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Abstract: We present efficient algorithms based on a combination of numeric and symbolic tech-
niques for detecting closed components (loops) of one-dimensional algebraic sets in a subset of the
real domain. This paper describes two techniques for loop detection. Given a description of a one-
dimensional algebraic set, the first algorithm computes its projection using resultants. The resulting
plane curve is represented as a singular set of a matrix polynomial as opposed to roots of a bivariate
polynomial. Given this matrix formulation, we make use of algorithms from numerical linear alge-
bra to compute start points on all the loop components. This algorithm has been implemented in
floating-point arithmetic and we highlight its performance in the context of computing intersections
and stlhouettes of high-degree rational algebraic surfaces. The second method is based on a symbolic
approach to detecting critical points of a plane vector field. This method, is however, restricted to
finding loops while computing planar sections of surfaces. Unlike some other numerical loop detection

algorithms, both our methods can be applied even when the algebraic curve contain(s) singularities.
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1 Introduction

The problem of evaluating one-dimensional algebraic sets is fundamental in numeric and symbolic
computing. It can be simply stated as finding roots of n affine algebraic equations in (n+1) unknowns.
Algebraic sets are widely used for representing objects and constraints in computer graphics, geometric
modeling, robotics, computer vision and molecular modeling. Many of the fundamental problems
like surface-surface intersection, offsets of curves and surfaces, slicing operations on surface models,
Voronoi sets generated by curves and surfaces in geometric modeling [Hof89], kinematic analysis of a
redundant robot [Cra89], robot motion planning [Can88], object recognition in computer vision [PK92]
and conformation space of molecular chains [CH] correspond to evaluating one-dimensional algebraic
sets. In most cases we are interested in evaluating all the components in the subset of the real domain.
The resulting algebraic curves typically are of high degree with multiple components (see Fig. 1).
These components can be classified into open components and loops. The open components intersect
with the boundary of one of the surfaces or the end-point of a curve and a point on such components
can be computed using algorithms for evaluating zero-dimensional algebraic sets. The rest of the
curve components that do not intersect the boundary of the surface or the curve end-points are called
loops. For example, the intersection of the two surfaces in Figure 2 has one component corresponding
to a loop. In general it is hard to come up with a tight bound on the number of components and
development of general purpose algorithms for robust, efficient and accurate evaluation of these high-
degree curves continues to be a major challenge. In this paper, we present two techniques for efficient
and accurate evaluation of loops using a combination of symbolic and numeric methods.
Main Results: We present two algorithms for detecting loops of one-dimensional algebraic sets in
a subset of the real domain. Given a curve, we compute a birationally equivalent algebraic plane
curve using resultants in the first method. The plane curve is represented as the singular set of a
matrix polynomial (or a ratio of matrix polynomials). Given the matrix representation, we make use of
algorithms based on eigenvalues and complex tracing to compute a start point on each loop component
of the curve in the given domain. Unlike some of the previous numerical loop detection algorithms,
our method can be applied even when the curve contains singularities. The overall algorithm has been
implemented in finite precision arithmetic and works well for well-conditioned problems. Its main
advantages are efficiency and accuracy. The resulting algorithm is iterative and its performance is
a function of the degree of the algebraic curve, the number of components in the given domain and

the accuracy desired. In practice, we have been able to evaluate all the loops of curves of degree
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Figure 1: Multiple components of algebraic curves

as high as 324 in a few seconds on an SGI with a 200 MHz clock and R4400 CPU. We discuss the
algorithm’s performance evaluating the intersection of two algebraic surfaces, boundary computation
and evaluating the silhouettes of a parametric surface patch from a given viewpoint.

The second algorithm presents a technique to robustly determine all the loops of the intersection
curve arising out of planar sections of surface models. In particular, we count all the critical points
of a planar vector field which corresponds to presence of loops. The algorithm employs the use of
multivariate Sturm sequences [Mil92] in determining the critical points. We have implemented this
algorithm in exact rational arithmetic, although, modifying it to double-precision arithmetic is fairly
straightforward.

Prior Work: There is a considerable amount of work in classic and modern literature related to
evaluation of algebraic curves. Every algebraic space curve is birationally equivalent to an algebraic
plane curve and the latter can be computed using Grobner bases [Buc89] and resultants. Given an
algebraic plane curve, techniques for desingularization based on quadratic transformations are given
in [Wal50, Abh90, AB88]. However, the resulting algorithm can be exponential in the degree of the
curve. Algorithms based on Collins’ cylindrical algebraic decomposition (CAD), [Col75, ACM84], have
been used for evaluating all components of algebraic curves [Arn83, SS83]. However, its worst case

complexity is doubly exponential in the number of variables. For plane curves, improved polynomial



Figure 2: Two surfaces intersecting in a loop

time algorithms based on CAD have been presented in [AF88, AMS8S8]. Other algorithms include
those based on Whitney’s stratified sets and gap theorems [Can88]. In practice all these algorithms
are efficient for low degree curves only. Numerical and finite precision algorithms based on interval
arithmetic [Moo79] and homotopy methods [GZ79, Mor92] have been used for evaluating algebraic sets.
While the former are slow in practice, the latter have been restricted to zero-dimensional algebraic
sets and suffer from problems like component jumping. There is a considerable amount of emphasis
in the modeling literature to evaluate surface intersections and offset curves [Hof89, Hof90, SN91,
MC91, Hoh91] and in vision literature to compute aspect graphs [PK92]. This includes algorithms
for computing all components including the closed loops. However, these algorithms are somewhat
restrictive and cannot be used for evaluating general algebraic curves. The combination of resultant
formulations and matrix computations have been used for evaluating zero-dimensional algebraic sets
in [Laz83, AS86, Man92, Man94].

The problem of evaluating all the loops of an algebraic curve numerically has been extensively
studied in the modeling literature and a number of techniques based on subdivision methods, marching
methods and lattice evaluations [Hof89, RR92] have been developed. The subdivision based algorithms
subdivide the domain up to a user-specified tolerance and evaluate the curves accordingly [Gei83, LR80,

MP93]. In general, the two components of a curve can be very close and no good methods are known



for computing a good tolerance value. As a result, most implementations use a conservative value for
the tolerance. The resulting methods can be slow and lead to data proliferation. Some of the other
approaches are based on lattice evaluation where the surface-surface intersection problem is simplified
to a set of curve-surface intersection problems. The curves were obtained by evaluating the surface
patch at a number of constant parameter values. The biggest drawback in this approach is the lack
of robustness. Small loops could easily be missed depending on the frequency with which the curves
are evaluated.

