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Abstract 1.1 Our Contributions

o ) ) ) ) Rendering CSG Trees We first examine the fundamental prob-

Shadow mapping is a technique for doing real-time shadowing. Re- |emm in solid modelling of rendering objects presented as CSG (con-
cent work has shown that shadow mapping hardware can be usedsctive solid geometry) trees. Goldfeatregral. [7, [8] demon-
as asecond depth tet addition to the z-test. In this paper, we ex-  strated how graphics hardware could be used to render CSG trees.
plore the computational power provided by this second depth test, The Trickle algorithm B, [21] used depth-interval buffers (a kind
by demonstrating its utility in two separate applications. of two-sided depth test) to render CSG trees efficiently. More re-

We first examine the problem of rendering objects described us- cently, the Goldfeathegt al. algorithm was implemented on mod-
ing CSG (Constructive Solid Geometry) operations. This problem ern graphics systems by Wiegaiff], followed by improvements
has been studied since the mid-80s, and we provide an algorithmdue to Stewarét al. [22,[23,[24] and Erhart and TobleH].
that asymptotically improves the number of rendering passes re- We show that the two-sided depth test can be used to render CSG
quired to display a CSG product by a factorroby exploiting the trees with a factor of, fewer passes than the best known OpenGL-
two-sided depth test. based algorithnq% Our algorithm can render arbitrary simple ob-

We then examine the problem of selecting specific depth layers J€Cts, and does not require the explicit precalculatioreeélsthat
in a scene, and show how this can be don@{ibg n) passes. Fur-  prior results did. Our algorithm works by performingapological
ther, we demonstrate for the first time lower bounds on the compu- sweepover the arrangement of the objects; this technique may be
tations that can be performed by the graphics pipeline. Specifically, of independent interest.
we show that the two-sided depth test is crucial for the above depth
picking application, by demonstrating that without this operation, Depth Picking In our second application of the power of the
most natural hardware-based algorithms would requirendering two-sided depth test, we generalize thepth peelingechnique of
phases. Everitt et al. to the problem of selecting an arbitrary level in a
scene. Depth peeling uses the two-sided depth test to extract frag-
ments at different distances from the viewpoint (the nearest, second
nearest etc.). Using this method, one may extracktfidevel (the

CR Categories: 1.3.3 [Computer Graphics]: Picture/lmage Gen- fragments that aré-closest) of a scene ik passes. However this
eration 1.3.5 [Computer Graphics]: Computational Geometry and approach is inefficient in many applications whéremay be large.
Object Modelling F.2.2 [Analysis of Algorithms and Problem Com- For example, a common problem in computational geometry is ex-
plexity]: Nonnumerical Algorithms and Problems tracting themedlan:(n/Q)th level of an arrangement of objects. In

this case, depth peeling would requitg2 passes.

We show that we capickany level in a collection of objects with

a randomized algorithm. The algorithm computes the level without
1 Introduction any error and the number of passes required varies, lalisz n)

with high probability. Moreover, we show that randomization and

he i d f hi dering hard the second depth test aceucial to the performance of this algo-
In recent years, the increased power of graphics rendering hard-yis, 1 by hroving that if either of the two features are omitted, then
ware has led to the use of the graphics pipeline for general purpose

. : any algorithm (from a very general class) must tékg:) passes.
stream computations. One of the early examples of this was the \ote that the use of the second depth test givesﬂlésqzmnential
use of hierarchical z-buffering for visibility calculation8]] and speedup in the number of passes required.
subsequently in p_rogra_tmnjable vertex shadggs(14, 120. Other The two problems above are closely related; walking through an
uses of the graphics pipeline as a general purpose stream comput

h . : : arrangement level by level is a generalization of finding the “next”
ing engine have been demonstrated in computational geo®Bltryl  |oyel The problem of finding the®" level is the problem of “jump-
roboticsfL1], and numerical analys/$8].

ing” to a specific level in the arrangement.
In a recent development, work by Everdt al. [6] has shown
that shadow mapping hardware (supported in the nVidia GeForce3 .
and newer architectures) can be used to perform order-independenﬂ-2 Paper Outline

transparency. They demonsirate this by using the shadow mapping\/Ve discuss prior work in Secti@ We define the problem of ren-

e e 5= derig a CSG e n Secudl and presentour Soluion n Sec
tion, combined with the standard z-test, providewa-sided depth tion In Sectiorff, we demonstrate a lower bound for depth peel-

teston fragments, and is exploited in a technique they dajth ing in the absence of a wo-sided depth test. In SeEw present

; - our algorithm for depth picking, and prove corresponding lower
peelingthat canpeeloff layers of a scene one by one. Interestingly bounds in Sectiofl
enough, the idea of using two-sided depth tests to implement depth
peeling was proposed earlier by Mammgs][ who used the idea 1Epsteinet al. [3] and later Rossignac and WiZd| were the first to
of virtual pixel maps The key observation by Everit al. was that suggest the use of two-sided depth tests for performing CSG rendering. Al-
existing shadow mapping hardware can be used to simulate this testthough their algorithms pre-date OpenGL-based architectures, we believe
In this paper, we study the computational power thatesided that the number of rendering passes required by their algorithm would be
depth tesprovides over the standard pipeline. similar to that used by our algorithm.

