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Abstract

In this paper we obtain large deviation bounds for the queue length in a buffer fed by an
M=G=1 process with G long-tailed, and in the limit that the arrival intensity grow to infinity
along with the service rate so as to keep the offered load constant. This provides an example
in which long-tailed arrival distributions are no bar to obtaining statistical multiplexing gain
when such arrivals are sufficiently spread out over time.

1 Introduction.

In this paper we investigate the extent to which long tailed behavior in the activity of sources make
them difficult to statistically multiplex together. The word together is crucial here, because it is
easier to achieve multiplexing gain across several sources than within a single source.

To achieve gain within a source at a buffer requires being able to allocate to it a service rate
(between its peak and mean rate) in such a way that statistical fluctuations in the arrivals over-
flow the buffer sufficiently rarely. Much recent work has been devoted to finding large deviation
approximations to the probability that, in an infinite buffer, the queue length Q exceeds a given
level b. Such approximations can be written informally as

P[Q >b] .. ein®)-; (1)

where the scaling function h is determined by the arrival process. For a large class of short range
dependent processes (see [11, 10] and references in [4]) h is linear, and so the tail is exponential.
For class of long-range dependent arrival processes, including fractional Brownian motion, h is a
power law and so the tail is Weibullian (see [8] and a previous lower bound in [15]).

The M=G=21 process has recently attracted some attention as a model of arrivals (see e.g.
[1, 13, 18]). It is a random marked Poisson process of some intensity r the marks of which are
i.i.d. random variables with common distribution G with mean . The arrival times are those
of customers, each of which commences service immediately for a time whose duration is the
corresponding mark. Let N¢ be number of customers in the system at time t and define A; =
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(} dt! Np. The interpretation of A as an arrivals process is that each of the Ny customers present
at time t deposits fluid into the buffer at unit rate (or in discrete time, packets of unit size at each
timeslot). The fluid is drained out at rate S. Set ~ =s j r > 0 for stability.

Parulekar and Makowski [16] have determined an asymptotic of the form (1) for this model
when G is short tailed. Building on their work, we find a large deviation upper bound when G is
Pareto with power fi 2 (1;2):

limsupw «-li(fii1)7; (2)
by 1 log b
when the RHS is negative. We have not determined whether this bound is tight: as we discuss in
section 4 below, the large deviation lower bound does not obtain in this case, at least not by use
of the methods in [8]. Observe though that the exponent in (2) is different to that which would be
found in the M=G=1 model or On-Off Model (see [5]) with the same service distribution, namely
an exponent of 1 j fi. That there is difference is not surprising, since large deviations in the two
models occur by different mechanisms. For the M=G=1 model, since G is long tailed, the most likely
way for an (asymptotically large) backlog of work to arise is for one of the service periods to be
large. However, in the M=G=1 model, to develop a backlog of size b requires that a number n > s
of sources to be active during a period of duration at least b=(n j S): some “conspiracy” between
arrivals is required. (This observation can be used to formulate lower bounds for P[Q > b]).

This leads as to consider a second asymptotic: that of scaling the service rate as sL and the
arrival rate as rL (or equivalently, superposing L sources of arrival rate r) with L ¥ 1. In this
limit the load remains independent of L, but the proportional contribution of each active source
to that load goes to zero as L ¥ 1. Scaling a buffer level likewise as Lb so as to keep the buffer
size per unit arrival rate constant, we find that the requirement for conspiracy as the means of
generating large deviations in the corresponding queue length Q- becomes manifest: applying a
result from [7] we show that

logP[Q- > Lb] = jlI(b); with lim 10) _ (fiil): (3)

li =
13 b¥ 1 logh

1
Lyl L
Such asymptotics arise because for each fixed time t, the distribution of the normalized arrival
process LilA{- converges exponentially fast to its mean r tas L ¥ 1. From (3) we have the

approximation
P[QL = Lb] eiLI(b) biL(fiil)‘ (4)

for first L and then b sufficiently large. For fixed b the tail probabilities are exponentially small
in L, reflecting the multiplexing gain available across sources, while it decreases only algebraically
in b: the effect of the long tailed service distribution. It is worth remarking that superpositions of
Markovian sources or fractional Brownian Motions have the same exponential decay in L for their
tail distributions, though I(b) is asymptotically proportional to —b or —-b?i2™ respectively (here H
is the Hurst parameter of the fractional Brownian Motion).

