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Abstract— We present a simple algorithm for approximating
the fr eecon�guration spaceof robotswith low degreesof fr eedom
(DOFs).Werepresentthe fr eespaceasan arrangementof contact
surfaces. We approximate the fr ee space using an adaptive
volumetric grid that is computedby performing simple geometric
tests on the contact surfaces. We use an isosurface extraction
algorithm to compute a piecewise-linear approximation to the
boundary of the fr eespace.We prove that our approximation is
topologically equivalent to the exactfr eespaceboundary. We also
ensure that our approximation is geometrically closeto the exact
fr eespaceboundary by bounding its two-sidedHausdorff error.
We have applied our algorithm to computethe fr eecon�guration
spacefor the following instances:(1) a 2D polygonal robot with
translational and rotational DOFs navigating among polygonal
obstacles, and (2) a 3D polyhedral robot translating among
polyhedral obstacles.In practice, our algorithm works well on
robots with thr ee DOFs.

I . INTRODUCTION

Con�guration spaceis a fundamentalconceptin robotics
[17], [18]. Considera robot R navigating amonga stationary
rigid obstacleO. The con�guration spaceC of R is the setof
all possiblepositionsandorientationsthatR canassume.The
underlyingideaof con�gurationspaceis to representtherobot
asa point in C andto mapthe obstaclesto C. The obstacleO
mapsto a region

CO = f q 2 C : R(q) \ O 6= ;g ;

in C, whereR(q) is the subsetof W occupiedby R at the
con�guration q. CO is called the C-obstacleregion or the
forbiddenregion. The set

F = Cn CO

is called the free con�guration space or the free space.
Con�guration spacereducesthe problemof motion planning
of a dimensionedrobot into the problem of planning the
motion of a point within the robot's free space.Con�guration
spacehasplayeda crucial role in helpingunderstandmotion
planning problems, and led to the development of many
motion planning algorithms. The problem of con�guration
spacecomputationis to computethe free spaceF . In this
paper, we presentan algorithmto computean approximation
of F , and give geometricand topological guaranteeson its
accuracy.

Con�guration spacecomputationis a classic problem in
algorithmic roboticsand computationalgeometry. This prob-
lem arisesin several important applicationssuch as motion
planning [1], [8], [18]–[20], collision detectionand distance
computation [3], [5], layout and containmentproblems in
manufacturing[2], spatial reasoning[28], assemblyand task
planning [23], and toleranceanalysisand mechanismdesign
[12].

A generalapproachfor con�guration spacecomputation
proceedsby enumeratingcontact surfacesfor every pair of
featuresfrom the robot R and the obstacleO. A contact
surfaceof a geometricfeature(vertex, edge,face)of R anda
similar feature(vertex, edge,face)of O is de�ned asthesetof
points in the con�guration spacethat representcon�gurations
of R at which contactis madebetweenthesespeci�c features.
The set � of contactsurfacesde�ne an arrangementA(�) .
The freespaceF consistsof certaincells in this arrangement.
Therefore,F canbe computedby computingA(�) [1], [10],
[14], [19]. The combinatorial complexity of the entire F
can be O(nk ) wheren is the numberof contactsurfacesin
� and k is the dimensionof the con�guration space[22].
Complexity boundsfor F arealsoknown for certainspeci�c
casesof con�guration spaces.For instance,in the casewhere
R is a non-convex polygon with p edges,translating and
rotating in a polygonal environment boundedby m edges,
the maximumcomplexity of F is �(( pm)3). Similarly, if R
is a non-convex polyhedronwith p polygons,translatingin
a polyhedralenvironmentboundedby m polygons,then the
maximumcomplexity of F is �(( pm)3) [22].

A major bottleneck in using the above approachis ar-
rangementcomputation.Arrangementcomputationreducesto
computing intersectionsbetweenpairs of surface primitives
andis proneto problemsin accuracy androbustness[11]. Two
additional factorscontribute to the dif�culty of arrangement
computation.First, the number of surface primitives in the
arrangementcan be high: the arrangementmay have O(n2)
surfaces,wheren is thenumberof featuresin thetwo objects.
In our applications,the arrangementmay consistof several
thousandsof surface primitives. Second,the surfacesin the
arrangementare non-linear in con�guration spaceof robots
with rotational degreesof freedom.Computingintersections
betweennon-linear primitives is dif�cult to implement and



expensive in practice.Therefore,we avoid exact free space
computation.

