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The NP-Completeness Column: An Ongoing Guide
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1. STATEMENT OF PURPOSE

This is the first edition of a column which is to appear quarterly in the Journal
of Algorithms. When Mike Garey and I published our book Computers and In-
tractability: A Guide to the Theory of NP-Completeness, W. H. Freeman & Co.,
San Francisco, 1979 (hereinafter referred to as ‘‘[G&J]’’), we knew that our list
of some 300 NP-complete and NP-hard problems could not remain ‘‘state-of-
the-art’’ for long. We were not prepared, however, for the flood of new results
that has continued to pour forth in the last two years. Half of the questions in
our open problem section have been resolved, and hundreds of interesting new
NP-complete problems have been discovered, with new ones arriving almost
daily.

There seems to be no easy way for the average researcher or practitioner to
keep up, and even certain veteran list-makers are having trouble keeping track
of developments. The range of journals in which new results appear has consid-
erably broadened, and the results are often buried in an appendix or only men-
tioned in passing. Also, more and more often, results are being proved but not
published. Journals are growing less willing to publish papers consisting of
NP-completeness results, unless the problems considered are very significant
and/or the paper also contains other work, such as the analysis of algorithms for
special cases or for related problems. Researchers themselves are often reluc-
tant to publish individual NP-completeness results, especially when the proofs
use more-or-less standard techniques. Consequently, many interesting results
are now only transmitted by word-of-mouth, and hence are known only within
small circles. When I travel, I find that practically everyone I talk to has a new
result to relay or wants to check on some rumor he has heard.

Thus, with encouragement from many of my colleagues in the field, I have
decided to initiate a quarterly column that can serve as a clearinghouse for new
NP-completeness results (and new polynomial-time solvable subcases of NP-
complete problems). The column will provide a forum for researchers wishing
to publicize their results prior to (or instead of) more formal publication, and
should be of use to anyone wishing to keep up with the ‘‘state-of-the-art’’ of
NP-completeness.

There is, of course, an ulterior motive in my willingness to undertake this col-
umn. Mike Garey and I are already beginning to receive inquiries as to when a
second edition of our book (with an updated list) might appear. By writing this
column I can spread out the work of updating, and also postpone the need for a
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second edition until a time when the field is no longer growing so explosively.

2. THE NATURE OF THE COLUMN

Although the column may evolve over time, initially it will contain the fol-
lowing types of material:

1. Descriptions of new NP-complete (or NP-hard) problems, together with
comments about related results and the complexity of special cases, in the for-
mat of [G&J].

2. Brief summaries of papers in specialized areas, where only a few ‘‘typical’’
results may qualify for explicit mention in a ‘‘general interest’’ column, but
much more is known. A noteworthy example of this type of paper is the survey
of scheduling results prepared by Lageweg et al. [43].

3. Open problems submitted by readers.
4. Updates to the references in [G&J] and this column, reporting on the formal

publication of papers originally cited as ‘‘personal communication,’’ ‘‘unpub-
lished manuscript,’’ or ‘‘to appear.’’

5. Occasional reports on new theoretical developments concerning NP-
completeness and related issues.

In general, proofs will not be included, although exceptions may be made for
particularly elegant or instructive ones that might not otherwise be published.
(Either I or my ‘‘trusted colleagues’’ will verify the proofs of all NP-hardness
proofs cited, and files will be maintained containing these proofs, or sketches of
them). At least initially, while I am catching up on the backlog, I shall organize
the columns around specific themes. For instance, an early column might sur-
vey the recent rash of complexity results concerning VLSI design.

The reader of this column will be assumed to be familiar with the basic theory
of NP-completeness, as described in [G&J] or other works, such as [3,33,37,38].
Specific familiarity with [G&J] will not be assumed, although cross-referencing
to that book will be included when appropriate.

3. SUBMISSIONS TO THE COLUMN

Anyone having results or open problems he wishes mentioned in the column
should send them to David S. Johnson, Room 2C-355, Bell Laboratories, Mur-
ray Hill, NJ 07974. For new results the types of submissions are, in order of
preference:

1. References to published papers containing results not already cited in
[G&J]. Please include a brief description of the nature of the results, and the
precise place in the paper where the results are presented. Include a reprint if
possible.



- 3 -

2. Technical reports or unpublished manuscripts containing results as above.
Again, please include a brief description and a precise location.

3. Informal notes on new results, stating the claimed results precisely and giv-
ing at least some indication of the proof.