That the long tailed on duration of the sources should not prevent statistical multiplexing gain
even for long tailed active periods can be seen by observation similar to those made for the large b
asymptotic. A small number of sources may effectively remove some of the service capacity during
their long active periods, but it requires a large number of them to be active in order for a large
deviation in the buffer occupancy proportional to the aggregate arrival rate. Such a heuristic does



not evidently apply to the corresponding M=G=1 model: in this case work arrives instantaneously
in long tailed chunks, rather than being spread out over the duration of the active period: just one
such arrival can use up the available service rate. Of course, from the point of view of modeling, one
will chose M=G=1 or M=G=1 as appropriate: there is no necessary relation between them. But
although both can be seen as members of the class of “arrival processes with long-tailed behavior”,
they have radically different properties under statistical multiplexing. In fact, rather than the decay
of (4), P[QL > Lb] decays only algebraically in L as L ¥ 1 for M=G=1.

The contents of the paper are as follows. In section 2 we recapitulate the large deviation lower
bounds for the large buffer asymptotics for a single arrival process. In section 3 we extend a result
in [8] to derive an upper bound for the large buffer asymptotics which we can apply to the long
tailed M=G=21 process in section 4. We conclude in section 5 by deriving the tail asymptotics for
the M=G=1 model as the arrival rate is increased to infinity while keeping the service duration
and offered load constant.

Finally, we mention that although we have dealt here with loss probabilities, the duration of
loss periods is also important for understanding the impact of long tailed durations. This has been
studied in a related model in [1]. One expects that long tailed active period will give rises to long
duration of periods of overload. However, for small overshoots of a given threshold, in bufferless
models at least, the duration is overload can be largely independent of the duration of the active
period beyond its mean: see [9] for more details.

2 Large deviation lower bounds

Let us formulate in more detail a large deviation result the tail asymptotics of the queue length in
an infinite buffer which is fed by a stationary arrivals process and served at some constant rate S.
Index time by T = R4 or Z; and let A¢ be the work arriving in the queue in the interval [jt;0)
and define the (backward) excess workload process W by Wy = 0 and Wy = A¢ j St. Then we have
the pathwise relation for the queue length Q at time 0 (see [3])

Q= sup We: (5)

Here we shall be concerned with obtaining bounds of the form

log P b log P b
i -hﬁiffw -liﬂsﬁpw -i- (©)

for some constants —g depending on the processes, and where h is a scaling function, namely a
positive function on T which increases to +1. If -; = - = - then we can informally write the
approximation (1). Common to the works cited in the introduction is the idea of characterizing
the large deviation properties of the queue length in term of those of the workload process.

Recall [6] that a rate function on R is a lower semicontinuous function taking values in [0; 1],
and a good rate function is one with compact level sets. Let (Xt : t , 0) be a real stochastic process
and V a scaling function. Then the pair (X¢;v(t)) is said to satisfy a large deviation principle with
rate function | if for all Borel subsets B of R

1 1

i x12an° I(X) = lltII!ll:II_If@ logP[X;{2B| = hiris:}_lpwlog P[Xi2B] = j ;Izlg 1(X); (7)



where BP is the interior and B the closure of B.

According to the Gértner-Ellis Theorem (see e.g. [6]), to conclude that (X¢;v(t)) satisfies and
LDP it is sufficient to demonstrate the existence of the cumulant generating function (cgf, also
called the log moment generating function) ,( ) = lim¢w 1 (1=v(t)) log E[exp( v(t)X¢)], which in
addition satisfies a (sufficient) technical condition, that it be essentially smooth. Then (X¢;Vv(t))

satisfies (7) with rate function equal to the Legendre transform “of , ie.
7 (x) = supf x j ,()g: (8)
X2R
In the present case, define the transient cgf
1
-t( ) = @bg Efexp( v(t)We=a(t))]: (9)
Theorem 1 Assume
(i) The limit ,( ) = ,t( ) exists as an extended real number for all 2 R and is essentially
smooth.
(i) ,( ) <0 for some =>0.
(11i) There exists a scaling function h such that the limit
h(t
f(c)=1 __h®m (10)

Teva v(ail(t=c))
exists and is finite for all ¢ > 0 where ail(X) = supft 2 T : a(s) = xg.