Main Results

We presenta simplealgorithmto approximateF . Our algo-
rithm enumeratesa setof contactsurfaceswhosearrangement
de�nes F . Insteadof explicitly computingthe arrangement,
we approximateF by generatingan adaptive volumetricgrid
in thecon�guration spaceC. Our algorithmensuresthatevery
grid cell satis�es two simple geometrictests:a complex cell
test and a star-shapedtest. These two tests are suf�cient
to capturethe topology of F . The resulting grid serves as
an implicit representationof F . The main bene�t of our
representationis that it eliminatesthe needfor arrangement
computation.We computean approximateboundaryof F by
performing isosurfaceextraction on the grid using Marching
Cubes.This yields a piecewise linear approximationto @F
– the boundary of F . Our approximationis topologically
equivalent to @F : in particular, it has the samenumberof
connectedcomponentsand identical genus.We also bound
thetwo-sidedHausdorff distancebetween@F andour approx-
imation.We have implementedthealgorithmandappliedit to
computefreespaceapproximationfor thefollowing instances:
(1) a 2D polygonal robot with translationaland rotational
DOFs navigating amongpolygonal obstacles,and (2) a 3D
polyhedralrobot translatingamongpolyhedralobstacles.As
comparedto prior approaches,our algorithm is relatively
simple to implement.
Organization: The rest of the paper is organized in the
following manner. We give a brief overview of prior work
in free spacecomputationin Section2. Section3 describes
a representationof the free spaceand gives an overview of
our approach.Section4 presentsan approachfor computing
topologypreservingsurfaceapproximation.Section5 presents
an applicationof this approachto the problemof free space
computation.Section6 describesits implementationandhigh-
light its performance.

I I . PREVIOUS WORK

The problem of free space computation has been well
studied.This problem can be reducedto computingthe ar-
rangementof contactsurfaces.The arrangementcomputation
problemis ubiquitousby nature,and it arisesin a numberof
applications.A survey of differentalgorithmsandcomplexity
boundsfor arrangementscomputationsis given in [7], [22].

The maximum complexity of the entire F can be O(nk )
wheren is the numberof contactsurfacesin � and k is the
dimensionof the con�guration space[22]. For applications
such as motion planning, it is not necessaryto compute
the entire F ; it is suf�cient to computea single connected
componentof F . Halperin and Sharir [9] showed that the
combinatorialcomplexity of a single cell of an arrangement
of n surfacesin threedimensionsis O(n2+ � ), for any � > 0,
wheretheconstantof proportionalitydependson � andon the
maximum degree of the surfaces.Someof the major issues
in the implementationof arrangementcomputationalgorithms

are accuracy and robustnessproblems. It is quite hard to
enumerateall degeneratecon�gurations,especiallywhen the
primitives(i.e. the contactsurfaces)arenon-linearprimitives.

Few practicalalgorithmshave beenproposedfor thecaseof
a planar rigid robot with translationaland rotationaldegrees
of freedom [1], [19], [20]. These algorithms compute F
by using a discretenumber of slices along the orientation
parameter(rotationaldegreeof freedom).Theboundaryof @F
is composedof ruled surface patchesgeneratedby contacts
betweena moving vertex R and an obstacleedgeof O or
betweena moving edgeof R and an obstaclevertex of O.
Avnaim et al. [1] presentedan algorithm for constructingF
in �(( pm)3 logpm) time. Sacks [19], [20] used a similar
formulationanddevelopedthe �rst completemotion planning
algorithmthat is practicalfor real-world applications.Sacks's
algorithmis applicableto polygonalaswell ascurved primi-
tives.For polygonalprimitives,testingfor a criticality reduces
theproblemto solvingonly a quadraticequation.In theworst
case,the algorithm may needto test for O(m3n3) criticality
conditions.

Many algorithms have been proposedfor computing C-
obstacleof robotswith only translationaldegreesof freedom.
In this case,the C-obstacleis equal to the Minkowski sum
of the obstacleand the robot (re�ected about its origin).
Many algorithms have been proposedfor Minkowski sum
computation[4], [6], [17], [26]. All of thesealgorithmsreduce
theproblemto computingeitheranarrangementor a unionof
a largesetof primitives,which canbedif�cult in practice.As
a result,somealgorithms[26] computeonly anapproximation
to the Minkowski sum.

I I I . OVERVIEW

In thissection,wedescribearepresentationof thefreespace
followed by an overview of our approach.

A. Notation

We usethe following notationin the restof the paper. We
uselower casebold letterssuchas p; q to refer to points in
Rd.

The symbolsR and O denotethe robot and the obstacles
respectively. C denotesthe con�guration space.F denotes
the free spaceand @F denotesits boundary. To simplify
the exposition, we will assumethat C is three-dimensional;
however, we notethat our algorithmis generalandapplicable
to any con�guration spacedimension.

Our algorithmusesan adaptive volumetricgrid – a spatial
subdivision of thecon�guration spaceC. The letterC denotes
a singlecell in the grid. We assumea grid cell is a closedset
andconsistsof a cube-shapedvoxel, six faces,twelve edges,
andeight vertices.We de�ne a restrictionof a setS to a grid
cell C asSC = S \ C.