4. Rumors, together with some idea of how they might be tracked down.

In the case of unpublished results, please state explicitly that you would like the
results mentioned in the column.

Proposed open problems should be described precisely, and should be accom-
panied by an explanation of the motivation behind them, including, where possi-
ble, reference to relevant published works. In addition, suggestions, comments,
and corrections (both to the column and [G&J]) are welcome.

4. OPEN AND CLOSED PROBLEMS IN NP-COMPLETENESS

I shall devote the technical portion of this first column to a discussion of the
progress that has been made on the twelve open problems presented at the end
of [G&J]. As mentioned above, six of these have been resolved. The split is
even: three have been shown to be solvable in polynomial time and three have
been proved NP-complete. In addition, there have been new developments
related to all the other six. In order to maintain some suspense, I shall discuss
the problems in their original order.

[1] GRAPH ISOMORPHISM

INSTANCE: Two graphs G 1 = (V 1 ,E 1 ) and G 2 = (V 2 ,E 2 ) .

QUESTION: Are G 1 and G 2 isomorphic, i.e., is there a one-to-one onto func-
tion f :V 1 →V 2 such that {u ,v}∈E 1 if and only if { f (u) , f (v) }∈E 2 ?

Comment. This problem remains open, although some significant new sub-
cases have been shown to be solvable in polynomial time: graphs embeddable in
the projective plane [51], graphs embeddable in a surface of genus K, for every
fixed K [20,58], graphs with maximum vertex degree K, for every fixed K [55],
and ‘‘cone graphs’’ of bounded degree (as defined in [31] - note that the
‘‘degree’’ of a cone graph is not its vertex degree), using the techniques from
[55]. In addition, ‘‘colored’’ graphs, in which each vertex is assigned a color,
can be tested for isomorphism in polynomial time if no color occurs on more
than K vertices, for every fixed K [55]. A subexponential O(n c log n ) algorithm
has been found for tournaments [55]. Many of these latter results follow from
polynomial-time algorithms for dealing with permutation groups, as described in
[23]. They also were foreshadowed by various randomized algorithms for the
same problems, such as in [5]. In the realm of probability, [7] presents a method
for producing canonical labellings of graphs (and hence for testing
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isomorphism) which runs in expected linear time under the standard uniform
distribution of graphs. The best worst case running time for the general problem
remains exponential, but there have been significant improvements over the
naive O(n!) bound, where n is the number of vertices: M. K. Goldberg gives an
O(c n ) algorithm in [26], and V. N. Zemlyachenko improves on this to O(c n 2/3

)
[6,71], using techniques from [55]. Finally, the set of problems which have
been proved polynomially equivalent to general graph isomorphism has been
considerably broadened [9,12,13,14], although the transformations involved
may not always be able to preserve the exponents in the running times of the
above algorithms.

[2] SUBGRAPH HOMEOMORPHISM
(FOR A FIXED GRAPH H)

INSTANCE: Graph G = (V ,E) .

QUESTION: Does G contain a subgraph homeomorphic to H , i.e., a subgraph
G′ = (V′ ,E′) that can be converted to a graph isomorphic to H by repeatedly
removing any vertex of degree 2 and adding the edge joining its two neighbors?

Comment. This problem remains open, but the ‘‘fixed vertex’’ version of the
problem (the input specifies exactly which vertex of G is to correspond to each
vertex of H) has been completely classified by Fortune, Hopcroft, and Wyllie
[22] for directed graphs. It is polynomial-time solvable if H is a fixed graph all
of whose arcs share a common tail, or all of whose arcs share a common head.
For all other fixed graphs H the fixed-vertex directed SUBGRAPH HOMEO-
MORPHISM problem is NP-complete. If the input graph G is an acyclic
directed graph, then the problem is solvable in polynomial time for each fixed H

[22], although the problem remains NP-complete if H is allowed to be specified
as part of the instance, as follows from [ND38] in [G&J]. The problem is also
solvable in polynomial time for each fixed H if G is restricted to reducible flow
graphs [30]. With respect to the undirected version of the problem, new polyno-
mial time algorithms for the case where H consists of two independent edges
have been presented in [59,64], with the latter giving a particularly concise char-
acterization. The original two edge and triangle results mentioned in [G&J]
have appeared formally in [65,44]. With respect to the ‘‘non-fixed vertex’’ ver-
sions of the problem, [52] presents a polynomial time algorithm for H = K 4 in the
undirected case and [22] classifies a number of H (both polynomially solvable
and NP-complete) in the directed case, but much remains open (a polynomial
time fixed vertex algorithm for H implies a polynomial time non-fixed vertex
algorithm for H, but not vice versa). The special case where G is a tree can be
solved in polynomial time even when H is not fixed but is part of the input [66].
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[3] GRAPH GENUS

INSTANCE: Graph G = (V ,E) and a non-negative integer K .