Then the lower bound in (6) holds with

—, - inf <) which is equal to  inf 20} (11)
T8 (o) 1 >0 f(c)’

if ¥ is continuous, or the effective domain of 7~ is unbounded to the right.

Remark: One case in which (10) obtains easily is when v —ail is regularly varying (see [2] for
more details). In this case taking h = v —ai! we get (10) with f(c) = c¥ where the power f is the
index of the regularly varying function v —ai!l. Indeed, if v—-al! is regularly varying, this is the
only choice of h which gives a non-trivial f.

Proof of Theorem 1. [8] gives us the lower bound in (6) with —; as in (11). To remove the
necessity of taking right limits, observe that being a convex function, 3~ is continuous on the
interior of its effective domain (see Theorem 10.1 of [19]). Hence, as noted in [16], if the effective
domain of ;7 contains R.;, the second formulation of —; in (11) applies. If not, the effective domain

contains [0;C) for some C , 0. Due to (ii), 7~ is non-decreasing on R.,. Hence

inf 7 (cT)=F(c) = inf 7 (c)=F(c 12
Inf 7(c™)=f(c) = nf 7(c)=F(c) (12)
where C is the boundary of the effective domain of <~ The second form of —+ now follows since
f is continuous, and 77 is continuous from the left at ¢, being non-decreasing on R, and lower
semicontinuous. [ |



3 A Further Large Deviation Upper Bound.

Turning now to large deviation upper bounds for P[Q > b| we first formulate a bound independently
of statistical assumptions on the workload process W. We work here in discrete time: extensions
to continuous time can be made using argument similar to those in [8].

Theorem 2 Let A be some function Ry ¥ Ry, a;V;h scaling functions and ,¢ as in (9).

(i) Assume for all t that ,¢( ) >0 for <O0.

liér;silp k)gl:;[(%>b] = max j-; + lif)n!silp(log A(b))=h(b); ,
lim sup Llog > exp(v(t) 75 (b=a(t))5; (13)
pra h(d) 7\
where (b
- =lim, i(])afhibi; with  1(b) = ggv(t){(b:a(t)): (14)
(ii) If, furthermore, A can be chosen such that
te1 loi(Ab)(b) 0 (15)
and for all™ >0 and "y > 0 sufficiently small
.lli!r%tlgnih(lmlog > eiVOE(0i") o (16)
t=>A(b)
then .
li{]n!silpmb)logP[Q>b] - i (17)

Proof of Theorem 2. (i) For any ty > 0, by using (5) to decompose fQ > bg = [t>1fW; >
bg and applying Chebychev’s inequality on each component to get P[W; > b] = eiVv(tb =a(®
Elexp( v(t)W¢=a(t))] for any > 0, and so taking the infimum over > 0 taking the infimum
over >0 (which by the assumption on , is equivalent to taking the infimum over all 2 R) we
get

P[W; > b] = exp( jVv(t) 57 (b=a(t))): (18)
Hence
>
P[Q>b = A(b) max P[W;>b] + P[W; > b] (19)
t=A0) t>A(b) <
- A(b)ei'® { R(b); where R(b)= eiv(sT(b=a(n), (20)
t=>A(b)

The result the follows by applying the principle of the largest term (see [12]). The proof of (ii)
follows trivially. _J



It is worth restating that Theorem 2 (ii) follows from (i) only when the tailsum term in (13) can
be neglected w.r.t. —;. Two questions naturally arise from the preceding results. The first question
is what are examples of processes that satisfy the hypothesis. The second is when are —; and —;
equal so that the bounds (6) are tight. All the examples considered in [8] satisfy the hypotheses
of Theorem 1. What is new here are the growth conditions (15) and (16): they replace stronger
conditions in [8], and as we shall see in the next section, admit a wider class of examples. Here we
remark that —; = -4 in the examples of [8]. This includes, for instance, asymptotically self-similar
processes with Hurst parameter H 2 [1=2;1). In this case we should take & =1, V =2 j 2H, and
Theorem 2(ii) follows by choosing A(b) = blogb.