In the last decade, techniques based on curve tracing have been widely used to evaluate high degree
curves [BFJP87, BHHL88, KPP90, MC91, KM96, KM97]. The main idea is to compute at least one
point on every component of the curve and use the local geometry of the curve to evaluate successive
points. In these class of methods, identifying a point on every loop is significantly harder than that on
open components. As a result, simultaneously with the development of new ideas for evaluating such
curves, number of techniques for loop detection have been proposed [SKW85, SM88, THSR89, Che&9,
Hoh91, Kim90, KPP90, KPW90]. However, most of these efforts were targeted towards developing
loop detection methods for a special type of curve, the intersection curve of two surfaces. All the
loop detection criteria are based on bounds on the Gauss map of the surfaces being intersected. Sinha
et. al. [SKW85] had shown that if two (at least C'') surfaces intersect in a closed loop, there exists
a normal vector on one surface that is parallel to a normal vector of the other surface. Sederberg
et. al. [THS89, SM88] strengthened the above work by proving that if two (at least C'!) surfaces
intersect in a closed loop, there exists a line which is perpendicular to both surfaces (collinear normal
vectors), provided the inner product between any normal on one surface and any other normal on the
other surface is never zero. Patriakalakis et. al. [KPP90] precomputed the most significant points
of the intersection curve between an algebraic surface and a parametric patch to identify the main
features of the curve. Sederberg et. al. [SM8&8, ZS93] developed an efficient way to bound the normals
and tangents of a surface using (bounding cones) and pyramidal surfaces, thereby giving a faster way
to achieve the no loop condition. Hohmeyer [Hoh91] bounded the Gauss maps using pseudo-normal
patches and used an efficient algorithm for linear programming [Sei90] to test the separability criterion.
In these algorithms, if the loop detection criterion is not satisfied, each surface is divided into a pair
of sub-patches and the criterion is recursively tested on each pair combination. This is continued until
all patch pairs fail the test. The number of levels of subdivision depends on how tightly the Gauss
maps [EC94] are bounded. For example, application of Hohmeyer’s [Hoh91] loop detection criterion

on the surfaces in Fig. 2 takes 8 levels of subdivision. Furthermore, these algorithms may not work



well if the intersection curve is self-intersecting.

Techniques based on finding critical points of plane vector fields inside the domain of the surfaces
have been proposed by [Che89, KPP90, KPW90, ML95]. Cheng [Che89] defined a plane vector field
as the gradient of an oriented distance function of one surface from the other. The critical points are
found by following special integral curves that connect all the critical points. [KPP90, KPW90, ML95]
use rotational indices of (planar and three-dimensional) vector fields to determine presence of critical
points. However, these methods rely on some form of subdivision in the domain, and hence, cannot
robustly guarantee detection of all the critical points.

The algorithms based on Gauss maps and vector fields are generic. However, they become quite
inefficient when applied to other surface interrogations. Consider, for example, the application of
algorithms based on Gauss maps to detect loops on the silhouette curve of a rational parametric patch
of degree m x n. Let’s assume that the viewing direction is along the positive z-axis. Hohmeyer uses
a pseudo-normal patch to bound the Gauss map of the patch [Hoh91]. The parametric degree of the
pseudo-normal patch can be as high as 3m x 3n. We can pose the silhouette curve as the intersection
curve of the Gauss map with the plane z = 0 for orthographic projections. While applying the loop
detection criterion, we have to compute the Gauss map of the pseudo-normal patch which would be a
9m x 9n rational parametric patch. Manipulating and subdividing such high degree parametric patches
can be inefficient and inaccurate in practice. As a result, there is a need to develop general-purpose
and efficient loop detection and evaluation algorithms.

Organization: The rest of the paper is organized in the following manner. Section 2 describes
our formulation of the intersection curve between two parametric surfaces and the silhouette curve of a
parametric surface. Section 3 discusses the first loop detection algorithm. The implementation of this
algorithm and its performance on various applications are highlighted in section 4. Section 5 presents
the formulation of loop detection in surface slicing problem as critical points of a vector field. The
details of our algorithm along with a brief introduction to multivariate Sturm sequences is presented
in section 6. We demonstrate this algorithm on a few examples in section 7 and we conclude in section

8.



2 Algebraic Formulation of the curve

In the most general setting, an algebraic curve in R™"*! can be expressed as a solution of n polynomial

equations in (n 4+ 1) unknowns.

Fy(uy,ugy .oy tup_1,u,0) = 0

Fy(ur,ugy .o oytp_1,u,v) = 0
(1)

Fo(u1,uz, .. up_1,u,0) = 0.

Moreover, we are only interested in evaluating all the components of the curve inside the region
D = [Ur1, Usa) x [Ua1, Uza] X ... X [Ung1,1,Upt12] € R™TL. Formally, the functions Fj, i = 1,2, ..., n,
are the components of a vector function ' : D — R*, D C R™"!. The solution to the problem are
elements of D that map to the zero vector under F. This can be illustrated by taking the example of
parametric surface intersection. Given two Bézier surfaces, F(s,t) = (X (s,¢), Y (s, 1), Z(s,t), W (s,t))
and G(u,v) = (X (u,v), Y(u,v), Z(u,v), W(u,v)) represented in homogeneous coordinates, their in-
tersection curve is defined as the set of common points in 3-space and is given by the vector equation

F(s,t) = G(u,v). This results in the following set of three equations in four unknowns:

Fi(s,t,u,v) = X (s, )W (u,v) — X (u,0)W(s,t) = 0
Fy(s,t,u,v) = Y (s, )W (u,v) = Y (u,0)W(s,t) = 0 (2)
Fy(s,t,u,v) = Z(s, )W (u,v) — Z(u,0)W (s,t) = 0,

and the domain of the intersection curve is (s,t,u,v) € [0,1] x [0,1] x [0,1] x [0,1]. Existing
numerical methods for curve evaluation perform tracing in these dimensions using techniques such
as quasi-Newton’s iteration. However, the convergence of these methods may not be good in higher
dimensions [FF92].

