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Abstract. Kernel methods are widely used in statistical learning tech-
niques. We recently introduced a general kernel framework based on
weighted transducers or rational relations, rational kernels, to extend
kernel methods to the analysis of variable-length sequences or more gen-
erally weighted automata. These kernels are efficient to compute and
have been successfully used in applications such as spoken-dialog classi-
fication. Not all rational kernels are positive definite however, a sufficient
property for guaranteeing the convergence of discriminant classification
algorithms such as Support Vector Machines.

e present several theoretical results related to positive definite symmet-
ric rational kernels. We show in particular that under some conditions
these kernels are closed under sum, product, or Kleene-closure and give
a general method for constructing a positive definite rational kernel from
an arbitrary transducer defined on some non-idempotent semirings. We
also show that some commonly used string kernels or similarity measures
such as the edit-distance, the convolution kernels of Haussler, and some
string kernels used in the context of computational biology are specific
instances of rational kernels. In each case, we explicitly describe the sim-

le underlying weighted transducer. Our results include the proof of the
act that the edit-distance over a non-trivial alphabet is not negative
ge}f‘inite, which, to the best of our knowledge, was never stated or proved
efore.

1 Motivation

Many classification algorithms were originally designed for fixed-length vectors.
Recent applications in text and speech processing and computational biology re-
quire however the analysis of variable-length sequences and even more generally
weighted automata. Indeed, the output of a large-vocabulary speech recognizer
for a particular input speech utterance, or that of a complex information extrac-
tion system combining several information sources for a specific input query, is
typically a weighted automaton compactly representing a large set of alternative
sequences. The weights assigned by the system to each sequence are used to
rank different alternatives according to the models the system is based on. The
error rate of such complex systems is still too high in many tasks to rely only on
its one-best output, thus it is preferable instead to use the full output weighted
automata which contain the correct result in most cases.

Kernel methods [13] are widely used in statistical learning techniques such
as Support Vector Machines (SVMs) [2,4,14] due to their computational effi-
ciency in high-dimensional feature spaces. Recently, a general kernel framework
based on weighted transducers or rational relations, rational kernels, was intro-
duced to extend kernel methods to the analysis of variable-length sequences or
more generally weighted automata [3]. It was shown that there are general and
efficient algorithms for computing rational kernels. Rational kernels have been
successfully used for applications such as spoken-dialog classification.

Not all rational kernels are positive definite, or equivalently verify the Mer-
cer condition [1], a condition that guarantees the convergence of discriminant
classification algorithms such as SVMs. This motivates the study undertaken



SEMIRING || SET | @ |®] 0 [T
Boolean {0,1} V A0 T
Probability Ry + [x] 0|1
Log R U {—00, +00}|@i10g|+|+00|0
Tropical R U {—o00, +oco}|min[+]+0o0[0

Table 1. Semiring ezamples. @iog is defined by: x Diog y = —log(e™ +e7Y).

in this paper. We f)resent several theoretical results related to positive definite
symmetric rational kernels. In particular, we show that under some conditions
tﬁese kernels are closed under sum, product, or Kleene-closure and give a gen-
eral method for constructing a positive definite rational kernel from an arbitrary
transducer defined on some non-idempotent semirings. We also study the re-
lationship between rational kernels and some commonly used string kernels or
similarity measures such as the edit-distance, the convolution kernels of Haus-
sler [6], and some string kernels used in the context of computational biology [8].

We show that these kernels are all specific instances of rational kernels. In each
case, we explicitly describe the underlying weighted transducer. These transduc-
ers are often simple and efficient for computing kernels, and their diagram can
often help understanding the definition and guide the design of new kernels. Our
results also include the proof of the fact that the edit-distance over a non-trivial
alphabet is not negative definite, which, to the best of our knowledge, was never
stated or proved before.

2 Preliminaries

In this section, we present the algebraic definitions and notation necessary to
introduce rational kernels.

Definition 1 ([7]). A system (K, &,®,0,1) is a semiring if: (K, ®,0) is a
commutative monoid with identity element 0; (K ®,1) is a monoid with iden-
tity element 1; ® distributes over ®; and 0 is an annihilator for ®: for all
a€Ka®0=0®a=0.