QUESTION: Can G be embedded on a surface of genus K such that no two
edges cross one another?

Comment. Remains open for general K, but can be solved in polynomial time
for every fixed K [21]. A detailed algorithm for the case of K = 1 and cubic
graphs is given in [19]. This work on genus led to the isomorphism algorithms
for graphs of fixed genus mentioned above.

[4] CHORDAL GRAPH COMPLETION

INSTANCE: Graph G = (V ,E) and a positive integer K .

QUESTION: Is there a superset E′ containing E of unordered pairs of vertices
from V that satisfies | E′ − E| ≤ K and such that G′ = (V ,E′) is chordal, i.e., such
that for every simple cycle of more than 3 vertices in G′ , there is some edge in
E′ that is not involved in the cycle but that joins two vertices in the cycle?

Comment. This problem has been proved NP-complete by M. Yannakakis
[68] via a transformation from OPTIMAL LINEAR ARRANGEMENT [GT42].

[5] CHROMATIC INDEX

INSTANCE: Graph G = (V ,E) and a positive integer K .

QUESTION: Does G have chromatic index K or less, i.e., can E be partitioned
into disjoint sets E 1 ,E 2 , . . . , E k , with k≤K , such that, for 1≤i≤k , no two edges in E i

share a common endpoint in G ?

Comment. This problem has been proved NP-complete by I. Holyer [32], via
a transformation from 3SAT, even for K = 3 and cubic graphs. Leven and Galil
[50] have shown that NP-completeness also holds for every fixed K > 3, even if
the graphs are required to be K-regular (a surprisingly non-trivial extension).

[6] SPANNING TREE PARITY PROBLEM

INSTANCE: Graph G = (V ,E) and a partition of E into disjoint 2-element sets
E 1 ,E 2 , . . . , E m.

QUESTION: Is there a spanning tree T = (V ,E ′) for G such that for each E i,
1≤i≤m, either E i ⊆ E ′ or E i ∩E ′ = ∅?

Comment. This problem can be solved in polynomial time by an algorithm
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due to L. Lovász [53,54], which can be used to solve the parity problem for
arbitrary ‘‘representable’’ matroids, of which this is a special case (a matroid is
representable if its independent sets correspond to the independent sets in some
linear space). There can be no polynomial time algorithm for the general
matroid parity problem if one is not allowed any knowledge about the structure
of the matroid beyond that provided by a ‘‘black box’’ algorithm, i.e., an oracle
that can tell (in one step) whether any given set is an independent set of the
matroid [53]. (Recall that the 2-matroid intersection problem can be solved in
polynomial time under such restrictions - see [45]).

[7] PARTIAL ORDER DIMENSION

INSTANCE: Directed acyclic graph G = (V ,A) that is transitive, i.e., whenever
(u ,v) ∈A and (v,w) ∈A , then (u ,w) ∈A , and a positive integer K≤| V| 2 .

QUESTION: Does there exist a collection of k≤K linear orderings of V such that
(u ,v) ∈A if and only if u is less than v in each of the orderings?

Comment. This has been proved NP-complete independently by Lawler and
Vornberger [47] and by M. Yannakakis [69], although the Yannakakis result is
stronger. It shows that NP-completeness holds for every fixed K ≥ 3, whereas
the other result was only for arbitrary K. The proof is via a transformation from
GRAPH 3-COLORABILITY [GT4]. The problem remains NP-complete even
if the partial order contains no chain of length greater than one, so long as K is
fixed at a value of 4 or more [69]. The problem for general partial orders was
already known to be solvable in polynomial time when K = 2 [17,62].

[8] PRECEDENCE CONSTRAINED
3-PROCESSOR SCHEDULING

INSTANCE: Set T of unit length tasks, partial order <. on T , and a deadline
D∈Z + .

QUESTION: Can T be scheduled on 3 processors so as to satisfy the prece-
dence constraints and meet the overall deadline D , i.e., is there a schedule
σ :T→{0,1, . . . , D − 1} such that t <. t′ implies σ(t) < σ(t′) and such that for each
integer i , 0≤i≤D − 1 , there are at most 3 tasks t∈T for which σ(t) = i ?