Our approach is based on a classical result in algebraic geometry that states that any algebraic
space curve has a one-to-one correspondence with an algebraic plane curve, after suitable linear trans-
formations. We eliminate n—1 variables from equation (1) using multipolynomial resultant algorithms.
Almost all the projections are one-to-one and result in a birationally equivalent plane curve. In our
case, we perform a generic linear transformation and eliminate wq,...,u,—1 from the resulting set.
The resultant can be expressed in terms of matrices and determinants. In particular, single deter-

minant formulations are known for values of n = 2,3,4,5,6 [Dix08, Jou91, MC27, SZ94]. We use



M (u,v) to represent the resulting matrix polynomial. The most general formulation of the resultant
expresses it as a ratio of two determinants [Mac02]. Let us denote the top and bottom matrices as
P(u,v) and Q(u,v) respectively. A similar formulation for P(u, v) for sparse polynomial systems has
been highlighted in [CE93]. In our case, we will make use of the matrix formulation and represent it
as an unevaluated determinant. 1t is possible that both P(u,v) and Q(u,v) are singular, while the
resultant is non-zero. In such cases we use the leading non-vanishing minor of P(u,v) and represent
it as M(u,v). It contains the resultant and an extraneous factor. The algorithm evaluates the result-
ing algebraic set and substitutes the values back into the original equations to discard the solutions
corresponding to the extraneous factor. The degree of the algebraic curve, N, is given by the Bezout
or Bernstein bound of the given system of equations.

The plane curve birationally equivalent to the algebraic curve corresponds to the singular set of
M (u,v). For the general Macaulay’s formulation the plane curve corresponds to the difference of
singular set of P(u,v) and singular set of Q(u,v) taking into account the multiplicities of individual
factors. For the rest of the paper, we perform a number of numerical computations like determinants,
eigenvalues, singular values of M(u;, v;) and similar analysis is applicable in the general case based on
the ratio of P(u,v) and Q(u,v). Given a point on the plane curve, (ug,vg), the corresponding point
on the space curve, (wy,,wy,, ..., Wn—1,), is computed using the kernel of M(ug, vo) [Man92]. The
algorithms in the rest of the paper is described for applications involving surfaces (intersection curves
and silhouettes), but these techniques are general.

The plane curves with one-to-one correspondence with the intersection curve in space are shown in
Fig. 3. Essentially, our evaluation algorithm is now restricted to the plane curve. Another advantage
of this approach is that applications (like solid modelers), that use curve evaluation methods, need to
provide simpler supporting algorithms. We represent the plane curve as the singular set of a bivariate

matrix polynomial.

2.1 Intersection curve between parametric surfaces

In this section, we present our method of formulating the intersection curve. Particularly, we apply it
to the intersection of two rational parametric surfaces. However, our method can be easily applied to
implicit algebraic surfaces as well. We represent the plane curve as an unevaluated matrix determinant
[MCI1].

Matrix Formulation: In this paper, we shall assume that the parametric surface is given in the

form of a Bézier patch. A Bézier patch is an often used parametric surface in many solid modeling
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Figure 3: Intersection curve and its planar preimages

and computer graphics applications, and is of the form

Fls0) = (33 Vi B () By (1)),

1=0 7=0

m . .
where Vi; = (24, ¥ij, 25, wi;) are the control point coordinates and B; ., (s) = s (1 -
?

is the Bernstein polynomial. The popularity of these surfaces is due to the fact that their shape is

determined by its control points.

Given two Bézier surfaces, F(s,t) = (X (s,t), Y(s,t), Z(s,t), W(s,t)) and G(u,v) = (X (u,v), Y (u,v),
Z(u,v), W(u,v)) in homogeneous coordinates, implicitize F(s,t) to the form f(z,y, z,w) = 0 [Sed83,
Hof89] and substitute the parameterization of G(u,v) into f to get an algebraic plane curve of the

form

F(X(u,v), Y(u,v), Z(u,v), W(u,v)) = 0.

The implicit representation of the patch is obtained by eliminating s and ¢ from the equations

0
yWis,t) =Y (s, t) =0 (3)
0



Figure 4: A pair of intersecting surfaces

using resultants [Sed83]. There are different formulations of resultants for tensor product surfaces
and triangular surfaces. It turns out that the resultant of these three equations can always be expressed
as the determinant of a matrix [Dix08]. Let us denote that matrix as M (z, y, z, w). Furthermore, each
entry of the matrix is of the form a;;z 4 0;;y+c;;2+d;;w. The order of M(z,y, 2, w) is a function of the
degrees of the equations. For tensor product surfaces of the form s™t", the order of the matrix is 2mn.
The determinant of the resulting matrix corresponds to the implicit representation of the parametric
surface. We substitute the parameterization of G(u,v) into this matrix and obtain a representation
of the form M(u,v), where each entry is a polynomial in « and v. This substitution is very simple
because every entry of the matrix is just a linear term. The degree of each polynomial corresponds to

the degree of G(u,v).

2.2 Parameterizations with base points

The base points of a parameterization are the common solutions of the equations:

X(s,t)=0, Y(s,t)=0,
Z(s,t) =0, W(s,t)=0 (4)

The base points also include common solutions at infinity. In general, any faithful parameterization

10



of a rational surface whose algebraic degree is not a perfect square has base points. Consider a base

point p = (sl,t/). By definition,
X(s,t) = Y(s,t) = Z(s,t) = W(s,t) =0

It is therefore obvious that (8/, t/) is a non-trivial solution to equation (3). Further, this is a solution
irrespective of the values of x,y or z. Therefore, the resultant of these set of equations is identically
zero.

Checking for base points: The most obvious way to identify if the given parameterization
contains base points is to compute all the common solutions of equation (4). The basic idea is to find
all the solutions to two of the equations (say, X (s,¢) = Y (s,t) = 0). Each element of the solution set
(assuming a finite set) is tested for satisfiability by substituting in the other two equations to recover
the base points. However, this method cannot detect parameterizations which are very close to having
base points (we call it the near base point case). Further, recovering the implicit form of the surface
is not possible from this method.

It was mentioned earlier that in the presence of base points, the resultant of equations (3) is
identically zero (independent of the values of x,y or z). Therefore, the matrix M(z, y, z, w) (whose
determinant gives the resultant) is always singular (rank deficient). Singular Value Decomposition
(SVD) is a popular method to find the rank of a matrix. We substitute random values for z,y and z
(making sure they do not lie on the original surface) in the matrix and perform SVD. If it contains
zero singular values, it implies that the given parameterization contains base points. This method
can also identify parameterizations with near base points. In such cases, some singular values of the
matrix M(z,y, 2, w) are very close to zero. We treat near base point cases as if they contain base
points (by zeroing the corresponding singular values).

