixed, say at 1/2. Although this is the same distribu-
tion as used in the result of Wilf [42] mentioned above, there is no contradic-
tion; the goal of Wilf’s algorithm is to verify 3-colorability; it is not concerned
with how many colors are needed when 3 do not suffice. For the optimization
version of KNAPSACK, Chvatal [13] proves an almost always exponential time
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result for a quite general class of algorithms (including the standard branch-
and-bound and dynamic programming approaches among others), but for a dis-
tribution considerably more restrictive than that used by Goldberg and
Marchetti-Spaccamela in their result mentioned above [20].

Results like these are interesting, but cannot be used to prove that a given
<problem,distribution> pair is inherently hard on average. For this the class of
algorithms covered would somehow have to be extended to include ‘‘all’’ algo-
rithms, at which point we would of course also have proved that P # NP. There-
fore, given the current state of the art, the best one can hope for is to show that a
given pair is hard on average if any such pair is. L. A. Levin has recently
proved just such a result, using a concept he calls ‘‘random NP-completeness’’
[31]. In the remainder of this section I shall describe this concept and the
<problem,distribution> pair that is the object of Levin’s result.

It is easiest to describe Levin’s result in terms of the question of solvability in
expected polynomial time (although the result has more general consequences).
In order to get a true analogue of NP-completeness, however, the definition of
“‘expected polynomial time’” will have to be altered somewhat. The definition
we have been using says that an algorithm runs in expected polynomial time if
there is an integer k such that for all n, if I is the set of instances of size n, pL(x)
is the probability that a random such instance is x, and 7'(x) is the algorithm’s
running time on x, then Y e w(x)T(x) = O(n).

This definition has a serious drawback if one wants to build a general com-
plexity theory around it. Unlike the standard notion of (worst case) polynomial
time, this notion is not ‘‘machine independent.”” (To see this, suppose that Ma-
chine Model A can simulate an algorithm running in time 7 on Machine Model
B in time T2, and consider an algorithm that in model B runs in time n with
probability 1 — 272 and in time 2> otherwise.) Fortunately, the solution to
this difficulty involves only a slight reorientation (and only a slight weakening
of our original notion). Instead of requiring that ) el w(x)T(x) = O (n*) for

some k, we require that, for some k > 0, Z el w(x) T(x)'/k = 0(n).

If we wish our results to be encoding-independent as well as machine-
independent, it is also necessary to dispense with the idea of a separate probabil-
ity distribution for each instance size n. Thus Levin considers only probability
distributions [ that cover all instances. (Note that it is easy to adapt the distribu-
tions we have been discussing to this format: multiply the probabilities of in-
stances of size n by 1/n* and normalize by dividing through by
Y :’:] 1/n?* = w2/6.) Our definition of “‘expected polynomial time’* then re-
duces to the requirement that, for some k > 0, er[ w(x) T(x)" k/| X| con-
verges, where | x| is the length of x and / is now the set of all instances.

Since our domain is now <problem,distribution> pairs rather than just deci-

sion problems, we also need a new notion of ‘‘polynomial transformation,”’ one
that transforms distributions as well as instances. Here Levin uses the old
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notion as far as instances go, but introduces a new concept, ‘‘domination,’’ to
help with the distributions. A measure L is said to dominate a measure L, if
there is a k such that [ (x) 2 [, (x)/] x|k for all instances x (the dominating
measure can be arbitrarily larger but only polynomially smaller than the domi-
nated one). A function f from the instances of X; to the instances of X, is a
polynomial transformation from <X,lL; > to <X,,Uu, > if and only if (a) f
maps ‘‘yes’’-instances to ‘‘yes’’-instances and ‘‘no’’-instances to ‘‘no’’-
instances, (b) fis computable in (worst case) polynomial time, and (c) 1, domi-

nates the induced probability function f(p;) defined by f(u;)(x) =

Y ver ' M ).

Given these definitions, it is not difficult to prove that polynomial transforma-
tions can be composed, and that if there is an expected polynomial time algo-
rithm for <X,,u,> and a polynomial transformation to this pair from
< X{,W >, then there is an expected polynomial time algorithm for < X, >.