Before leaving the general case, we prove the following inequality between —; and -; which
holds even in the absence of the lower bound in (6).

Theorem 3 Assume for scaling functions v;a;h that (10) is satisfied for some ¥ and that ,¢ is
pointwise convergent to ,. Then

TR () 1o o . 7(X),
- —hbH!ll:II_lfW hﬁn!silpw —+ = inf fx) (21)

The proof uses the following Lemma, which is proved in [7].

-

Lemma 1 Let " be a sequence of convez functions on R. If for some function ™, limpwq "n =
pointwise on the interior of the effective domain of ~, then limpy1 %5 = =~ pointwise on the

interior of the effective domain of =,

Proof of Theorem 3. Only the second inequality has to be proved: the rest is definitions.
Setting the dummy variable in the variational expression (14) for | to be ¢ = b=a(t), then any
X > 0 we have for any b;c > 0 1(b)=h(b) = f(b=c));7, )(C)=h(b). Taking b ¥ 1 for fixed c,

zail(b=c
limsupy, g 1 1 (b)=h(b) = ;7(c)=F(c), for any C in the interior of the effective domain of 3, by Lemma
1 and (10). The result follows by taking the infimum over all ¢ > 0 by virtue of (12) m.

4 Applications to an M=G=1 arrival process.

Parulekar and Makowski [16] have determined the cgf for A¢ for the discrete version of the M=G=1
process for classes of G and have used it the result of [8] to determine the tail asymptotics as in
(6) and (17) with -4 = —; for a number of models in which G is short tailed. In particular, in
determining scaling functions a;v and appropriate for the cgf to exist, they take a(t) = t, and
then derive the scaling function v directly from the model in question:

v(t) = j log Gg(t)=dt (22)

where Gg is the stationary excess distribution for the service time.

However, the long tailed case has features which take it out of the domain of Theorem 1 and
(sometimes) Theorem 2. One difficulty is with the lower bound and stems from the form of the
cgf ,. For v(t) = o(t) it is shown in [17] that:

Theorem 4 Assume V(t) = o(t) with v(t)=t;t = 1;2;:::9 eventually monotone decreasing. Assume
that there exists a mapping T' : N B N such that (i) T'(t) <t for all t, (i) limgw 4 V(DT(t)=t =



1 and (%) limew 4 V(O)T(t)=(tv(I'(t))) = 0. Then the limiting cgf ,( ) = lim¢n 1 (1=v(t))
log E[exp(V(t)W=t)] exists and is given by

0 it <1
()= +1 if >1" (23)

with ,(1) determined by further detail of the model in question.

Now, this , is not essentially smooth since it fails to be steep: j,o( )j does not approach 1
as approaches the boundary of its effective domain, namely 1. So the LD lower bound cannot
be established by Theorem 1, However, things are even worse. Clearly, whatever the value of
(1) 5 limyoe; 5(X) we have

~

+1 if x< . (24)

X+ if x> i

T x) =

Thus, the only exposed point of ;7 (see Section 2.3 of [6] for terminology) is j ~ and so the large
deviation lower bound for the pair (W¢=t; v(t)) obtained through the Gértner-Ellis theorem is trivial:
for open sets G not containing j ~: liminfis 1 logP[Wi=t 2 G]=v(t) , j1. This is not to say
that there is no non-trivial LDP, just that the Géartner-Ellis theorem cannot be used to prove it.
(See Remark (d) on page 46 of [6] for an example of a process with an LDP which also cannot be
derived from this Theorem).

We now turn to the upper bound. As has been pointed out in [16], the hypotheses used in
the proof in [8] of the LD upper bound in (6) are violated when v(t) » logt. Unfortunately this
precludes applying the theorems to the case of long tailed G. For example, when G is Pareto i.e.

G'(H _ ..
T (25)
for some fi > 1, then
v(t) (26)

il (fi j 1)logt -

But we are able to do better on the basis of Theorem 2.