Keywords: Constructive solid geometry, z-buffer, OpenGL,
shadow mapping, stream processing, lower bounds




2 Prior Work 3.1 Tree Normalization

The CSG tree is usually assumed to be in a canonical form to aid
in rendering. A CSG tree is said to be $nm-of-productgorm

if the expression it defines can be written as a union of intersec-
tions/subtractions (a sum of products). Such a tree is said to be

There has been extensive work on the problem of rendering solid
objects defined in terms of CSG trees. A general survey of CSG
methods is beyond the scope of this paper. We will focus solely on

methods that make use of the z-buffer (and graphics hardware innormalized Goldfeatheret al. [7] provide an algorithm for nor-

general). ) . malizing a CSG tree; we use their technique, and in the rest of the
Goldfeatheet al. [7] presented an algorithm for rendering a CSG  paper assume without loss of generality that the CSG tree has been
tree of convexobjects (and subsequentl@][for non-convex ob- normalized.
jects) using an extension of the Pixel-Planes graphics hardware. |t 5 cSG tree is normalized, then given a procedure to compute
This algorithm was refined and implemented on modem graphics he product of a set of shapes, the union can be computed easily by
hardware by Wiegan@f]. The running time of the algorithm, ex-  erging the results of the product renderings in the depth buffer.
pressed as the number of rendering passes required, is essentiallye apove mentioned algorithms all make use of this property, and
quadratlc'ln the number of objects (the running time also includes s focus on the problem of rendering a CSG tree denoted by a
a quadratic term that depends on toavexityof the objects). single product. Our algorithm, on the other hand, works oaran
The Trickle algorithm[8, [21] developed by Epsteiet al, and bitrary sum of products simultaneously. For clarity of presentation,
later refined by Rossignac and Wu, takes a different approach, usingwe will explain the working of the algorithm on a single product,
“depth-interval buffers” (which essentially provide the functional- and subsequently we will show how the same idea can be used to
ity of a two-sided test) to do the rendering. Their approach re- render a sum of products. Hence, in what follows, we will consider
quires three depth buffers, the two sided test and two color buffers, the problem of rendering a CSG tree denoted by a single product.
and thus is not readily adaptable to current OpenGL-based archi-
tectures. Although they do not analyse their algorithm in terms of
rendering passes, we believe that their approach requires a numbeB.2 Rendering A Product
of passes for each product proportional to its depth complexity from
the given viewpoint. Consider a single produ¢f(o1 No2) — 03) No4). By the transfor-
Stewartet al. [22] presented an improvement to the Gold- mationA — B = AN B, whereB denotes the complement &,
featheret al. algorithm that takes into account the fact that ob- We can rewrite the product @ N o2 N ©3 N o4. Thus in general,
jects may be disjoint and thus can be rendered in parallel. Let the €ach product is the intersection of a set of (possibly complemented)
depth complexity of the collection af objects being rendered e objects.
Then the modification proposed by Stewertal. requiresO(kn) The algorithm works by traversing tharrangementof the
rendering passes. In the case when objects do not intersect greatlypoundaries of the objects. It maintains a collection of sweep lines
(and thusk < n), this algorithm is superior. Erhart and Tobldj [ together move away from the viewing direction through the object,
demonstrated that in certain situations when the algorithm of Stew- at each stage examining all cells of the arrangement in contact with
art et al. might run into problems as a result of inaccurate depth the sweep lines.
calculations, a modification yields more accurate results. However, Let the viewing direction be along the y-axis in the increasing
in the worst case, their algorithm again requi€¥s:?) passes. direction from a viewpoint ay = —oo. We call thelevelof a point
More recently, Stewaktt al. [23,[24] present improvements that  in the arrangement the number of boundaries of objects crossed by
compute a CSG product in a constant number of passes when thed half-infinite ray parallel to the viewing direction emanating from
objects to be rendered are all convex. They do this with an inge- the point towards the viewpoint (if the ray crosses multiple bound-
nious technique of using a universal sequence to model the deptharies of a non-convex object, then each crossing is counted). For

ordering of a set of objects without having to compute an explicit technical reasons that we explain below, the arrangement that we
front-to-back ordering. use for the purpose of constructing fronts only uses front faces of

d- uncomplemented primitives and back faces of complemented prim-
itives.