Now, to complete the analogy, we need to define what it means for a pair
< X,u> to be in what Levin calls ‘‘random NP.”> Here Levin’s choice may at
first seem overly restrictive. X may be any problem in (ordinary) NP, but u
must obey a stringent condition: As in ordinary NP-completeness, we can view
all instances as strings over {0,1} and hence as distinct positive integers (if we
assume an implicit leading 1). The measure i must be such that its distribution
Sfunction M(x) = Zf:l (i) is computable in (worst case) polynomial time.

%3

Note that the polynomial time computability of M(x) implies that of i(x), but
the implication need not go in the other direction. However, it is not difficult to
devise encodings that make M (x) polynomial time computable for each of the
distributions we have discussed in this column, and Levin hypothesizes [32] that
any ‘‘natural’’ distribution either has a polynomial time computable distribution
function M (x), or else is dominated by a distribution that does.

Levin’s main result can now be stated. The following problem is ‘‘random
NP-complete,”’ (i.e., every problem in random NP can be polynomially trans-
formed to it) and hence can be solved in expected polynomial time only if all
problems in random NP can be so solved.

RANDOM TILING

INSTANCE: Positive integers k and N, k < N, set T of “‘tile types,”” where a tile
type is an oriented square with each corner (vertex) labeled by one of the 26 let-
ters of the alphabet, a sequence 7 ,...,7;, of ‘‘legal’’ tiles (i.e., ones conforming
to tile types in T), where the labels on the upper and lower right corners of ¢; are
the same as the labels on the upper and lower left corners, respectively, of ¢, |,
1 £i < k, and a sequence of N — k 0’s (included to insure that the instance size
is at least in N).

QUESTION: Is there a way of filling an N X N square with N? legal tiles such
that every vertex shared by two or more tiles has the same label in each, and



-13-

such that the sequence of the first k tiles along the bottom row of the square
agrees with #,...,1;?

DISTRIBUTION: Instances are generated by randomly choosing N, k, T, and
t1,...,t, in sequence, according to the following probabilities. The probability
that N = n is n~2 divided by the appropriate constant. The probability that
k = Kis 1/N for 1 < K < N. All subsets of the 26* possible tile types are equal-
ly likely as choices for 7. The type of tile #; may be any member of T with
equal probability, and for each i, 1 <i < k, t;,; may, with equal probability, be
any of the types in 7T that can legally go to the right of 7;. (If none exist, then the
instance is automatically replaced by one whose answer is known to be ‘‘no’’.)

Comment. The basic tiling problem was proved NP-complete by Levin in his
original NP-completeness paper [30]. That construction is used implicitly in the
current proof, which Levin, in his usual style, presents in a single, exceedingly
concise paragraph [31]. The real surprise here is that a problem with such a
smooth and uniform distribution can possibly be the transformed image of ev-
erything in random NP, which includes distributions that are the opposite of uni-
form (say, ones with all the probability concentrated in a small collection of in-
stances). The trick is to map instances with more than their fair share of proba-
bility (assuming that all instances of size n should be equally likely and hence
should have probability proportional to 1/(n22")) to instances that are shorter
and hence have a higher allocation of probability. It is here that the polynomial
time computability of the distribution function comes in. If x has high probabil-
ity, then the interval from M(x —1) to M(x), whose length is n(x), must be long
enough to contain a fraction g(x) with a short denominator, and this can be used
as a short signature for x in the rest of the construction. (Given ¢g(x), x can be
reconstructed in time polynomial in | x| by binary search, using a polynomial
time subroutine for M.) Eventually, after liberal doses of domination and a de-
tour through a universal Turing machine, we end up with a tiling instance in
which N, the length of the square to be tiled, is a polynomial function of | x|, and
t1,...,t, the pre-specified sequence of tiles, is a disguise for g(x). Cryptoana-
lytically inclined readers are referred to [31] for further details. [

RANDOM TILING is probably not the only ‘‘random NP-complete’’ prob-
lem. Indeed, relying on the same sort of arguments that are used to support the
claim that all ‘*’known’” NP-complete problems are polynomial time isomorphic
[7], one can plausibly argue that each such problem X has associated with it at
least one distribution p such that < X, > is random NP-complete [32]. Such
distributions, however, may be exceedingly baroque. For a challenging ‘‘Open
Problem of the Month,’’ readers are invited to search for additional ‘‘natural’’
random NP-complete pairs < X, >. I am eager to report any discoveries.
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