Computing the implicit form: The resultant (determinant of M(z,y, 2, w)) provides the
implicit representation of the surface if its parameterization does not contain base points. However, in
their presence, it is not possible. However, it was shown in [MC91] that the rank submatrix (maximal
non-vanishing minor) contains the implicit form as a factor in such cases. Therefore, in order to obtain
the implicit representation of the surface, we have to find the rank submatrix. This can be achieved
by performing (Gaussian elimination on the original matrix. Substitution of the parameterization of
G(u,v) into this minor gives us planar projection of the intersection curve. It must be observed
that the rank submatrix could contain extraneous factors (other than the implicit form) and must be

eliminated by testing the solutions obtained with the original set of surface equations.
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2.3 Silhouette curve of a parametric surface

Silhouette computation forms an important part of visibility and rendering (for radiosity applications)
algorithms for curved surfaces. We shall restrict our discussion to surfaces whose silhouette (from a
given viewpoint) is a curve on the surface. The property of the silhouette curve is that it subdivides
the surface into front and back facing regions. In this section, we describe our formulation of the
silhouette curve on a parametric (represented as a tensor product Bézier [Far93]) patch.

We assume for the sake of simplicity that the viewpoint is located at (0,0, —oco). It is easy to see
that even if this is not the case, one can always achieve it by applying an appropriate perspective
transformation to the parametric surface F(u,v). We also require that all the surfaces are at least C'!

everywhere. We formulate the silhouette curve as an algebraic plane curve in the domain of F(u,v).

2.4 Formulation of the Silhouette Curve

Let F(u,v) denote the parametric (differentiable) surface and let ¢ (u, v), pa(u,v) and ¢s(u,v) denote

the mappings from the parametric space to (z,y, z) space.

F(u,v) = (X(u,v),Y(u,v), Z(u,v), W(u,v))
X (u,v) Y (u,v) Z(u,v)
W (u,v)’ W (u,v)’ W(u,v)

In the rest of this section, we shall drop the (u,v) suffixes from all the functions for more concise nota-

(bl(uvv) = (b?(uvU) = ¢3(uvv) =

tion. The z—component of the normal at an arbitrary point on the surface is given by the determinant

N, = 1, @1, (5)
P2, P2,
where ¢; and ¢;, denote the partial derivatives of the appropriate function ¢; with respect to u and
v.
(WX, —W,X) (WX, - W, X)
¢1, = e ¢1, = 2
(WY, —W,Y) (WY, —W,Y)
e

On the silhouette curve, N, = 0. Since W (u,v) # 0, we can express the plane curve representing the

silhouette as the determinant

(WX, - W, X) (WX, — W,X)

N, = =0 (6)
(WY, = W.Y) (WY, - W,Y)

12
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Figure 5: Loop as part of a silhouette curve

Expanding the determinant and rearranging the terms, we can express it as the singular set of the

matrix M(u, v)

X(u,v) Y(u,v) Wiu,v)
M(u,v) = | X,(v,v) Yy(u,v) Wy(u,v) | =0 (7)
Xy (u,v) Yy(u,v) Wy(u,v)

The singular set of M(u,v) are the values of u and v which make it singular.
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Figure 6: Algebraic curve continuous in complex projective plane

3 Loop Detection

We apply our loop detection algorithm to find all the loops of an algebraic plane curve. We use a
matrix determinant representation to deal with high degree curves, but any general form (like power
or Bernstein basis) is sufficient for our algorithm. In this section, we shall describe our loop detection
algorithm.

The curve we are interested in is an algebraic plane curve in the complex projective plane defined
by u and v. We are, however, interested only in finding the part that lies in the portion of the real
plane defined by (u,v) € [0,1] x [0,1]. If we relax this restriction so that one of the variables, say
v, can take complex values, this curve is defined as a continuous set consisting of real and complex
components (see Fig. 6). Before we give our algorithm, some basic notational definitions have to be

introduced.

Definition 1 Turning points are points on the curve where the tangent vector, as projected in the
(u,v) space, is parallel to the w or v parameter aves. In other words, one of the partial derivatives

(with respect to w or v) of the intersection curve is 0.

We classify u-turning points into left u-turning points and right u-turning points. A point (uy,v1)

is a left u-turning point if the curve goes into the complex domain in the left neighborhood of u

14
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Figure 7: Characterization of loops based on complex tracing

(u=wuy — §, where ¢ is a small positive value). A point (uy,v1) is a right u-turning point if the curve

goes into the complex domain in the right neighborhood of u; (v = uy + 9).

Definition 2 Isoparametric curves are curves lying on a parametric patch (surface) where one of

the parameters of the patch (u or v) remains constant.
The main idea behind our loop detection algorithm is based on the following lemma.

Lemma 1 If the curve in the real domain [0,1] x [0,1] consists of a closed component, then two
arbitrary complex conjugate paths meet at one of the real points (corresponding to a turning point) on

the loop.

Proof: The proof is based on Bezout’s theorem which states that if f and g are two algebraic curves
of degree m and n respectively, then f and g intersect in exactly mn points in the complexr domain
counted properly, or they have a common component. We use Bezout’s theorem and the fact that the
curve forms a continuous set in the complex domain to prove the result.

Let us consider an algebraic curve that forms a loop in the real domain, like the one shown in

fig.2. All isoparametric curves on a surface have the same degree, namely the degree of the other

15



parameter defining the surface. Therefore, the number of intersections of the algebraic curve with any
isoparametric curve equals the Bezout bound in complex space. Fig.7 (left) illustrates the argument.
The line L1 intersects the curve at two different real points. As we move the line continuously from L1
to L2, the two intersection points come closer, and at line L2, both of them coincide to form a double
root maintaining the intersection count constant. This double root also corresponds to a u-turning
point. As L2 approaches L3, all the real intersections vanish. Since the algebraic curve is continuous
in complex domain, the double root must now take complex values and occur in conjugate pairs (real
algebraic curve).

Now if the sweep is started from L3 towards L2, the complex conjugate components come closer
together, and at line L2, their imaginary part vanishes to yield a double root. This argument shows
that the complex conjugate pairs meet the real plane at some turning point of every component.

Observing that every loop component must have at least two turning points completes the proof.

a

The domain of the intersection curve in the complex space is shown in fig.7 (right). The third
axis corresponds to the imaginary components of v. It represents a continuous component of the
intersection curve. The white curve is the intersection curve in the complex space and the dark curve
is the part of the curve that lies in the real plane.

We need only one start point on each loop to trace it completely. So we restrict ourselves to
u-turning points. Henceforth, we shall use turning points to denote u-turning points. Our domain has
changed from the real plane to a three dimensional space formed by u, v, and v;, where v, and v; are
the real and imaginary values of v. To compute the turning points on the curve, we combine boundary

computations with complex tracing.