Thus, a semiring is a ring that may lack negation. Table 1 lists some familiar
examples of semirings. In addition to the Boolean semiring and the probability
semiring used to combine Erobabilities two semirings often used in applications
are the log semiring which is isomorphic to the probability semiring via a log
morphism, and the tropical semiring which is derived from the log semiring using
the Viterbi approximation.

Definition 2. A weighted finite-state transducer T' over a semiring K is an
S-tuple T = (X, A,Q,1,F,E, )\, p) where: X is the finite input alphabet of the
transducer; A is the finite output alphabet; Q) is a finite set of states; I C (@) the
set of initial states; F' C @ the set of final states; E C Q x (X' U {e}) x (AU
{e}) x K x Q a finite set of transitions; A : I — K the initial weight function;
and p: F' — K the final weight function mapping F to K.

Weighted automata can be formally defined in a similar way by simply omitting
the input or output labels.

Given a transition e € E, we denote by ple] its origin or previous state and
nle] its destination state or next state, and wle] its weight. A path T =e; -- - e,
is an element of E* with consecutive transitions: n[e;_1] = ple;], i = 2,..., k. We
extend n and p to paths by setting: n[r] = n[ex] and p[r] = ple1]. The weight
function w can also be extended to paths by defining the weight of a path as the
®-product of the weights of its constituent transitions: w[n] = w[e1]®- - -@wleg].
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Fig. 1. Gappy bigram rational kernel with decay factor A = .1. Bold face circles repre-
sent initial states and double circles indicate final states.

We denote by P(q,¢q') the set of paths from q to ¢’ and by P(q,z,y,q’) the set of
paths from ¢ to ¢' with input label x € X* and output label y (transducer case).
These definitions can be extended to subsets R, R' C @, by: P(R,z,y,R') =
UqER, q’ER’P(qJ z,Y, ql)

A transducer T is regulated if the output weight associated by T" to any pair
of input-output string (z,y) by:

[Tlz.y)= @ Al ©wlr) @ plnx]] (1)

m€P(Lz,y,F)

is well-defined and in K. [T](z) = 0 when P(I,z,y,F) = 0. If for all ¢ € Q
Drepgee,q wIr] € K, then T is regulated. In particular, when T' does not
have any e-cycle, it is regulated. In the following, we will assume that all the
transducers considered are regulated. Regulated weighted transducers are closed
under @, ® and Kleene-closure.

For any transducer T, we denote by T! its inverse, that is the transducer
obtained from 7T by transposing the input and output labels of each transition.
The composition ot two weighted transducers 77 and 75 is a weighted transducer
denoted by T; o T, when the sum:

[T: 0 To(z,y) = D [Ti](=,2) ® [T2](2,y) (2)

zEX™*

is well-defined and in K for all z € X* and y € A* [7].

3 Rational Kernels - Definition

This section introduces rational kernels.

Definition 3. A kernel K is said to be rational if there exist a weighted trans-
ducer T = (X, A,Q,1,F,E, ), p) over the semiring K and a function ¢ : K — R
such that for oll x € X* and y € A*:

K(z,y) = ¢([T1(z,y)) 3)

This definition and many of the results presented in this paper can be generalized
by replacing the free monoids X* and A* with arbitrary monoids M; and M.
Also, note that we are not making any particular assumption about the function
1 in_this definition. In general, it is an arbitrary function mapping K to R.

Figure 1 shows an example of a transducer over the progabllity semiring
corresponding to the gappy n-gram kernel with decay factor A as defined by
[10]. Such gappy n-gram kernels are rational kernels [3].

Rational kernels can be naturally extended to kernels over weighted au-
tomata. Let A be a weighted automaton defined over the semiring K and the



alphabet X and B a weighted automaton defined over the semiring K and the
alphabet A, K (A, B) is defined by:

K(A,B)=4¢ D [ @[Ty ©[Bly) (4)

(z,y)eX*x A*

for all weighted automata A and B such that the ®-sum:

@ A @ [T1@y) @ [Bly)

(z,y)eX* xA*

is well-defined and in K. This sum is always defined and in K when A and B
are acyclic weighted automata since the sum then runs over a finite set. It is
defined for all weighted automata in all closed semirings [7] such as the tropical
semiring. In the probability semiring, the sum is well-defined for all A, B, and
T representing probability distributions. When K (A, B) is defined, Equation 4
can be equivalently written as:

K(A,B) =49 @ [AcToB]@y) ()

(z,9)€X* x A*

A general algorithm for computing rational kernels efficiently was given by [3].
It is based on the composition of weighted transducers and a general shortest-
distance algorithm in a semiring K.