Comment. This problem can be solved in linear time if <. is the disjoint
union of an in-forest with an out-forest [16,25], and analogous polynomial time
algorithms exist for every fixed number K of processors [25]. However, if K is
arbitrary the problem becomes NP-complete even for such restricted precedence
constraints [25]. (Recall that the problem can be solved in polynomial time if <.

is an in-forest or an out-forest [34]). The problem can also be solved in polyno-
mial time for every fixed K if <. is a level order (any two tasks with a common
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immediate predecessor or successor have identical sets of predecessors and suc-
cessors) [67], and for arbitrary K if <. is an interval order (each task T i corre-
sponds to an interval [a i ,b i ] on the real line, and T i <. T j if and only if b i < a j)
[61]. Remains NP-complete for arbitrary K if <. is the disjoint union of an out-
forest (or in-forest) with a layered order, or a union of layered orders, or an
intersection of two layered orders [25] (a layered order is a level order with just
one component).

[9] LINEAR PROGRAMMING

INSTANCE: Integer-valued vectors V i = (v i [1] ,v i [2] , . . . , v i [n]) , 1≤i≤m ,
D = (d 1 ,d 2 , . . . , d m ) , and C = (c 1 ,c 2 , . . . , c n ) , and an integer B .

QUESTION: Is there a vector X = (x 1 ,x 2 , . . . , x n ) of rational numbers such that,
for 1≤i≤m , V i

.X ≤ d i and such that C .X ≥ B ?

Comment. This problem has been shown to be solvable in polynomial time
by the ‘‘ellipsoid method’’ in the by now famous paper of L. G. Khachiyan [40]
(See [4,24] for alternative presentations of the algorithm and [46] for an enter-
taining account of how the paper became ‘‘famous’’). Still open is the question
of whether there is an algorithm for the problem which runs in polynomial time
in the model of computation where inputs are arbitrary real numbers and the
basic arithmetic operations all are assumed to take constant time. Such an algo-
rithm might have more practical consequences than have so far been found for
the ellipsoid method. A survey of recent research into the ellipsoid method can
be found in [8]. In particular, it has been used to solve the convex quadratic
programming problem in polynomial time [42] as well as the linear complemen-
tarity problem for positive definite symmetric matrices [11] (The general LIN-
EAR COMPLEMENTARITY problem, mentioned in the comments to this
problem in [G&J], has been proved NP-complete by a number of researchers
[10,35]). The ellipsoid method has also been used to prove new NP-hardness
results, as an equivalence between ‘‘feasability’’ and ‘‘separability’’ problems
can be derived from it [28,29,39]. Finally, the furor over the ellipsoid method
has revived interest in the theoretical aspects of the simplex method, which
works so well in practice even though it has exponential worst case running time
under the standard pivoting rules. In [15], G. B. Dantzig analyzes the expected
running time of the simplex algorithm applied to the special case of LINEAR
PROGRAMMING in which there is a convexity constraint, and shows that
under reasonable assumptions it is bounded by a low-order polynomial.

[10] TOTAL UNIMODULARITY

INSTANCE: An m×n matrix M with entries from the set { − 1,0,1}.
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QUESTION: Is M ¬ totally unimodular, i.e., is there a square submatrix of M

whose determinant is ¬ in the set { − 1,0,1}?

Comment. This problem turns out to be solvable in polynomial time, as a
consequence of an elegant characterization theorem proved by P. D. Seymour
[63]. Continuing work has lowered the (high) order of the polynomial, both for
the general problem [18] and for special cases [70], and used these results to
derive polynomial time algorithms for integer programming when the matrix is
totally unimodular [18,57,70].

[11] COMPOSITE NUMBER

INSTANCE: Positive integer N .

QUESTION: Are there positive integers p ,q > 1 such that N = p .q ?

Comment. This problem remains open. However, further evidence that the
problem is not NP-complete comes from a new algorithm [1,2,49] whose run-
ning time is O(n c log( log(n)) ), where n = log(N) is the number of bits needed to rep-
resent N. If COMPOSITE NUMBER were NP-complete, all NP-complete prob-
lems could be solved in similar running times. No similarly efficient algorithm
has been found for determining the prime factors of N , and this latter problem is
still widely believed to be harder than the basic decision problem.

[12] MINIMUM LENGTH TRIANGULATION

INSTANCE: Collection C = {(a i ,b i ) :1≤i≤n} of pairs of integers, giving the coor-
dinates of n points in the plane, and a positive integer B .