Theorem 5 Consider the M=G=1 process when G has Pareto tail of power fi 2 (0;1) and suppose
that (fi § 1)° > 1. Then -; = -4 and

) log P[Q > b] . -
| ———= —elj(fiil": 2
1kr)n!s:}_1p Tog i(fiil) (27)

Proof of Theorem 5. To recap, we take a(t) =t, v(t) = h(t) = (fi j 1)logt and hence f(x) = 1.
To obtain convergence of ,¢ we apply Theorem 4 taking, for instance,

I'(t) = bt=(1 + log(1 + logt))c; (28)

Since a(t) = t, ,3(0) = ti'EA; j s = i~ < 0 for all t so that assumption (i) of Theorem 2 is
satisfied. It is easy to see that ;7 is increasing on R as a consequence. Next observe that since
f(X) = 1 and ;7 is increasing we have -, = ~ = 77(0).



Since 0 lies in the interior of the domain of 37, we have by Lemmas 1 and the increasing property
of 7 on Ry, that, for any " >0 ;7(b=a(t)) , 77(0) i " =-. i " for t sufficiently large. So for b
sufficiently large, then in (20) we have R(b) = ((fi § 1) j 1)1'A(b)!i1 (i1 Thus by Theorem 2(i)

log A(b)

lim sup logPQ>b] | max/[fl § —;;f1(1 § (fi § 1)-4)]; where fl = limsup ———: (29)

bra h(b) b h(b)

We now show that —; and —; are equal: then the upper bound is minimized by choosing A(b) such
that fl = 1=(fi j 1) and (27) obtains. By Theorem 3, - , —;, so we need only establish the reverse
inequality.

We are free to replace v(t) and h(t) by (fi j 1)logt for t greater than some ty, forming a
sequence to which they are asymptotically equivalent. We make the change of variable ¢ = b=a(t)
and set fy(c) = (logb)=log(b=c). Then I (b)=h(b) = infc>o 77_.(c)=Fy(c) = ,/bzcb (cp)=Fy(cp), where the
infimum is achieved at ¢p. (If the infimum is not achieved, use instead for any " > 0 a point ¢, where
the infimum is achieved to within ", then take " ¥ 0 at the end). Then liminfyw 1 1(b)=h(b) =
limpw 4 écb (cp)=Fp(cp) along some subsequence, which we also denote by (cp). Now (Cp) must have
a subsubsequence (which we also denote by (Cp)) with one of the following properties. Either cy is
eventually bounded; or limpsq ¢y = 1.

In the first case, ¢, < K for some K > 0 so that limys q 1=F,(cy) , 1 while since 7~ is non-
decreasing —; = limpw 1 {ail(b=cb)(cb) - limpeq {ail(b=cb)(0) = 77(0) = -, and we are done.

In the case ¢, ¥ 1, either b=c, is bounded, or it diverges. If it is bounded then so is
t, = ail(b=cy), and so for sufficiently large b on the subsubsequence I(b)=h(b) , Kk;maxjetet,
f(kgb):bg b, for some constants ty; Ky; Ko. Clearly ,¢ is finite and differentiable on R, so that {is
strictly convex, and also X @ ;7(X) is increasing when X > s. Hence for some k3 > 0 77(X) > K3X
for large enough X, and so I (b)=h(b) diverges ash ¥ 1. This contradicts the finiteness of —;: there
is no such subsequence (Cp).

Finally, we treat the case that ¢, and b=c, are divergent. Then for any K > 0, b > Ky
eventually. Since b ¥ 1=fy(c) is increasing we get 1=F,(Cy) , 1 § 1=log K and since K is arbitrary
liminfpw 4 1=Fy(cy) , 1. Finally ’/ail(bzcb)(cb) - {ail(b:Cb)(O) ¥ (0)asb ¥ 1 and hence

b=c, ¥ 1. Thus along the subsubsequence limpu 1 1(b)=h(b) , 7(0) = -, as required. [ |

5 Asymptotics for large arrival rates at fixed load.

We now turn to our second large deviation principle, in which the arrival rate is scaled as rL and
the service rate as sL where L grows to infinity. Consider first a slightly more general setup in
which for each L > 0 we have a arrival process A~ = (AL : t , 0) served at rate sL. Define the
corresponding excess workload process W= = At i sLt and queue length Qf = sup,_, W{". Finally
define the family of cgf’s

LE() = (v(HL) i log Efe VOWET; (30)

for some scaling functions v(t). (Here a(t) = t).
Theorem 6 Assume

(i) For each 2 R, the limit
()= lim () (31)



exists as an extended real number, uniformly in t sufficiently large, and each ,t is essentially
smooth; or

1 15 an L-fold superposition of i.1.d. processes Wy, so that ,y = ,t.
;0 Wt'- ] L-fold 17 .1.d W h {-
(i) For some ;"'>0, ,¢( )< i" forallt.
. P
(iii) For all™ >0 limg, s 1 limsup g4 Lillog oy, €8 ™™V = §1.