In learning techniques such as those based on SVMs, we are particularly in-
terested in positive definite symmetric kernels, or, equivalently, kernels veritying
Mercer’s condition, which guarantee the existence of a Hilbert space and a dot
product associated to the kernel considered. Thus, in what follows, we will fo-
cus on theoretical results related to the construction of rational kernels that are
positive definite and symmetric. Due to the symmetry condition, the input and
output alphabets X and A will coincide in the rest of the paper.

4 Theoretical results on positive definite rational kernels

This section reviews a number of results related to positive definite symmetric
kernels and extends them to positive definite symmetric rational kernels, that
is the class of rational kernels that have the Mercer property [1]. These results

can be used to combine positive definite rational kernels to design new positive
definite rational kernels or to determine if a rational kernel is positive definite.

Definition 4. Let X be a non-empty set. A function K : X x X — R is said to
be a positive definite symmetric kernel (PDS kernel) if it is symmetric (K(z, y)
= K(y, ) for all z,y € X ) and

Z Cz'CjK(Z‘,',.Z'j) Z 0 (6)

i,j=1

foralln > 1, {z1,...,2,} C X and {c1,...,¢cp} CR.



It is clear from classical results of linear algebra that K is a PDS kernel iff
the matrix K(z;,;)ij<n for all n > 1 and all {z,...,z,} C X is symmetric
and all its eigenvalues are non-negative.

PDS kernels can be used to construct other families of kernels that also
meet these conditions [13]. Polynomial kernels of degree p are formed from the
expression (K + a)P, and Gaussian kernels can be formed as exp(—d?/o?) with
d*(z,y) = K(z,z)+ K(y,y) — 2K (x,y). The following sections will provide other
ways of constructing PDS rational kernels.

4.1 General Closure Properties of PDS Kernels

The following theorem summarizes some general closure properties of positive
definite kernels presented by [1].

Theorem 1. Let X and Y be two non-empty sets.

1. Closure under sum: Let K1,K5 : X X X — R be PDS kernels, then K1+ K :
X x X — R is a PDS kernel.

2. Closure under product: Let Ki,Ks : X x X — R be PDS kernels, then
Ki-Ko: X xX = RisaPDS kernel.

3. Closure under tensor product: Let K1 : X X X > Rand Ko : Y xY — R be

PDS kernels, then their tensor product K1 © Ko : (X xY) x (X xY) >R
defined by Ky © Kz((z1,91), (22,92)) = Ki(z1,32) - Ka(y1,92) is a PDS

kernel.
4. Closure under pointwise limit: Let K, : X x X = R be a PDS kernel for

all n € N and assume that lim,_, o K,(x,y) exists for all z,y € X, then K
defined by K(x,y) = lim,_, o K,(x,y) is a PDS kernel.

5. Closure under composition with a power series: Let K : X x X — R be
a PDS kernel such that |K(z,y)| < p for oll (z,y) € X x X. Then if the
radius of convergence of the power series S = Y ° ja,z" is p and a, > 0
for all n > 0, the composed kernel S o K is a PDS kernel. In particular, if
K :X xX - R is a PDS kernel, then so is exp(K).

Clearly, these closure properties all apply to the particular case of PDS rational
kernels. In the next section, we present more specific closure properties for PDS
rational kernels.

4.2 Closure Properties of PDS Rational Kernels

By definition, weighted transducers are closed under rational operations. The
rational operations (sum, product, and closure operations) are defined as follows
for all transducers Ty and T and (z,y) € X* x X*:

[T © T2](z,y) = [T1](2,y) © [T2](z, y) (7)
[eTl@y) = @ [Tl@,y) @[Tz, 1)

[T*](z,y) = P T"(x,y)
n=0

In this section, we assume that a fixed function ¢ is used in the definition of
all the rational kernels mentioned. We denote b K the rational kernel corre-
sponding to the transducer T" and defined for all z,y € X* by:

Kr(z,y) = ([T](=,y)) (8)



Theorem 2. Let X be a non-empty alphabet. The following closure properties
hold for PDS rational kernels.