The k-level of the arrangement is defined as the set of points at
level k. Thefront of a level is the set of points on the level closest
to the viewpoint. We mention that for a single object, the collec-
tion of levels are precisely thayersthat Goldfeatheet al. and
other researchers have used when dealing with non-convex shapes.
Note that the maximum level of the arrangement of objects is pre-
cisely the depth complexity of the scene. The algorithm proceeds

] by a sweep approach. It first computes the front for level 0. It
3 Rendermg CSG Trees then checks to see whether any of the points in this front are in
the desired product. Any point in the product is retained, and the

A three dimensional object can be described as the result of per-remaining portionof the front are propagated to the next level.
forming set operations {, N, \) on a ground set of shapes.@SG

treecan be used to define an object by defining the sequence of op-

erations that are performed. For example, consider the shapes A, BTesting product membership Goldfeatheret al. [7] made the

and C, and their combination A B - C shown in Figurél key observation that if an objeet occurs uncomplemented in a
product, the number of levels (or layers) of that object that lie be-
tween the viewpoint and a fixed point must be odd in order for that
point to lie in the product. Similarly the number of levels must

Internal nodes are labelled be even if the object is subtracted (occurs complemented). Let

parity(o, p) denote the parity of the number of levelsathat lie be-

tweenp and the viewpoint. For a product of the fom N o2 — o3,

p will lie in the product if parityp:,p) = 1), parity(oz,p) = 1),

All of the algorithms above compute a union of objects by blen
ing in the partial depth buffers obtained for each product. As we
shall see later, our algorithm avoids this blending step.

To the best of our knowledge, there has been no work on extract-
ing the ‘" layer of a scene. The closest prior work on this topic
seems to be the depth peeling work by Evesital..

Figure 1: An example of a CSG tree.
with the set operation being performed, and leaf nodes represent
the ground set of shapes



and paritybs, p) = 0). Another way of writing the third constraint
is parity(s,p) + 1 = 1).

For a general produd?, the condition that any pointlies in P
can thus be written as

k+ Y parity(oi,p) = n

ocP

(3.1)

wherek is the number of subtracted objects. L#bo, p) de-
note the number of front faces af betweenp and the view-
point. Similarly letb(o, p) denote the number of back faces of
o betweenp and the viewpoint. Now parity(p) is precisely
|f(o,p) — b(o,p)| mod 2. Since all objects are simple and thus
have no self-intersections, each front faceds followed immedi-
ately by a back face af, and thus (o, p) < f(o,p) < b(o,p)+1.
This implies that we can rewrite the above equation as

parity(o,p) = f(ovp) - b(O,p)

Summing over all all objects, the new condition that any ppint
lies in a product is

k+> flo,p) =) blo,p)=n

ocP ocP

(3.2)

In the next section, we present a detailed implementation of this
algorithm.

4 Algorithm Details

4.1 Advancing The Front

The front is maintained as depth values in the z-buffer. Initially, all
the objects are rendered with the depth-test seE8S. After this
the z-buffer contains the front at level 1.

To advance the front, we copy the z-buffer to a depth texture,
and invoke thedepth peelingsubroutine to filter only fragments
whose depth is greater than the value in the z-buffer. We refer the
reader to] for details of the implementation of depth peeling. This
stage returns all fragmeniehindthe front. In the next stage of the
pipeline, the depth test is again setllBSS and thus the z-buffer
now contains the front at level 2.

Observe the crucial role of the second depth test provided by
the depth peelingoutine. Without this, we would be unable to
implement the two-sided depth test< Zvalue < b, and would
not be able to advance to the next level.

4.2 Testing for Membership

The replacement of Equati@l by Equatior3.2is crucial because
it allows us to check membership for a pojinin a constant number
of passes (instead of). Recall that the current front is stored in
the z-buffer. We first initialize the stencil buffer to+ 1, wherek

is the number of complemented objects in the pr(ﬂiu‘t’:he depth
test is set td. ESS-OR-EQUALwith no z-buffer writes. In all these
passes writes into the color buffer are disabled.

Pass 1: Render front faces of all uncomplemented objects, incre-
menting the stencil buffer if the depth test passes. Render
similarly back faces of all uncomplemented objects, but this
time decrementing the stencil buffer.

2This is to ensure that the stencil buffer will not contain 0 values as a re-
sult of counting faces. We accordingly modify the threshold for membership
to ben + 1.

Pass 2: Render back faces of all complemented objects, incre-
menting the stencil buffer if the depth test passes, and render
similarly their front faces, decrementing the stencil buffer in
this case.

/I N is set to 2° —1 where b is the
/I bitwidth of the stencil buffer
glDepthFunc(GL _LEQUAL);
glEnable(GL _STENCIL_TEST);

glStencilFunc(GL
glStencilOp(GL

_NOTEQUAL, N, 0xff);
_KEEP, GL.KEEP, GL.INCR);

/I Draw front faces
/I Draw back faces

glStencilFunc(GL
glStencilOp(GL

_NOTEQUAL, N, 0xff);
_KEEP, GL.KEEP, GL.DECR);

/I Draw back faces
/I Draw front faces

4.3 Managing The Buffers

In between rendering phases, we need to re-initialize the stencil
buffer at all pixels where a point of the product has not been found.
After a rendering phases, we store a fixed valie= 2° — 1 (if the
stencil buffer ha$ bits) in pixels where the stencil countrs+ 1.

The stencil test is set tg N and thus pixels in the color buffer for
which the correct value has been found will not be modified.