Boundary intersections: Boundary intersections refer to the portions of the curve that lie along
the boundary of the surface (in our case, when v = 0, u = 1, v = 0 or v = 1). This corresponds
to substituting one of these values into the equation M(u,v) = 0. Let us assume without loss of

generality that we substitute « = 0. This results in a matrix polynomial M(v) of the form
M(v) = v Mg+ v " My_y + ...+ oMy 4+ My = 0. (8)

where M;’s are numeric matrices (of order 2mn for the intersection curve and 3 for the silhouette

curve) and d is the maximum degree of v in G(u,v). The solution of this matrix equation can be
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reduced to the eigenvalues of an associated companion matrix of order 2mnd.

0 I, 0 e 0
= : : : : : ()
0 0 0 e I,
-My, -M; -M; ... -My,

where M; = M;lMi. In case My is singular or ill-conditioned, the intersection problem is reduced
to a generalized eigenvalue problem [Man94]. Algorithms to compute all the eigenvalues are based on
QR orthogonal transformations [GL89]. They compute all the real and complex eigenvalues.

Tracing: Given the starting complex on the boundary of the surface, we use tracing in the complex
domain to reach the turning points on every loop. The general tracing step proceeds as follows. Given
a point on the curve, an approximate value of the next point is obtained by taking a small step size
in a direction determined by the local geometry of the curve (tangent or curvature information). This
approximate value is then refined using iterative techniques. We use inverse power iterations to trace
the curve. Inverse power iterations are used to compute selected eigenvectors and eigenvalues of a
matrix.

Let us assume that we are currently at a point (uq,v1) on the curve (M(uy,v;) = 0). Based on
the local geometry of the curve, let the estimate to the next point be (ugz,v2). Using vy as a guess
we want to find the closest point (ug,v) such that M(uz,v) = 0. We proceed by computing the
companion matrix C from M(ugz,v) (see eq. (9) ). This reduces the problem to finding the eigenvalue
of C' closest to vy (or smallest eigenvalue of C' — v3I). The smallest eigenvalue of C — v3I corresponds
to the largest eigenvalue of (C — vyI)71. Instead of computing the inverse explicitly (which can be
numerically unstable), we use inverse power iterations. Given an initial unit vector qg, we generate a

sequence of vectors qj as

Solve (C — v}z = qi—1; Ak = 21/ || 2k ||oo; sk = q%qu;

To solve the matrix system efficiently, we use LU decomposition of the matrix (C — vpI) using

Gaussian elimination. We also make use of the structure of the matrix to reduce the complexity of
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LU decomposition. Given vq, let B = C — v31. B is of the form:

Olen In 0 0
B =
0 0 Olen In
P, P, P; ... P,

where oy is a function of vy (in this case, —vy), and P;’s are n x n matrices which are functions of
M;’s and vz. There is no extra cost involved in setting up the matrix B (it can be directly obtained

from equation (8)). The LU decomposition of B has the form:

al, 0 ... 0 I, aLlIn ... 0

0 oI, ... 0 o I, ... o0
B =

R, R, ... L, o o ... U,

where L,, and U,, correspond to the LU decomposition of R,,. R;’s can be easily computed from the
P;’s. The structure of the matrices are used in performing the triangular decomposition efficiently.
LU decomposition can be inaccurate when the matrix B is ill-conditioned. In such cases, we perform
an LQ) factorization (lower triangular and orthonormal matrix decomposition) to improve the stability.
Performing L() factorization is about twice as costly as LU decomposition. The conditioning of the LU
decomposition can be estimated by performing LU decomposition on Ry, (a much smaller matrix) and
comparing the diagonal elements of Ly, and Uy, (i.e., it is well-conditioned if the diagonal elements
are of the same order of magnitude). L@ factorization can be performed if LU decomposition thus
performed is ill-conditioned.

The basic technique of obtaining all the turning points is to evaluate the starting complex points
on one of the boundaries and follow all these paths until they either leave the domain or meet the real
plane using tracing. Unfortunately, these are not the only complex paths that could lead to a turning
point. There could be complex paths starting from right turning points of some other component of
the intersection curve. This can be illustrated by considering the intersection between a bicubic patch
and a plane (see fig.4). The curve M(0,v) = 0 is a cubic curve with two real solutions. This implies
that there cannot be any complex solution to this equation. Therefore, the left turning point on the
loop is connected in complex space to the right turning point of another component. So we use the

following strategy to complete a sweep of the complex paths from v =0 to u = 1.
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Since complex solutions occur in conjugate pairs for real algebraic equations, we restrict ourselves
to complex paths whose imaginary parts are strictly positive. When a complex path touches the real
plane the imaginary part (of v) must reach some small constant value ¢ before reducing to zero. These
are precisely the common points of the curve with the plane v; = €. In other words, we are trying
to find all the real solutions to the equation det M(u,v, +i€) = 0 (i = v/—1). Expanding out the

expression and collecting the real and imaginary terms we can write
det(My(u, v, ) + tMj(u,v.)) =0 (10)

It is easy to show that the solutions (u,v,) satisfying equation (10) also satisfy the solution of
det P(u,v,) = 0, where
My (u,v.) —Mj(u,v,)

P, vr) = M;(u,v,)  Mp(u,v,) )

As before, the solutions to (11) can be posed as the singular set of matrix P (u, v,). The singular set
of P(u,v,) is a discrete point set. The order of the matrix P(u, v,) is twice that of M(u, v). Therefore,
there are twice as many paths to trace in general. For an intersection curve, if the patches are of
degree m x n and p X ¢, then at most 2mn min(p, q) paths have to be traced, and for the silhouette
curve of a patch of degree m x n, at most 3(m + n) paths have to be traced.

Initially we form the companion matrix of P(u,v,), Cp, similar to the one in Eq.(9). We compute
all the eigenvalues of (), at u = 0 (we expect all of them to be complex). We use them as starting
points and trace all the paths in increasing w direction until it either crosses the u = 1 plane or become
real. All the real values of v, are points lying very close to the turning points of the intersection curve.
The corresponding point on the real plane is (u,,v,). This is used as an initial guess to converge to

the turning point using inverse power iterations.

4 Implementation, Performance and Applications

The loop detection algorithm has been implemented and its performance was measured on a number of
models. The algorithm uses existing EISPACK [GBDM77] and LAPACK [ABB*92] routines for some
of the matrix computations. At each stage of the algorithm, we can compute bounds on the accuracy of
the results obtained based on the accuracy, condition numbers and convergence of numerical methods

used like eigenvalue computation, power iterations and Gaussian elimination. We report the results of
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Figure 8: Two tori intersecting in a small loop

our implementation on an SGI Onyx workstation with 128MB of main memory and a specFP rating
of 97.1.