1. Closure under ®-sum: Assume that v : (K, ®,0) — (R,+,0) is a monoid
morphism. Let Kr,, K7, : X* x X* — R be PDS rational kernels, then
Kpgn 1 X* x X* = R is a PDS rational kernel and K1, g1, = K1, + K13,

2. Closure under ®-product: Assume that 9 : (K, ®,®,0,1) — (R, +, x,0,1) is
a semiring morphism. Let K, , K1, : X* x 2* — R be PDS rational kernels,
then Kr,om, : X* x X* — R is a PDS rational kernel.

3. Closure under Kleene-closure: Assume that ¢ : (K, ®,®,0,1) = (R, +, x,0,1)

is a continuous semiring morphism. Let K : X*x 3* — R be a PDS rational
kernel, then Ky« : X* x X* — R is a PDS rational kernel.

Proof. The closure under @-sum follows directly Theorem 1 and the fact that
for all z,y € X*:

Y([T1](z, y) @ [T2](=, ) = &([T1](z, y)) + L ([T2] (2, y))

when ¢ : (K,®,0) = (R,+,0) is a monoid morphism. For the closure under
®-product, when 9 is a semiring morphism, for all z,y € X*:

> w(nln,m) - ()@, 1) (9)

T1Z2=2,Y1Y2=Y

= Z Kr, © K1, ((%1,22), (y1,92))

T1Z2=2,Y1Y2=Y

([T @ T2](2,y))

By Theorem 1, since K7, and K7, are PDS kernels, their tensor product K7, ®

K, is a PDS kernel and there exists a Hilbert space H C R”" and a mapping
u = ¢y, such that K7, ® Kr,(u,v) = {pu, ®») [1]. Thus

Z <¢(w1,w2)a ¢(y1yyz)> (10)

T1T2=T,Y1Y2=Y

< Z ¢(z1,z2)7 Z ¢(y1,y2)>

T1T2=2 Y1y2=y

([T © To](2,9))

Since a dot product is positive definite, this equality implies that Kt g7, is a
PDS kernel. The closure under Kleene-closure is a direct consequence of the
closure under @-sum and ®-product of PDS rational kernels and the closure
under pointwise limit of PDS kernels (Theorem 1). m|

Theorem 2 provides a general method for constructing complex PDS rational
kernels from simpler ones. PDS rational kernels defined to model specific prior
llznowlledge sources can be combined to create a more general positive definite
ernel.
In contrast to Theorem 2, PDS rational kernels are not closed under compo-
sition. This is clear since the ordinary matrix multiplication does not preserve

positive definiteness in general.! The next section studies a general construction
of PDS rational kernels using composition.

1 1t is not difficult to prove however that the composition of two PDS transducers Th
and T» is a PDS transducer when T o T = T o T1.



4.3 A General Construction of PDS Rational Kernels

In this section, we assume that ¢ : (K, ®,®,0,1) = (R, +, X, 0, 1) is a continuous

semiring morphism.2 We show that there exists a general way of constructing a
PDS rational kernel from any transducer 7.

The construction is based on the composition of T' with its inverse 7.
Recall that the com%osition of two weighted transducers T} and T3 is a weighted
transducer denoted by T; o T5 and defined by:

[T: 0 T](x,9) = €D [T1](z,2) ® [T2](2.y) (11)

zEX*

Proposition 1. LetT = (X, A,Q, I, F,E, \, p) be a weighted transducer defined
over (K,®,®,0,1). Assume that the weighted transducer T o T~ is regqulated,
then T o T~ defines a PDS rational kernel over X* x X*.

Proof. Denote by S the composed transducer 7 o T~!. Let K be the rational
kernel defined by S. By definition of composition

K(z,y) = ¢([S](z,y)) = ¢ ( > [T, ® [[T]](y,Z)) (12)

zEA*

for all z,y € X*. Since 1 is a continuous semiring morphism, for all z,y € X*
K(z,y) = ¢([S](z,9)) = > ¥([T)(x,2)) - ¥([T](y,2)) (13)
zZEA*
For all n € N and z,y € X*, define K, (x,y) by:
Kn(z,y) = Y ([T](z,2)) - ¢([T](y, 2)) (14)
lz/<n
where the sum runs over all strings z € A* of length less than or equal to n.