Before Rendering Objects

glEnable(GL
glStencilFunc(GL
glStencilOp(GL

_STENCIL_TEST);
_NOTEQUAL, N, Oxff);
_KEEP, GLZERO, GLZERO);

DrawQuad();
/I now stencil buffer has either 0's or N

glStencilFunc(GL _NOTEQUAL, N, 0xff);
giStencilOp(GL  _KEEP, GL.INCR, GL_INCR);
for (i=0; i<val; i++)

DrawQuad();
/I now stencil buffer has either val's or N

After Rendering Objects

glDisable(GL  _LIGHTING);
glDisable(GL _DEPTHTEST);
glEnable(GL _STENCIL_TEST);

glStencilFunc(GL _EQUAL, val, 0xff);
gIStencilOp(GL _KEEP, GLZERO, GLZERO):
DrawQuad(); // now val's are made to O

glStencilFunc(GL _EQUAL, 0, 0xff);
gIStencilOp(GL _KEEP, GLINVERT, GL_INVERT);
DrawQuad(); // now 0 is made to 255



4.4 Running Time Analysis

From the current viewpoint, let the depth of the scene:beAs
observed earlier, the number of levels the algorithm walks through
is at mostk. In order to advance a level, the algorithm must make

six rendering passes. Thus, the total number of rendering passes iqgigu

6k. It is important to observe that the multi-pass technique we use

to maintain the correct stencil values is essential to avoid readbacks;

and auxiliary buffer management.

This running time is asymptotically superior to all prior tech-
niques (by a factor ofi). Moreover, the running times of the pre-
vious algorithms is “worst-case”: the number of rendering passes
required in any run is always the same. In our algorithm, we only
render while there are pixels whose correct depth is yet to be deter-
mined. Therefore, while in the worst case our algorithm would take
4k passes, in practice it might take far less, depending on the scene

4.5 Computing A Union

As we mentioned earlier, there are two ways that our algorithm
could be extended to compute a union of products. The first way,
employed by previous algorithms, is to accumulate the depth val-
ues, retaining the smallest values.

The second technique allows us to compute the entire sum of
products simultaneously. This technique is best explained by com-
paring it with the technique for one product. LgtP) denote the
number of complemented primitives in a prodiitt

Initialize z-buffer to first front.
Initialize stencil buffer with 0

while( stencil buffer contains 0 ) {
Reset portions of
stencil buffer to k where value #N
Test points on front for membership
in P
Set stencil buffer to value N >n for

pixels passing test
Advance front

Instead of running the above algorithm once for each union, we
can interleave the computations for each union; the senneh-

cell of A(F;). In the first case, the correctness of the algorithm
for a single product guarantees that the membership test will be
computed correctly. In the second case, there must exist a depth
value encountered at prior to this front which (a) lies on a level
of A(P;) and (b) yields the same result for a membership test. In
reld, the arrangements of two produd®s, P, are drawn in red
and black respectively. If the blue point (contained in a celPgf
is contained in the union aP; and P, then so is the green point
on the boundary of this cell. This point will be tested at a prior
level of the arrangement, and thus in all cases the depth values are
computed correctly.

All prior CSG algorithms (with the exception ¢8[21]) do not
propagate the layers in a strict front-to-back order. This property is
crucial for our union algorithm to work.

.
S

Figure 2:If an interior point is used to test for membership, there
exists a boundary point with lesser depth that will yield the same
result.

Figured3 and[ present a detailed explanation of the algorithm
on the example shown in Figuiga} FigureB(b) shows the ar-
rangement of the objects. Notice that since objects C and D are
subtracted, theiackfaces are included in the arrangement, and for
all other objects, théont faces are included in the arrangement.

In the next four sets of figures, the current front is drawn on
the left hand column, and the resulting output in the color buffer
is shown in the right hand column. In each stage, the rendering
passes described above are performed to determine which pixels

sures that pixels are not modified after they have attained the correctare contained in the product, and then the front is advanced to the

depth value. Let the products b&, Ps, ... Pp,.
Initialize z-buffer to first front.
Initialize stencil buffer with 0
while( stencil buffer contains 0 )
for ¢ =1t m {
Copy k(F;) into portions of
stencil buffer +N
Test points on front for membership
in P;
Set stencil buffer to value
for pixels passing test

N >n

Advance front

}

The arrangement (U, P;) is a strict refinement ofA(P;), and

thus for any fixed produck;, all its levels will eventually be en-
countered. However, consider a pixethat takes a depth value
from a front of P; in the correct solution. It might happen that be-
fore this front is encountered, the depthgotand thus the stencil
value) is already set, preventingfrom being updated correctly.
However, note that each depth value encountered while advancing
the fronts is either on a level o(P;) or is an interior point of a

next stage. Finally, in Figufé(c]we show the rendered output in
the right column; Figur@(d]) displays all the regions lying in the
CSG product.

4.6 Other Advantages Of Our Approach

As we noted earlier, our algorithm uses a factondewer render-
ing passes to compute a product of shapes. In addition to this, it has
other desirable properties:

e Our algorithm computes layers in a strict front-to-back or-
der, similar to Trickle. While this requires the ability to sort
depths, it also allows us to compute the entire sum of products
simultaneously in a seamless fashion. This allows us to avoid
maintaining auxiliary depth buffers. It also allows us to exit
as soon as the correct rendering has been achieved.