Tracing in the complex space is a guided form of search for all the turning points of the loops. In
a purely algebraic form, all the turning points of a curve f(u,v) = 0 can be posed as the common
solutions of f(u,v) = f,(u,v) = 0. Using the Bezout bound, the number of possible turning points is
quadratic in the degree of the curve. However, the maximum number of complex paths that need to be
traced in our loop detection algorithm is linearly related to the degree of the curve. The performance
of the tracing algorithm is directly dependent on how efficiency of linear systems (Az = b) solvers.
While methods like LU and L) decomposition take O(n?) operations, our use of the special structure
of the matrix has almost quadratic complexity. Our implementation of the algorithm consists of
two major modules - the boundary computation part and the complex tracing part. The boundary
computation module computes starting points on all the complex paths using eigensolvers. For our
implementation, we used an ¢ (see section 3) value of 0.01. The complex tracing step is done using
inverse power iterations. The total time taken to trace one such path across the domain is about 20-50

milliseconds.
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4.1 Application to surface intersection and boundary computation

Our loop detection algorithm is part of a complete surface intersection algorithm. This, in turn, has
been applied to a number of intersecting surfaces and has worked well consistently. Our algorithm
evaluated the intersection curve of the surfaces in Fig. 2 in about 4 seconds. A total of 54 complex
paths were traced which consumed about 70% of the time.

For efficiency considerations, it may not be necessary to trace all the complex paths. Typically,
very few complex paths meet the real plane inside the domain of the patch. It is very difficult to
give exact algorithms to prune out paths that cannot touch the real plane because of the high degree
nature of the curve. However, through repeated application of our algorithm we found that paths that
start very high in the complex axis rarely hit the real plane. This strategy could be used to speed up
the tracing step depending on the robustness requirements of the application.

In order to compare our algebraic method with the Gauss map based approaches to loop detection,
we implemented Hohmeyer’s algorithm (in the context of surface intersection) using pseudo-normal
patches [Hoh91]. His algorithm performed slightly slower than our algorithm on the example in
Fig. 2. Eight levels of subdivision were performed, and most of the time was consumed in the repeated
computation of the Gauss map and application of linear programming. We observed that his algorithm
works very well when the patches are relatively flat and do not intersect in loops. However, these
methods perform a number of subdivisions (to achieve the no loop criterion) when the patches have
high curvature and intersect in small loops or singularities.

Hybrid approach: We suggest the following hybrid approach when dealing with intersection
curves. Initially, we test for the possible absence of loops using the Gauss map approach. In the
event that Gauss maps are not separated, we apply our algorithm to identify turning points on loops.
This method has been applied to compute intersections of high degree surfaces. On an average, our
algorithm takes less than one second to compute one patch-pair intersection. For the intersecting
surfaces in Fig. 2 and Fig. 8, our method performs better than Hohmeyer’s algorithm. His method,
however, performed better when applied to the surfaces in Fig. 4.

The surface intersection algorithm is part of a solid modeling system which computes the B-rep
(boundary representation) of CSG solids. Fig. 9 shows two of the solids generated by the system. The
solid on the left is composed of 69 Bézier patches using a 10 level CSG tree. Our system computed
the entire B-rep in 66 secs. The B-rep of the solid on the right (consisting of 116 Bézier patches using
a b level CSG tree) was computed in 41 secs. We have also applied the loop detection algorithm to
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Figure 9: Loop detection used in B-rep computation

compute the silhouettes of surfaces. Fig. b shows a patch that has a loop as part of its silhouette.

4.2 Silhouette Computation

For other curves like silhouettes, the Gauss map approach is not very practical. In order to apply their
loop detection criteria on a bicubic patch (like that in Fig. 5(b)), one would have to perform repeated
subdivisions on rational patches of degree 27 x 27. This makes the algorithm very slow because
each subdivision step takes cubic time (in terms of the degree). We were able to determine all the
components of the silhouette for the same surface using our algorithm in about 2 seconds. Performing
boundary computations to determine all the starting points roughly takes 40% of this time. The rest
of the time is spent in curve tracing. For this particular example, a total of two complex paths and five
real components were traced along the entire domain. The real components of the silhouette curve in

the domain are shown in Fig. 5(d).

5 Loop Detection in Surface Sectioning

In this section, we describe an algorithm to perform loop detection on intersection curves obtained by

taking planar sections of surface models. This operation is widely used in rapid prototyping to obtain
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Figure 10: Intersection of a plane with a biquadric surface

cross-sectional information of such models. A major concern in such applications is the correctness of
the resulting curve 1.e., its topological type and detection of all components.

Fig. 10 shows a simple example of a biquadratic surface intersected by a plane. In this case, the
intersection curve has a single loop component. We shall now formulate the loop detection problem
as critical points of a plane vector field. The vector field is obtained as the gradient of a distance

function introduced by [Che89]. We shall adopt the same notation in this paper.

5.1 Intersection formulation using distance function

The intersection set between a pair of parametric surfaces can be formulated as a minimization problem
in which the distance between two variable points on the two surfaces becomes zero. Basically, the
intersection set can be expressed as the sequence of points in the two surfaces with zero distance
between them.

The oriented distance function ¢ between a surface Q(s,t) and a point moving on another surface
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Figure 11: Distance function between two surfaces

R(u,v) is defined on the (u,v) parameter space as follows:
¢(u,v) = nlq(R(u,v))] o [R(u,v) — q(R(u,v))] (12)

where q(R(u,v)) is a point on the surface Q(s, ) which is nearest to the point R(u,v), and i is
the unit normal vector on Q(s, ) at the point q(R(u,v)) (see Fig. 11). e is the dot product operator
for vectors. In our case, however, one of the surfaces is a plane, and the normal is constant at all

points (say ). Therefore the distance function becomes
¢(u,v) =0 o [R(u,v) — q(R(u,v))] (13)

Assuming that ¢ is a well-defined distance function, the intersection set is the zero set of ¢. There
are cases when ¢ is not well-defined (when there are more than one closest point to R(u, v), or when the
line joining the two points R(u,v) and q(R(u,v)) is not collinear to i because of patch boundaries).
However, these special cases stay away from loops in the intersection curve. Therefore, we can assume

for the purposes of this paper that ¢ is well-defined.
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5.2 Collinear normal points and Distance function

Sederberg [SM88, THSR89] was the first to recognize the importance of collinear normals in detecting
existence of closed loops in intersection problems. It is easy to see that collinear normal points between
two surfaces are critical points of the distance function ¢. This is because collinear normal points are
extremal distance point pairs and the gradient vector of the distance function is zero. Therefore, if we
have a method to find the number of collinear normal points within a particular domain of interest,
we can use a simple subdivision scheme to compute these points to arbitrary precision. Most existing
methods use the idea of rotational index of the vector field inside a closed curve [KPP90, KPW90].
However, this test is inconclusive because if a particular region contains two critical points of opposite
rotational index, then we obtain net rotational index of zero. Recently [ML95] extended this to a
three-dimensional vector field such that rotational index of this field decides conclusively the number
of critical points (provided they are non-degenerate). However, their method is susceptible to failure if
the sampling grid in the domain contains contours of zero Jacobians completely inside them. Further,
the use of local minimization methods and Newton type marching methods to locate all the critical
points error-prone.