Clearly, K,, defines a symmetric kernel. For any [ > 1 and any x1,...,2; € X*,
define the matrix M, by:

My, = (Kn(i,25))i<t,j<1 (15)

Let 21,22,...,2m,m be an arbitrary ordering of the strings of length less than or
equal to n. Define the matrix A by:

A= (W([T=i, 25)))i<t,i<m (16)

By definition of K,,, M, = AA!. Thus, the eigenvalues of M, are all non-
negative, which implies that K, is a PDS kernel. Since K is a pointwise limit of
K,, K(z,y) = lim,_, . K,(x,y), by Theorem 1, K is a PDS kernel. This ends
the proof of the proposition. O

% Note that in some cases such a morphism may not exist. Its existence implies among
other properties that K is commutative. It also implies that K is non-idempotent.

Indeed, if K is idempotent, for any z € K, ¥(z) = ¥(z & z) = ¥(z) + ¢(z) = 2¢(z),
which can be used to show that ¢ (x) = 0 for all z.



The next two propositions provide results related to the converse of Proposi-
tion 1.

Proposition 2. Let S = (X, X,Q,1,F,E, )\, p) be an acyclic weighted trans-
ducer over (K,®,®,0,1) defining a PDS rational kernel over X* x X*, then
there exists a weighted transducer T such that S =T oT~1.

Proof. The proof is based on the classical result of linear algebra that any posi-
tive definite (finite) matrix M can be written as M = AA! for some matrix A.
The full proof of the proposition is reserved to a longer version of the paper. O

Assume that the same continuous semiring morphism  is used in the definition
of all the rational kernels.

Proposition 3. Let © be the subset of weighted transducers over (K, &,®,0,1)
defining a PDS rational kernel such that for any S € © there exists a weighted

transducer T such that S = ToT~!. Then O is closed under ®-sum, @-product,
and Kleene-closure.

Proof. The proof of the proposition includes various technical arguments related
to the composition of weighted transducers and is left to a longer version of the
paper. O

Proposition 1 leads to a natural question: under the same assumptions, are
all weighted transducers S defining a PDS rational kernel of the form S =
T o T~1? We conjecture that this is the case and that this property provides
a characterization of the weighted transducers defining PD§ rational kernels
under the assumptions made in Proposition 1. Indeed, we have not (yet) found

a counter-example contradicting this statement and have proved a number of
results in support of it, including the two propositions above.

4.4 Negative Definite Kernels

As mentioned before, given a set X and a distance or dis-similarity measure
d: X x X — Ry, a common method used to define a kernel K is the following.
For all z,y € X,

K (z,y) = exp(—td*(z,y)) (17)

where ¢t > 0 is some constant typically used for normalization. Gaussian kernels
are defined in this way. However, such kernels K are not necessarily positive
definite, e.g., for d(z,y) = |x —y|P, p> 1 and t = 1, K is not positive definite.
}‘he positive definiteness of K depends on ¢t and the properties of the function

The classical results presented in this section exactly address such questions
[1]. They include a characterization of positive definite kernels based on the
notion of negative definite kernels which may be viewed as distances with some
specific properties.?

The results we are presenting are general, but we are particularly interested
in the case where d can be represented by a rational kernel. We will use these
results later when dealing with the case of the edit-distance.

3 Many of the results described by [1] are also included in [12] with the terminology
of conditionally positive definite instead of negative definite kernels. We adopt the
original terminology used by [1].



Definition 5. Let X be a non-empty set. A function K : X x X — R is said
to be a negative definite symmetric kernel (NDS kernel) if it is symmetric (K(z,
y) = K(y, z) for all z,y € X ) and

Z Cz'CjK(Z‘,',.Z'j) S 0 (18)

ij=1
foralln > 1, {z1,...,2,} C X and {c1,...,cn} CR with Y ;- ¢; = 0.

Clearly, if K is a PDS kernel then —K is a NDS kernel, however the converse
does not hold in general. Negative definite kernels often correspond to distances,

e.g., K(z,y) = (x —y)®, with 0 < @ < 2 is a negative definite kernel.
The following theorem summarizes some general closure properties of nega-
tive definite kernels presented by [1].

Theorem 3. Let X be a non-empty set.

1. Closure under sum: Let K1, Ky : X x X — R be NDS kernels, then K; + K :
X x X = Ris a NDS kernel.

2. Closure under log and exponentiation: Let K : X x X — R be a NDS kernel
with K > 0, and a a real number with 0 < a < 1, then log(l + K), K* :
X x X = R are NDS kernels.