Then with 1(b) as in (14)
Jim LillogP[Q"- > Lb] = j1(b): (32)

This theorem was proved under stronger conditions in [7]. Given the uniform convergence in
(i), (ii) follows easily if ,t converges to some , satisfying Hypothesis (ii) of Theorem 1, at least
on the interior of the effective domain of the latter. With an additional technical condition the
result extends to continuous time. The canonical example of is when AL is a homogeneous L-fold
superposition of an arrival process A¢. This also applies to models with Poissonian arrivals, such as
M=G=1, since scaling the arrival rate by L 2 N in our M=G=21 models gives the same distribution
for AL as taking an L-fold superposition of At. We call | the shape function: it determines the
shape of the log loss curve, asymptotically for large L. Comparing (32) with (14) we see that —; is
a lower bound for the asymptotic decay rate (in b) of the loss ratio in both the single source and
many source cases (when the appropriate large deviation theorems hold).

Most importantly for our present purpose, the hypotheses of Theorem 6 in some sense easier
to satisfy than those of Theorem 2. One reason for this is that the transient cgf ,¢ is typically
essentially smooth in applications, whereas, as we have seen the previous section, the limit , does
not always have this property. The smoothness property plays different roles in each context. In
Theorem 1 is is used to establish a temporal LDP for (W'=t;v(t)) ast ¥ 1. In Theorem 6 it is
used to establish the spatial LDP for (AF=L j st;L) at each fixed t: this determines how quickly
the Law of Large Numbers is obeyed as L ¥ 1. This is proved using Géartner-Ellis, or simply
Cramer’s theorem if the arrivals are i.i.d. superpositions. Also one can show that (15) and (16) in
Theorem 2 imply hypothesis (iii) in Theorem 6.

Theorem 7 Consider the M=G=1 arrival process of intensity rL, served at rate SL, where G is
Pareto with power fi > 1. Then the associated workload processes WtL satisfy the hypotheses of
Theorem 6 and (3) holds as N3 L ¥ 1.

Proof of Theorem 7. We establish the hypotheses of Theorem 6. For (i'), use the remark
above that AL has the distribution of an i.i.d. superposition. For (ii) we have seen in Theorem
5 the convergence of ,¢ to , when v(t) = (fi j 1)logt. It is not difficult to see that for each t,
»t is everywhere defined and hence differentiable. Since Ay is stationary and a(t) = t we see that
,(0) = ti'EA; i s = ,%0) < 0, the last inequality since , is convex and (say) ,(1=2) < 0. Thus
since ,¢ is differentiable ,¢( ) < 0 for some > 0;t 2 N. For each t let 2 be the supremum of
such . But lim¢w 3 | = 0 would contradict ,(1=2) < 0 and so (ii) holds. For (iii), by a similar
argument to that used in Theorem 5, then for " > " > 1=L and sufficiently large to:

) >
Li'log  exp(i"LVv(t)) = i""to(fi i 1) (33)

>ty



from which (iii) follows. Thus the LDP (32) holds, and the asymptotic from of the shape function
follows from Theorem 3 and the fact, established during the proof of Theorem 5 that - =—;. W

We conclude by reviewing the behavior of the corresponding M=G=1 model with the same
service time distribution G. Since the arrivals are Poissonian A{- is equal in distribution to At
and hence

Q- = sup(AL j cLt) 4 sup(Art i cLt) =sup(A¢ j ct) = Q; (34)
t>0 t>0 t,0

Thus P[Q- > Lb] ... k(bL) i (ii 1) for some k > 0 and large L. This decays only algebraically in L,
rather than exponentially as for M=G=1..
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