The following theorem formulates the gradient of the distance function. The critical points of this

vector field provides the set of collinear normal points.
Theorem 1 Given the oriented distance function ¢ as in eq. (13), the gradient is given by
du(u,v) =10 o Ry(u,v)¢,(u,v) =1 e Ry(u,v) (14)
Proof: The distance function ¢(u,v) is given by
¢(u,0) =0 o [R(u,v) — q(R(u,0))]
Taking partial derivative with respect to u, we get

du(u,v) =10 o [Ry(u,v) — qu(R(u,v))] + ny e [R(u,v) — q(R(u,v))]
e Ry(u,v)

|
=

This is because Ay, is zero because normal does not change for a planar patch, and sois i ® qu (R(u, v))
since qy lies in the tangent plane of Q(s,¢) and i is the normal to it.

The result for partial w.r.t v can be proved similarly.
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6 Loop Detection Algorithm

In this section, we describe our loop detection algorithm based on finding all the critical points of a
two-dimensional vector field. Sturm sequences were introduced by Hermite (1853) in order to count
the number of real roots of a univariate polynomial inside a given interval. Sturm sequences are
generated by performing ged computation using FEuclid’s algorithm on the given polynomial and its
negative derivative. The number of real roots is computed by looking at the number of sign changes
of this sequence at the endpoints of the interval. Extending this idea to multivariate polynomial
systems (that yield zero-dimensional solution sets) has been the focus of research for quite some time.
Milne [Mil92] introduced the volume function which essentially achieved the extension to multivariate

polynomial systems.

6.1 Multivariate Sturm sequences

Here, we describe briefly the algorithm proposed by Milne [Mil92] to compute the number of common
real solutions of n polynomials in n variables inside an n-dimensional rectangle. This algorithm is an
extension of the univariate case which constructs a polynomial sequence, and measures sign variations

of this sequence at the endpoints of the interval. We restrict ourselves to the case when n = 2.

Given two polynomials, fi(s,t) and f3(s, ), we construct the volume function, V (u, s,t), as follows:

Resg, (Resq, (fi(a1,as), f3), Resq, (f2(a1,az), f3))
udeg(f1(s,0))deg(f2(s,0)) ’

Viu,s,t) =

where f3(u,s,t,a1,a3) = u+ (s — a1)(t — az), Res, refers to the resultant of two polynomials after
eliminating x, and deg refers to the degree of the polynomial. We use the Sylvester resultant [Sal85]
to eliminate one variable from two polynomials.

Sylvester’s method [Sal85] can be used to express the resultant of two polynomials of degree m

and n respectively as a determinant of a matrix with (m +n) rows and columns. For the polynomials,

M (x) = apa™ + an_12" L+ 4 ayx + ao (15)

and

9" (x) = by ™ + by 2™ L b 4 b (16)

where n > m, the Sylvester’s resultant is
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n  Gp—1 ag 0 0
0 Gpn  Gp—1 ag 0 0
0 0 a, Qp_1 ag (17)
0 0 byn byt bo
0 0 by bpmoa bp 0
b bp—1 ... bo 0 e 0

We use an algorithm based on multivariate interpolation [MC93] to compute the resultant of a set
of polynomials efficiently. The main bottleneck in most resultant algorithms is the symbolic expan-
sion of determinants. Most of the computer algebra systems use symbolic algorithms like polynomial
manipulations for resultants, which are very expensive. Further, the magnitude of intermediate ex-
pressions grows quickly, and the memory requirements are high. The algorithm in [MC93] performs
all computations over finite fields, and uses a probabilistic algorithm based on the Chinese Remainder
Theorem to recover actual coefficients.

A practical implementation of the Sylvester resultant introduces extraneous factors in the resultant
that must be removed. For the special bilinear form of f3, we can show that the extraneous factor
introduced by Sylvester resultant is uP?, where p and ¢ are the maximum degrees of s in f; and f;
respectively.

Given a square-free polynomial p(z) we can construct a Sturm sequence of polynomials
S; = —remainder(S;—3(x), S;—1(z)), where Si(z) = p(z) and Sz(z) = p/(x). Treating the volume
function V' as a univariate polynomial in u, we construct its Sturm sequence S;(u, s,¢). The Sturm

sequence is specialized at u = 0 to give a sequence of bivariate polynomials M (s, ).

Definition 3 Gliven a sequence of polynomials M (s,t) of length n, the V operator at (a1, a3) (V(M (ay,a2)))
gives the number of sign changes between consecutive terms of the sequence evaluated at (a1, az). Cor-

respondingly, the P operator is defined as P(M (ay,a3)) =n—1— V(M (ay,az)).

Given the bivariate sequence M (s,t) and a rational axis aligned rectangle , = [a, b1] X [azg, b2],

the number of real roots of f; and f, inside , is given by

P(M (b1, b2)) + P(M (a1, az)) — P(M(by, az)) — P(M(a1, b))
2

The justification for various steps and extension to arbitrary dimensions can be found in [Mil92].
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(al,b2) (a2,b2)

(a,(b1+b2)/2)

(al,bl) ((al+a2)/2,b) (a2,b1)
Figure 12: Linear convergence of roots

6.2 Converging to the critical points

In order to find all the collinear normal points between the two surfaces, we have to converge to each
critical point within a given tolerance. Once that is done, subdividing the domain of the surface at
these points ensures that there are no loops within each subdomain. We could then use any marching
method to trace the intersection curves.