3. Closure under pointwise limit: Let K, : X x X — R be a NDS kernel for all
n € N, then K defined by K(z,y) = lim, oo K,(z,y) is a NDS kernel.

The following theorem clarifies the relation between NDS and PDS kernels and
provides in particular a way of constructing PDS kernels from NDS ones [1].

Theorem 4. Let X be a non-empty set, z, € X, andlet K : X x X = R be a
symmetric kernel.

1. K is negative definite iff exp(—tK) is positive definite for all t > 0.
2. Let K' be the function defined by:
K'(z,y) = K(z,20) + K(y,20) — K(z,y) — K (20, %0) (19)
Then K is negative definite iff K' is positive definite.

The theorem gives two waﬁrs of constructing a positive definite kernel using a
negative definite kernel. The first construction is similar to the way Gaussian

kernels are defined. The second construction has been put forward by [12].

5 Relationship with some commonly used kernels or
similarity measures

This section studies the relationships between several families of kernels or sim-
ilarities measures and rational kernels.



Fig. 2. (a) Weighted transducer over the tropical semiring representing the edit-
distance over the alphabet ¥ = {a,b}. (b) Weighted transducer over the probability
semiring computing the cost of alignments over the alphabet X' = {a, b}.

5.1 Edit-Distance

A common similarity measure in many applications is that of the edit-distance,
that is the minimal cost of a series of edit operations (symbol insertions, dele-
tions, or substitutions) transforming one string into the other [9]. We denote by
de(z,y) the edit-distance between two strings xz and y over the alphabet X with
cost 1 assigned to all edit operations.

Proposition 4. Let X be a non-empty finite alphabet and let d. be the edit-
distance over X, then d. is a symmetric rational kernel. Furthermore,

1. d, is not a PDS kernel.
2. de is a NDS kernel iff |X| = 1.

Proof. Tt is shown by [11] that the edit-distance between two strings, or weighted
automata, can be represented by a simple weighted transducer over the tropical
semiring. Since the edit-distance is symmetric by definition, this shows that d,
is a symmetric rational kernel. Figure 2(a) shows a transducer over the tropical
semiring representing the edit-distance when the alphabet is X' = {a,b}. The
cost of the alignment between two sequences can also be computed by a weighted
transducer over the probability semiring [11]. Figure 2(b) shows that transducer
for ¥ = {a, b}.

Let a € X, then the matrix (d.(z;,2;))1<i,j<2 With 1 =€ and 29 = a has a
negative eigenvalue (—1), thus d. is not a PDS kernel.

When |X| = 1, the edit-distance simply measures the absolute value of the
difference of length between two strings. A string £ € X* can then be viewed as
a vector of the Hilbert space R®. Denote by || - || the corresponding norm. For
all z,y € X*:

de(z,y) = [l =yl

The square distance || - ||* is negative definite, thus by Theorem 3, d, = (|| - ||*)'/
is also negative definite.
Assume now that |X| > 1. We show that exp(—d,) is not positive definite. By

theorem 4, this implies that d. is not negative definite. Let x1,--- ,22» be any
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Fig. 3. Value of the smallest eigenvalue of the matrix M, = (exp(—de(zi, Z;)))1<i,j,<2n
as a function of n.

ordering of the strings of length n over the alphabet {a,b}. Define the matrix

M, by:
M, = (exp(_de(wiamj)))lgi,j,gZ" (20)

Figure 3 shows the smallest eigenvalue a,, of M, as a function of n. Clearly,
ghefzire are values of n for which «a, < 0, thus the edit-distance is not negative
efinite.
The following is a simple example with five strings of length 3 over the
alphabet X' = {a,b,c,d} showing directly that the edit-distance is not negative
definite:

i1 2 3 4 5
x;|abc bad dab adc bed

. _2 _2_2
cll 1 5 -3 3

Tt is easy to verify that: 30 E?Zl cic; K (zi,zj) = 2 > 0. O

To our knowledge, this is the first statement and the proof of the fact that d.
is not negative definite for |X| > 1. This result has a direct consequence on the
desi%n of kernels in computational biology. The edit-distance and other related
similarity measures are often used in computational biology. Proposition 4 shows
that, when | X| > 1, d. is not negative definite. Thus, there exists ¢ > 0 for which
exp(—td,) is not positive definite. Similarly, when |X| > 1, d? is not negative
definite since otherwise by Theorem 3, d, = (d?)'/? would be negative definite.