Many readbacks are required to compute the levels used in
the algorithms (either for each obje@][ or over the entire
scene22)). In addition, the intermediate depth buffers must
be stored and finally rendered to obtain the true depth values
of the solution. In our solution, no such buffer transfers be-
tween the card and main memory are required, thus avoiding
the use of costly low bandwidth buses.
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Viewing directio

(a) The input shapes (b) The arrangement of the input

(c) Stage 1: The first front (on the left) and the retained pixels (on the right)

(d) Stage 2

Figure 3:Stages in the Algorithm
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(a) Stage 3

i , (I
(b) Stage 4
[] L
(c) The set of all regions in the product (d) The final rendered output

Figure 4:Stages in the Algorithm continued...



We note here that the use of the two-sided depth test can be6.1 Computational Model

avoided. By applying our technique for testing product member- . )
ship to the Stewaret al. algorithm, their level computations can ~ Consider a&omparison-basethodel where we are allowed only to

be done in two passes, and then testing membership at each levefompare the values of objects. Assume all values are distinct and

can be done in a manner similar to ours, thus requiring 6r(¥) denoted by the set. DefinePass(vi,vz2) = {z € [ | v <z <
passes, instead @(nk) passes. However, the above problems vz}, PASS:(v) = {z € I | v < z}, andPassc(v) = {z €
with buffer management still remain. I | z < v}. DefinePass<(v) andPass> (v) analogously. For a

setS, let max(min)S represeninax,cs(mingecs)z. Finally, let
RANK (v, S) = [{z|z € S | 2 < v}|. The class of algorithms
. . we will consider are algorithms that can ask questions of the form
5 Implementation Details “What is |PASS; (v)|?”, wheret is one of the tests, >, <, >. The
algorithm can also ask the question “Nameaabitrary elemenin
All our code was implemented using C++/OpenGL on a Pass;(v)?"
933Mhz/128 MB PC running Red Hat 7.3. The graphics card isan  Intuitively, the setPAss< (v) and Passs (v) reflect the results
nVidia GeForce4 Ti4600. Our system performs no readbacks and of performing a z-test on a fragment; the sizes of these sets can be
uses no intermediate software buffers, while being able to handle computed using the stencil buffer. The operatRss(v1,v2) re-

arbitrary sums of products. flects the result of performing a two-sided depth test. The restriction
We will illustrate the performance of our system with the exam- to comparison-based operations means that we disallow the arith-
ples described in Tab[B metic blending operations that the graphics pipeline is capable of

performing; as we discussed earlier, we believe that these opera-
tions are not critical in computing the layers of scenes with depth

Name of object | Number of | Number of | CSG Renderin .
J Products| Primitives | Frame Rate (fpsg complexity.
CUBE 1 3 100
HELIX 1 4 50 6.2 The Lower Bound Strategies
GRID 1 26 17 . ) .
DRIVEWHEEL 8 32 16 We will show that any algorithm of the above described form must

askmin{Q(n), W} questions where the size of the buffers #re
bits. We will allow the algorithm to be randomized in its strategy;
since any deterministic algorithm is trivially a randomized algo-
rithm (which uses 0 random bits), randomized algorithms are at
least as powerful as deterministic algorithms and so a lower bound
Figureld demonstrates the working of our system on the above for randomized algorithms automatically implies a lower bound for
models. For each object, the lefthand-most image displays all the any deterministic algorithm.
primitive objects involved in the CSG operations. As we go from
left to right, each image displays the portion of the final answer . . L
rendered at that layer. In the case of DRIVEWHEEL, the original Deterministic Strategies Most lower bounds on deterministic
CSG object is very complex and so we render the set of primitive glgorlthms work in arevasive fashianThe adversary constructs an

as two distinct figures (the two left-most ones) for ease of viewing. INPut which is aimost completely specified except for some small
We also emphasize that we plage convexity restrictions on our pieces of information. The deterministic algorithm asks questions
primitives; HELIX contains nonconvex objects. in a fixed order and the adversary avoids disclosing the information

as long as possible. The adversary has to design the concealed in-

formation and answer questions truthfully in such a way that the

. result of the computation cannot be determined until the algorithm

6 Depth Peeling and the Power of the has been forced to ask a certain number of questions.
Two-Sided Depth Test In the setting of depth peeling, the adversary constructs a set of

n = 2k + 1 fragments such that fragments have depth valuaei

In the previous sections, we demonstrated the power of the two- at a pixel andk fragments have depth value greater thanOne

sided depth test in the context of rendering CSG trees. We now fragment has a depth valug, which satisfies; < v, < 2. The

illustrate the crucial nature of this test, by considering the depth adversary does not reveal the order in which the fragments appear.

peeling application of Everit al. The precise operation they per-  The goal of the algorithm is to find the valug,, the result oflepth

form is: “Given a layer of a scene, find the layer right behind it". peelingwhen the current depth value is setjto

We will show that without the two-sided depth test, it is impossible  We will show that findingv.,, requiresQ(min{W,n}) passes.