QUESTION: Is there a triangulation of the set of points represented by C that
has total ‘‘discrete-Euclidean’’ length B or less? Here a triangulation is a col-
lection of non-intersecting line segments, each joining two points in C , that
divides the interior of the convex hull into triangular regions. The discrete-
Euclidean length of a line segment joining (a i ,b i ) and (a j ,b j ) is given by�
((a i − a j )2 + (b i − b j )2 )

1⁄2 � , and the total length of a triangulation is the sum of
the lengths of its constituent line segments.

Comment. Polynomial-time algorithms that were once conjectured to solve
this problem, but were already known to be nonoptimal when [G&J] was pre-
pared, have now been shown to do so poorly on some instances that they may
construct a triangulation whose total length is an arbitrary multiple of the opti-
mal length [41,56].

I shall conclude this first column by mentioning two more ‘‘open’’ problems
(which should have been on our original list, but weren’t), and by pointing out a
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number of minor errors that have been found in the list of NP-complete prob-
lems in [G&J]. The first of the two problems has been the subject of much
recent interest, and, like so many of the problems on our original list, can now
only be called ‘‘previously open.’’ It asks about the complexity of the INTE-
GER PROGRAMMING problem [MP1], when restricted to a fixed number K of
variables. The problem is trivial for K = 1, and the special case of K = 2 when all
coefficients are non-negative was recently shown to be solvable in polynomial
time [36]. However, the general case for K ≥ 2 remained open until this year. In
[48], H. W. Lenstra uses ideas from the ‘‘geometry of numbers’’ to develop a
polynomial time algorithm for each fixed value of K. (Unfortunately, as with all
such sequences of algorithms mentioned here, the running times are exponential
in K). Lenstra also obtains, as a corollary, that INTEGER PROGRAMMING is
solvable in polynomial time for any fixed number of constraints, so long as the
solution vector can contain arbitrary integers. (If the solution vector is required
to be non-negative, INTEGER PROGRAMMING is NP-complete even for two
constraints, but can be solved in pseudo-polynomial time for any fixed number
of constraints [60]).

The second problem concerns perfect graphs, and I am happy to say that it is
still open (as of this writing) and hence can be offered as a partial replacement
for the six problems already eliminated from our list. It was omitted from the
original list because of a technical objection (it was not known to be in NP)
which has recently been removed.

[OPEN] IMPERFECT GRAPH

INSTANCE: Graph G = (V ,E).

QUESTION: Is G not a perfect graph, i.e., is there a subset V ′ ⊆ V such that the
subgraph of G induced by V ′ has a chromatic number which is larger than its
maximum clique size?

Comment. Perfect graphs are of wide interest in combinatorial theory - entire
books have been written about them (e.g., see [27]). That this problem is in NP
would follow immediately from the famous ‘‘strong perfect graph conjecture,’’
which says that a graph is imperfect if and only if its complement contains an
induced subgraph which is an odd cycle of length 5 or more. However,
Gr..otschel, Lovász, and Schrijver [29] have recently shown that the problem is in
NP without proving this conjecture (instead, they use the ellipsoid method).
They can also show by related techniques that weighted versions of the CHRO-
MATIC NUMBER, CLIQUE, CLIQUE COVER, and INDEPENDENT SET
problems are all solvable in polynomial time when restricted to perfect graphs
[28,29] (note that these problems are all equivalent for perfect graphs, given the
‘‘perfect graph theorem’’ which says that the complement of a perfect graph is
perfect). The algorithms are applicable to all graphs, and either report that the
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graph is not perfect, or return the correct answer (in which case the graph may
or may not be perfect).

As to corrections to [G&J]: Despite our claims to the contrary, HAMILTO-
NIAN CIRCUIT [GT37] is NP-complete for edge graphs. Our claim of polyno-
mial time solvability was based on a faulty analogy with Euler tours, as was
pointed out to us by D. Skrien. MINIMUM TEST SET [SP6] is NP-complete
even when restricted to the case where each subset has at most two elements, as
was pointed out to us by J. K. Lenstra. SUBSET PRODUCT [SP14], although
not solvable in time polynomial in | A| and max{s(a) : a∈A}, is solvable in
pseudo-polynomial time due to the presence of B in the input, as was pointed out
to us by T. Ibaraki. Finally, in our comments on QUADRATIC DIOPHAN-
TINE EQUATIONS [AN8], our claim that Σ i = 1

k a i x i = c is solvable in polyno-
mial time holds only if arbitrary integer solutions are allowed. If only non-
negative solutions are allowed, the problem is of course NP-complete. This
imprecision was pointed out to us by J. Shepherdson.
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