5.2 Haussler’s Convolution Kernels for Strings

D. Haussler describes a class of kernels for strings that are built by applying
iteratively convolution kernels [6]. We show that these convolution kernels for
strings are specific instances of rational kernels.

o define these kernels, Haussler introduces for 0 < v < 1 the ~v-infinite
iteration of a mapping H : X* x X* — R by:

oo

Hy=(01-v)) 4y 'H" (21)

n=1

where H(™ = H x H"=1 ig the result of the convolution of H with itself n — 1
times. Note that H} = 0 for v = 0.

Lemma 1. For 0 < v < 1, the v-infinite iteration of a rational transduction
{I : X* x X* = R can be defined in the following way with respect to the Kleene
-operator:

s _ 17 ot
H} 5 (vH) (22)
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Fig. 4. Haussler’s convolution kernels Ky for strings: specific instances of rational
kernels. K1, (K>), corresponds to a specific weighted transducer over the probability
semiring and modeling substitutions (resp. insertions).

Proof. Haussler’s convolution simply corresponds to the Cauchy product or con-
catenation in the case of rational transductions. Thus, for 0 < v < 1, by defini-
tion of the f-operator:

- - 7 - _ Y
(yH) =) (yH)" =) y"H" = —— - D (L= = A
n=1 n=1 n=1

O

Given a probability distribution p over all symbols of X', Haussler’s convolution
kernels for strings are defined by:

Ku(z,y) = 7K x (K1 % K2)) + (1 — 7) K>

where K is the sgeciﬁc polynomial PDS rational transduction over the proba-
bility semiring defined by:

Ki(z,y) = Y _ p(zla)p(yla)p(a)

and models substitutions, and K> another specific PDS rational transduction
over the probability semiring modeling insertions.

Proposition 5. For any 0 < v < 1, Haussler’s convolution kernels Ky coincide
with the following special cases of rational kernels:

Kg = (1 —7)[Ka(vK1K2)"] (23)

Proof. As mentioned above, Haussler’s convolution simply corresponds to con-
catenation in this context. When v = 0, by definition, Ky is reduced to K,
which is a rational transducer and the proposition’s formula above is satisfied.
Assume now that v # 0. By lemma 1, I? H can be re-written as:

K= ’7K2(K1K2)f; +(1=9)K, (24)
1—

= vK> 7(7K1K2)f + (1 —-7)K>

= (1= )[K: (7K1 K»)t + K>
= (1 = 7)[K2(vK1K>)"]

Since rational transductions are closed under rational operations, K g also defines
a rational transduction. Since K; and K> are PDS kernels, by theorem 2, Kg
defines defines a PDS kernel. O

The transducer of Figure 4 illustrates the convolution kernels for strings
proposed by Haussler. They correspond to special cases of rational kernels whose
mechanism is clarified by the figure: the kernel corresponds to a substitution with
weight (1 —+) modeled by K followed by any number of sequences of insertions
modeled by K and substitutions modeled by Ky with weight . Clearly, there
are many other ways of defining kernels based on weighted transducers with
more complex definitions and perhaps more data-driven definitions.



Fig. 5. Mismatch kernel K(; ;) = Tg,m © Tk_}n [8] with k¥ = 3 and m = 2 and with
Y = {a,b}. The transducer T3> defined over the probability semiring is shown. All
transition weights and final weights are equal to one. Note that states 3, 6, and 8 of
the transducer are equivalent and thus can be merged and similarly that states 2 and
5 can then be merged as well.

5.3 Other Kernels Used in Computational Biology
In this section we show the relationship between rational kernels and another
class of kernels used in computational biology.