The algorithm to converge to each critical point within a tolerance is fairly simple. Given an initial
domain, we compute the number of common roots within it. If it is zero, we stop. Otherwise, the
domain is divided into four parts (by simple bisection), and the computation for number of solutions
is performed again. It should be noted that the most expensive step of computing the Sturm sequence
is performed only once. Substitution at the various endpoints of the interval is done at each step of
the recursion. Once the interval size is within the tolerance, we stop and declare that as a root. It is
easy to see that the convergence of this method is linear. Figure 12 shows the sequence of subdivisions

for a particular case with three real roots.
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7 Implementation and Demonstration on Examples

In this section, we illustrate the running of our algorithm on a few examples. The implementation of
our algorithm was carried out in exact rational arithmetic using LiDIA (a rational number library).
By using exact arithmetic, we can assure that the algorithm gives robust results, however, for the sake
of efficiency it is better to implement the algorithm in finite precision.

Example 1: The first example is that of a biquadratic (degree 2 x 2) Bézier patch sectioned by
a plane parallel to the zy-plane (see Fig. 10). The parametric form of the biquadratic patch is given

below.

X(s,t)= =2 + 45 + 2t —dst — 2t + 4s¢2
Y(s,t)= =2 + 2s — 25> + 4t — 4dst + 45t
Z(s,) =3 — 25 4+ 2s* — 4t — 16st + 162t + 412 + 14st? — 145242

Using the above patch equations and computing their partial derivatives, we obtain the following

planar vector field.

fils, ) = =2 + 4s — 16t + 32st + 141 — 28 s ¢*
fa(s,t) = =4 — 165 + 165 + 8¢ + 28 st — 28 s% ¢

After adding the third polynomial, f3(s,t) = st + u — t 21 — s a2 4+ 21 22 into the given

system of equations and computing successive Sylvester resultants, we obtain the volume function for

this bivariate case.

Vi(u,21,22) = —104 — 3702 u + 28244 u? + 80362 u® — 333592 u* — 236670 u® — 528 x1 + 184 u z1—
30728 u? 1 4530012 w® x1 + 667184 u* x1 + 920 x1% + 36202 u x1% — 77280 u? x12—
530012 w? £12 4 3680 #13 — 72772 u 13 + 51520 u? x13 — 6440 21* + 36386 u x1*+
2576 x1° — 1469 x2 — 21374 u 22 — 130525 u? 22 + 358064 u3 22 + 591675 u* »2—
7458 1 22 — 28704 u x1 x2 — 533968 u? x1 2 — 2668736 u® x1 x2 — 1183350 u* x1 22+
12995 212 22+ 131744 v 212 22 + 2385054 u? 1% 2 + 2668736 v x1? 22 + 51980 z13 22—
206080 u 213 22 — 1590036 u? x13 22 — 90965 x1* 22 + 103040 u z1* 22 + 36386 x1° 22—
2080 22 + 84920 u 2% + 166152 u? 222 — 338100 w? 222 — 10560 x1 222 — 218546 u =1 22+
1669248 u? x1 222 + 2366700 w> 21 22 + 18400 #12 222 — 1371490 v 212 222 — 6004656 u? x1% #2%—
2366700 w3 212 222 + 73600 x13 222 + 3180072 u 1% £2? + 4003104 u? 213 22% — 128800 »1* £22—
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1590036 w x1* 222 + 51520 x1° 222 4 21398 2% — 113134 u £23 — 84525 u? x23+

108636 21 £23 4 404432 w x1 2% — 1014300 u? 1 223 — 189290 x1? 223 + 2264304 u 12 23+
3550050 u? 21% 23 — 757160 213 223 — 5337472 u 213 23 — 2366700 u? 213 23 4+ 1325030 x1* 223+
2668736 u x1* 23 — 530012 x1° 223 — 26936 £2* + 48510 u 22* — 136752 1 x2%—

169050 u 1 22* + 238280 x12 22 — 1014300 u 12 2%+ 953120 213 £2* + 2366700 u x13 22%—
1667960 £1* 2% — 1183350 u x1* 22* + 667184 x1° 22* + 9555 25 + 48510 1 £2°—

84525 12 £2° — 338100 x13 £2° + 591675 x1* 22° — 236670 x1° 22°

We computed the Sturm sequence of this volume function, and isolated the roots of the original
equation in the interval [0, 1] x [0, 1] to within a precision of ﬁ. There was a single root as expected.

The domain value of the collinear normal was

( t)—<[39038 7894] [8326 42278])
=8 =\ 78125 15625] [ 15625 78125

If we subdivide the original patch at this point, we are guaranteed to have no loop in the resulting

intersection.

Example 2: This is a slightly complicated example with multiple collinear normals (see Fig. 13).
Here a bicubic (degree 3 x 3) parametric surface is cut by a plane parallel to the zy-plane. The

coordinate equations of the surface are

X(s,t)=-2 + 3s + s°

Ys,t)= =2 + 3¢ + t*

Z(s,t)=2 +3s — 65> + 35> — 72st + 189s*t — 1175t + 171 st* —
486 s2 t2 + 31553 2 — 99 s¢3 + 294 2 2 — 195 s 2

Corresponding to these equations, the vector field is

fi(s,t) =1—4s+3s2—24t+126st— 117 s> t + 572 - 324 s> +315 5> 12 = 33 3 + 196 5 ¢3 — 195 52 t*
fa(s,t) = =85 +21 s — 135>+ 38 st — 108 s> t +70 5° t — 33 s t2 + 98 s * — 65 s ¢?

The volume function for this vector field corresponds to a polynomial which is of degree 13 in u, x1
and 22 (the number of terms in this polynomial is too large to list it here). Computation the Sturm

sequence and isolation within ﬁ of precision yielded four roots. They are
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Figure 13: Planar section of a bicubic surface

(S’ t) = ({125469295’ 3512285} ? Hé?;g’ %gggg}) ? ({135168275’ 3616235} ? {125465235’ 125564275}) ?

(15795 15625 (7195 15005 )) - (55 5105« (3565 15005)

Even though there are only two loops in the cross section, it is clear that there are other points

where the normals of the two surfaces actually match.

8 Conclusion

We have presented two algorithms based on a combination of numeric and symbolic methods for loop
detection of algebraic curves arising from surface interrogations. The first method performs boundary
intersections followed by complex tracing to locate the turning points on every loop. The resulting
algorithm is based on numerical matrix computations and algebraic characterization of the curve.
It has been used to accurately compute intersection and silhouettes of high degree surfaces. The
second algorithm provides a robust method for detecting all the collinear normals of a surface when
intersected with a plane. By subdividing the surface accordingly, all the components of the intersection

curve can be found by solving for zero-dimensional algebraic sets. The algorithm has currently been
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implemented in exact rational arithmetic and applied to fairly low degree surfaces. If efficiency and

generality (application to higher degree surfaces) are the main emphasis of the application, the same

algorithm can be implemented in double-precision arithmetic.
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