to perform this operation in less thanrendering passes, whene If depth peeling could be performed in a fewer number of passes,

is the total number of layers of objects in the scene. then we could compute,, faster than the bound above, a contradic-
tion. We will thus conclude that depth peeling requires the specified
number of passBs

A Note on Lower Bounds The standard method for proving a In addition to the queries described earlier, the algorithm can

lower bound of this nature is to fix a model of computation with also ask “tell me the depth value of the fragment in the order

fixed operation costs, and demonstrate that an imagined adversaryhe fragments appear”. Such questions can be answered in a single

can supply inputs in such as a way as to fool the algorithm into pass using the stencil buffer.

performing many operations. The model chosen typically does not  Consider an evasive strategy that tries to maximize the length of

reflect the entire range of operations of the computational system, the unresolved interval in which,, lies. Initially the interval is

but attempts to capture those operations believed to be at the hear(i %)_ If the algorithm asks question “how many fragments have

of the problem being solve_d. We note tha; any Iower_ bound is only depth greater thai’ whered < ! ord > 2 the adversary answers
as good as the computational model being used; if the model is -4 -4

changed, the lower bound does not in general continue to be true  3Essentially we are using the fact that finding, in the special input
unless proved otherwise. above reduces tdepth peeling

Table 1:CSG Models used in our implementation




(a) CUBE

(b) HELIX

(c) GRID

(d) DRIVEWHEEL

Figure 5:CSG trees, intermediate results and final output of our system



truthfully. Asking these questions does not give any information to front faces of object are at depths andi + n (for convenience,

the algorithm about,,,. If the algorithm asks such a question for  objects are numbered from 0). The back faces of objexe at
avalue; < d < 2, the adversary has to choose an answer more i + n — 1 andi + 2n — 1. We will refer to this configuration as
carefully. For example, if the first question is “how many fragments the clean configuration (See Figlije Note that there is no point at
are at depth greater th%ﬁ, the adversary observes that that the in-  which all the objects overlap, and the depth complexity of the scene

terval (2, 3) is smaller and thus,,, should be in the other (longer)  iS4n.

subinterval. Thus until the algorithm askgé — 2 questions of this

form, the adversary has a candidate valygwhich is consistent 1 Line1
with all its answers. AfteiV — 2 questions, all bits ot,, are 3 Line2

specified an the algorithm knows the value.

For questions of the form “What is the depth of & fragment ! 1
in the input order”, the adversary always answers with a value other yadsoon.. .
thanv,,. Note that this is possible since the order of the input is not :
revealed to the algorithm. Eventually, the adversary will be forced ] |
to revealv,,, but only after all other answers have been exhausted, 1234.. n

A

i.e aftern — 1 other queries. Putting the two facts together give
us aQ2(min{W, n}) lower bound on the number of queries that the Figure 6:The clean configuration

algorithm must ask (and thus, the number of passes).

Lemma 6.1. Any deterministic algorithm must perform
Q(min(W,n)) passes to compute the next layer in a scene,
given the current one.

Randomized Lower Bound Strategies The method tradition- —— e
ally used to prove lower bounds for randomized algorithms is Yao’s

MinMax Principle [L8, Chapter 2]. For a deterministic algorithm, T
the adversary can inspect the algorithm and carefully choose inputs

to fool it. This does not work for a randomized algorithm since

the algorithm behaviour is not predictable on a given input. Yao’s

MinMax principle says that instead of letting the adversary choose Interval of

any input and having the algorithm be randomized, we can restrict intersection

the adversary to choosing inputs from a probability distribution and . o

restrict the algorithm to being deterministic, and the lower bound Figure 7:The modification by the adversary

applies to the more general setting. However in all cases the deter-
ministic lower bound sets the tone for proving a randomized lower

bound. Now the adversary picks an arbitraiy> 0. It then extends
Inthe above setting suppose the adversary chagsemiformly the interval[i,i + n — 1] to [i,i 4+ n], and extends the interval
at random in the intervdl}, %) and chooses a random permutation [i —1+7,i+2n—2]to [i —2+n, i+2n — 2] (see Figur&). Now,

of the fragments as the input. Now we need to investigate the ex- the configuration contains an intersection (the intefval1,n,i+
pected number of steps of the algorithm. One such way is to quan-7]). If we could solve CSG intersection fast, we can determine
tify “how many bits ofv,, does the algorithm know” after every ~ Which object the adversary changed. We will show that we cannot

question. Thus we can define tmormation gainedby the algo- determine the latter with less th&n(n) queries and thus cannot

rithm in the number of bits. We defer the details of the argument to Solve CSG intersection in less th&in) passes.

AppendiXAl Since two-sided depth tests are more powerful than single-
sided depth tests, we will restrict our attention to questions in-

Lemma 6.2. The expected number of rendering passes required volving a two-sided depth test. For questions of the form “what

by a randomized algorithm to compute the next layer of a scene is |PaSS; (v1,v2)|” the clean and the modified configurations give

from the current one is Q(min(W, n)). the same answer as longas vy # i +n —20ri+n — 1.