A family of kernels, mismatch string kernels, was introduced by [8] for protein

classification using SVMs. Let X be a finite alphabet, typically that of amino
acids for protein sequences. For any two sequences 21,22 € X* of same length

(|z1] = |22|), we denote by d(z1,22) the total number of mismatching symbols
between these sequences. For all m € N, we define the bounded distance d,,
between two sequences of same length by:

d if (d 2) <
dnte ) = { 0070 i < &

and for all k£ € N, we denote by Fj(z) the set of all factors of z of length k:
Fip(x) ={z:z€ X"2X" |2| = k}
For any k,m € N with m < k, a (k,m)-mismatch kernel Ky ;) : ¥* x £* = R
is the kernel defined over protein sequences z,y € X* by:
Km)(z,y) = > dm(21,2) dm(z, 22) (26)
Z1EFk(Z),22€Fk(y),ZEEk

Proposition 6. For any k,m € N with m < k, the (k,m)-mismatch kernel
K(gm) : X x X* = R is a PDS rational kernel.

Prood‘. Let M, S, and D be the weighted transducers over the probability semir-
ing defined by:

M=) (a,0) S=)(ab) D= (ae)
a€EXY a#b a€EXY

M associates weight 1 to each pair of identical symbols of the alphabet X, S
associates 1 to each pair of distinct or mismatching symbols, and D associates
1 to all pairs with second element €.



For i,k € N with 0 < i < k, Define the shuffle of S* and M*~?, denoted by

S L M*% as the the sum over all products made of factors S and M with
exactly 7 factors S and k — ¢ factors M. As a finite sum of products of S and

M, S M* is rational. Since weighted transducers are closed under rational
operations the following defines a weighted transducer T over the probability
semiring for any k,m € N with m < k,:

Tym = M*RM*

with R = 31" ) StLLIM*~%. Consider two sequences 21, 22 such that |z1| = |z2| =
k. By definition of M and S and the shuffle product, for any i, with 0 <i < m,

A _ [ i if (21, 22) =)
[S* L M*=*](#1, 22) —{ 0 otherwise

Thus,
[R)(21,20) = 3 §* L M* (21, 2) = { g ) D) <m)
=0
= dm(Zl, 2'2)

By definition of the product of weighted transducers, for any z € X* and z € X*,

Thm(,2) = Y. M) [Rlw, o) [M](w,w')  (27)

r=uvw,z=u'v'w’

Z [R]](Uavl): Z dm (v, 2)

vEF(z),z=v' vEF ()

It is clear from the definition of T}, that T m(z, 2) = 0 for all z,z € 2* with
|z| > k. Thus, by definition of the composition of weighted transducer, for all
x,y € X*

[Tk,m © Teom ™ 12, y) = > dm(21,2) dim(2, 22) (28)
21€F, (), 22€F(y), 2z€X*
= Z dm(21,2) dm(zaZQ) = K(k,m) (flf,y)

21E€Fy(z), 22€F,(y), z€X*

By proposition 1, this proves that K ., is a positive definite rational kernel.
O

Figure 5 shows T3 5, a simple weighted transducer over the probability semir-

ing that can be used to compute the mismatch kernel K (3,2) = T35 oT3,2_1. Such
transducers provide a compact representation of the kernel and are very efficient
to use with the composition algorithm already described in [3]. The transitions of
these transducers can be defined implicitly and expanded on-demand as needed
for the particular input strings or weighted automata. This substantially re-
duces the space needed for their representation, e.g., a single transition with
labels = : y, © # y can be used to represent all transitions with similar labels
((a : b), a,b € X, with a # b). Similarly, composition can also be performed
on-the-fly. Furthermore, the transducer of Figure 5 can be made more compact
since it admits several states that are equivalent.



6 Conclusion

In general, the transducer representation provides a very compact representation
benefiting from existing and well-studied optimizations and leads to an efficient
computation of rational kernels. It further avoids the design of special-purpose
algorithms for the computation of the kernels covered by the frameworlli of ra-
tional kernels. We gave the proof of several new and general properties related
to positive definite rational Eernels. These results can be use(f to design a pos-
itive definite rational kernel from simpler ones or from an arbitrary weighted
transducer over an appropriate semiring, or from negative definite kernels.

We also gave a study of the relation between rational kernels and other ker-

nels or similarity measures introduced by many other authors. Rational kernels
Frovide a unified framework for the design of computationally efficient kernels
or strings or weighted automata. The framework includes in particular pair-
HMM string kernels [5,15], Haussler’s convolution kernels for strings and other
classes of string kernels introduced for computational biology. We also showed
that the classical edit-distance does not define a negative definite kernel when
the alphabet contains more than one symbol, a result that to our knowledge had
never been stated or proved and that can guide the study of kernels for strings
in computational biology and other applications.
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