Likewise computingmin PASS;(v) gives no extra information if
. . ve€{i+n—3,i+n—2i+n—147+n}. We referto these
7 CSG Lower bounds with Two sided Tests queri{es as posing a question for fageandv, %or v) in these cases.
Thus, as long as there ateconsecutive planes consisting of the
first back face and second front face of the objects for which the
algorithm has not asked a question, the adversary can “hide” the in-
tersection in that region. done there. Thereatdaces of interest
and each question asks about at most two faces. Thus the algo-

thi;Nceasv,\glltrlmjes?jig(liss's?g:leo??rzgﬁiuse?nbgﬁgd gt]s()(rj]%rzscc?r?w()\llii 'atgérithm must asky questions to ensure that there are no consecutive
. - . 9 . P four faces for which no questions have been posed. Thus the lower
since questions of the form “what |{®ASS;(v1,v2)|". “what is bound isQ(n)

min PASS;(v)” are admissible. etc.

We now address the problem of computing CSG renderings. In
this section, we demonstrate that asymptotically, any algorithm that
renders CSG objects must perfofiid) rendering passes, whefe

is the depth complexity of the scene.

To prove a randomized lower bound, the adversary picks

Theorem 7.1. Any deterministic or randomized algorithm that random. Once again to discovithe algorithm must probe at least
executes two-sided depth tests (in addition to the regular depth one of thet faces in{i +n —3,i+n —2,i+ n- 1,4 + n}. The
test) requires ©2(J) passes to compute the visible faces of a CSG probability of such an event i where r such “blocks” of 4 faces
object. remain. The expected running time of the algorithm is
Proof. As before we will first give a deterministic lower bound. 4 4 4 4 4 4
The adversary constructs a setrobbjects each witd faces. The 1o -+2 (1 - 7) +3 (1 - —) (1 - ) +--

n 2n) 2n —4 2n 2n—4) 2n —8



9 Why Randomization is Crucial
which evaluates t6(n).
O In SectiorBwe demonstrated that the two-sided depth test is crucial
to perform depth peeling. Since depth picking is a strict generaliza-
L. tion of depth peeling, the two-sided depth test is crucial for depth
8 Depth Picking picking as well. As observed earlier, depth peeling can be used to
solve the depth picking problem inpasses (wherk is the desired
We now examine a generalization of depth peelin% that we call |evel), and our randomized algorithm tak@glog n) passes.
depth picking In this problem, we wish to select thé"-level of In this section we demonstrate that randomization and the two-
a scene, rather than just the next one, as in depth peeling. The opsided depth aréoth necessary to do depth picking in fewer than
eration of selecting a particular level in an arrangement is a key a linear number of passes. We do this by showing that if no ran-

operation in a variety of geometric algorithils[ For example,  domization is permitted to an algorithm, it must taRék) passes
picking the median levell( = n/2) of a set of planes has applica-  to compute the-level.

tions to problems in clustering and data fittifh@. Depth peeling As before, we specify the computational model first. The algo-
can be used to solve this problem: to pick #&-level, we “peel rithm is permitted to ask (see Sect@for the definitions) questions

off” k layers of the scene, and this can be doné jpasses using  of the form “What ismin PASS.. (v) ?”, “What ismax zPASS< (v)
the two-sided depth test. In this section, we will present a random- 2”(which are essentially depth peeling questions), and “What is
ized algorithm that makes use of a two-sided depth test to compute|Pass(v;, v2)| ?”, which is an interval-count operation. We can

thek'" level of an arrangement it (log ) passé an exponential think of the quantity|Pass(v1,v2)| as ageneralized rankof v,

improvement over using just depth peeling. (count elements belows, but abovey;). Note that each such ques-
The algorithm is a randomized variant gdiicksort [10. A tion can be answered in one rendering pass.
high-level description of this algorithm is as follows: Once again, to prove a lower bound we will follow an evasive
strategy. The strategy is fairly complex and we defer the details to
AppendixBl
Algorithm 1: QUICKPICK Theorem 9.1. Any deterministic algorithm that computes the
Input: 1, xQ’tH' - T,y k k" level in a scene using the two-sided test must perform
Output: Thek, largestitem Q(min(n/2 — 1, W/2)) rendering passes.
lo — argmin(x1,...x,), hi — argmax(z1,...,Zn).
while hi-lo> 1 do
Pick random elementmiq betweenzi, andxzn; 10 Conclusions
clo < number ofz; betweenzi, andzmig
if clo > k then In this paper, we demonstrate that the two-sided depth test, as re-
hi < mid alized by using the shadow buffer, is a powerful operator in the
else graphics pipeline. We show this by demonstrating an implemen-
lo < mid tation that renders CSG objects in a small number of passes, and
Outputlo show how to extract arbitrary levels from a scene in sublinear num-

ber of passes. Our algorithms are strengthened by the lower bounds
that we prove, in many ways showing that the two-sided depth test
is crucial to our ability to perform such operations efficiently.

It is likely that there are many other problems for which a two-
sided depth test provides a tremendous advantage over single-sided
tests. In general, with the increasing power of graphics hardware,
theoretical studies that attempt to ascertain the potential and the
limits of this pipeline as a general purpose stream engine will tie
into the burgeoning trend of streaming algorithms in other areas
(databases and networking being two notable diips [

With probability greater than 0.5, the elememntq will lie in the
middle third of the input range, and thus after one iteration of the
while loop, the differencéii-lo will be at mostn /3, thus imply-
ing that the expected number of iterations of thkile loop is
O(logn). This can be shown to hold with high probabiliig].

The crucial test in this algorithm is the following operation:

Pick a random element lying in the range [lo,hi]

Using the two-sided depth test, we can extract all elements
whose values lie between two endpoints. Once these fragments
pass the two tests, they are rendered into the color buffer, and the
last fragment encountered is stored (assuming we do no blending).
In order to ensure that this element is random, we permute the in-
put sequence randomly in each pass, thus guaranteeing thasthe
fragment passing the two depth tests is a random fragment amongReferences
all those that pass the test.
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A Randomized Lower Bound for Depth
Peeling

As in the deterministic settlng asklng the quénss: (d) does not

give any information forl < % zord > s case Il

For a query of the form “Return théh element in the input
stream”, the probability that thé" fragment is the fragment with
depthu,, is +. Likewise, if the algorithm asks “give an arbitrary
fragment inpass:(v)” the probability of getting the fragment with
depth valuev,, is % If the fragment queried is not the desired
fragment the algorithm gains no information.

Consider any algorithm that takes less tharsteps. Even if
all questions probe distinct fragments as above, with probability
(1-2)  the algorithm does not stumble upon the correct fragment.

The probability is greater tha%r forn > 4.

Therfore at least half of the time the algorithm must utilize ques-
tions like “What is|pass; (v)|?". If v < vy, the count will bek else
if v > vy, then it will bek + 1. The case = v,, means that we
stumbled upon the correct value of, already. Yao’s principle is
used here to observe that we can assume the algorithm in question
to be deterministic. As a consequence, contingent upon the fact that
all queries hoping to probe the correct fragment were futile, the rest
of the algorithm is deterministic. Thus the algorithm definésed
binary tree on the" ~! possible values of,,. The binary tree is
fixed since the first question “is < v,,” asked by the algorithm
is fixed, being deterministic. Contingent on the answer to the first
question the second such question is also fixed and so on.

If o > maxSl(,«kainShi’ Slo _ Slo U
{maxSiotminSuiy and UNDEF — —. return

max S;,+min Sy ;

If we are askedPass(v1, v2)].

If v1 < max.S;, andvz > min Sp; we returnuUNDEF
plus the number of elements B),; and.S;, that fall in
the range.

If v1 > min Sp; Or v2 < max Sj, we inspect the items
of Si0, Sk: Which fall in the range and answer appropri-
ately.

3 S in Sy,
If vy > % set Sp; = Spi U
5m1x510+m1115h1 mlelo+m1nS;”} UNDEF— = 2
and the answer |nspect|ng the number of items$'in
in the range.

If vy, < MmaxSeddminde gat g = g U
maxSlo+m1nS;u maxSlo+3mmS;”} UNDEF— = 2

and the answer |nspect|ng the number of |tem§,u;1
in the range.

Otherwise set (storingmax Sj,, min Sp;) S =
Slo @] {—Bmaxslo+m1nS;Li} and Shi = Shi (@]
{maxSiotSmin Sni} and setUNDEF— = 2 and return
(new vaIue ofJUNDEF.

Now the expected number of queries is the average depth of the We can verify thainax S;, < min Sy; as long a3JNDEF > 0
tree, since we know all the bits @f,, only when we reach a leaf.  and the number of bits of precision required to express the numbers
But any binary tree 08" ~! objects has an average depth at least isn — UNDEF. Thus we can force the algorithrhto run for at least
W — 1. Thus with probability greater thah we must ask atleast 4 — 1 steps (since before these many step®EF is nonzero).
Q(W) questions if we asked no more thgrguestions. This proves  |f the word size isiW then we can force the algorithm to agk
the desired ower bound 6f(min{n, W}). questions since two bits of precision are fixed every iteration.

B Deterministic Lower Bound for Depth
Picking

We will use setsS;, and.Sy; and a valueuNDEF. Initially S;, =
{0}, Sh; = {1} anduUNDEF = n — 2. The construction is as
follows:

case I: If we are askednin PASS. (v)

e If v < max S, return the smallest elementsf, larger
thanv.

e If v > min Sy, return the smallest elementih,; larger
thanwv. If this element is undefined then it means that
all values are less than return a null symbol.

S in Sj;
o If w < w, Sio - S U

{maxSietminSuiy and UNDEF — —. return

max S;,+min Sy,
T E—

o If v > M5 dminSui retyrnmin Sy; and Sy =
Shi U {2 SedminSniy andynpEF — —.

case II: If we are askednax PASS. (v)
e If v > min S, return the largest element if,; smaller
thanwv.

e If v < max Sj, return the largest element i), smaller
thanwv. If this element is undefined then it means that
all values are greater than return a null symbol.

o If v < 25dminSni retyr max Sj, and Sp; =
Shi U {max Slo;mm Shi } andUNDEF — —.
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