A homeomorphismis a continuousbijective mappingwith
a continuousinverse.Two objectsarehomeomorphicor topo-
logically equivalentif thereexists a homeomorphismbetween
them.
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Fig. 1. Complex cell and Star-shapedTest Cases:This �gur e showsthe different casescorrespondingto the complex cell and star-shapedtest.Figs (a),
(b), (c) and (d) showcasesof complex voxel,complex face, complex edge, and topological ambiguity. Thewhiteandblack circlesdenotepositiveandnegative
grid points respectively. Fig. (e) showsthe casewhere the isosurfaceis not star-shapedw.r.t a voxel. In Fig (f), the restrictionof the isosurfaceto the right
faceof the cell is not star-shaped.

Given a set Q, let d(p; Q) denotethe distancebetween
a point p and Q under somesuitablemetric (typically Eu-
clidean).The one-sidedHausdorff distancebetweentwo sets
P andQ is de�ned as follows:

h(P; Q) = maxf min d(p; Q) j p 2 Pg

Note that the above de�nition is not symmetric,i.e., h(P; Q)
is not necessarilyequalto h(Q; P). The two-sidedHausdorff
distanceis de�ned as:

H (P; Q) = max(h(P; Q); h(Q; P))

B. FreeSpaceRepresentation

WeassumethattherobotR is arigid or anarticulatedobject
moving amongstationaryrigid obstaclesO. We also assume
that the geometryof both R andO is accuratelyknown. The
free spaceF is the setof con�gurationsat which R doesnot
collide with O. The boundaryof F , denotedas@F , consists
of thosecon�gurationsof R at which R makes contactwith
O, but doesnot penetrateinto theinterior of O. Therefore,@F
canbe expressedin termsof a collectionof contactsurfaces
(C-surfaces),eachbeing the locus of con�gurations of R at
which a speci�c featureof R is in contactwith a featureof
O. We refer the readerto [14] for a detailedexplanationof
C-surfaces.We note two importantpropertiesof C-surfaces:

Supersetproperty: Theset� of C-surfacesde�ne anarrange-
mentin C. F is a collectionof cells in this arrangement;a cell
correspondingto a connectedcomponentof F . Furthermore,
� is a supersetof the boundary@F of free space,i.e., @F �S

f 
 i 2 � g.

Orientation property: We can assignan orientationto each
C-surface.We explain this with an intuitive argument.Con-
sidera C-surface
 generatedby the contactbetweena robot
featuref 1 and an obstaclefeaturef 2. Pointson one side of

 correspondto the casewhere f 1 haspenetratedf 2. These
pointsbelongto C-obstacle.On the otherhand,pointson the
othersidecorrespondto no overlapor contactbetweenf 1 and
f 2. We orient 
 by assigninga normalat p to point “towards
C-obstacle”.A more preciseexplanation of the orientation
propertycanbe found in [25].

@F canbeobtainedby computingthearrangementof � . For
a 3-dimensionalcon�guration space,the setof 2-dimensional
cells in the arrangementprovidesa partitionof the C-surfaces
into a set of surfacecomponents.Given sucha partition, we
cancombinea subsetof thesurfacecomponentsto obtain@F .
However, this is not feasiblein practicedue to the dif�culty

of arrangementcomputation.Therefore,we avoid exact free
spacecomputation.

C. Our Approach

We computean approximationto @F using distance�eld-
basedtechniques.Wecomputeasigneddistance�eld to @F . A
signeddistance�eld D : R3 ! R is a continuousfunctionthat
at a point p measuresthe distancebetweenp and @F under
a suitablemetric (e.g., Euclidean).This value is positive or
negative dependingon whetherthepoint lies outsideor inside
@F .

A commonway of representingthe signeddistance�eld is
to discretizethecontinuousdistance�eld into discretesamples
– to computethe value of the distance�eld at the vertices
of a volumetricgrid. We refer to this stepassamplingof the
distance�eld. Thegrid is anapproximaterepresentationof the
distance�eld; the accuracy of the approximaterepresentation
dependson the rate of sampling– the resolutionof the grid.

The overall approachproceedsin the following steps:

1) Sampling: Generateanadaptive voxel grid andcompute
the signeddistance�eld at its grid points.

2) Reconstruction: Use somevariant of Marching Cubes
algorithm [13], [16] to perform isosurface extraction
from the distance�eld. The extracted isosurface is a
piece-wiselinear approximationto @F .

Two importantadvantagesof theaboveapproacharesimplicity
andef�ciency. Eachstepis easyto implement.A uniform grid
or an adaptive grid (e.g. octree)may be chosen.Isosurface
extractionis alsoreasonablystraightforward;MarchingCubes
is bothsimpleandfast.Many public domainimplementations
of MarchingCubes[21] areavailable.Moreover, this approach
doesnot requirearrangementcomputation.

IV. APPROXIMATE APPROACH

In our prior work [24], we presentedanalgorithmfor com-
puting topologypreservingisosurfacesandusedit to perform
Booleanoperations.We apply this algorithm to the problem
of free spacecomputation.We provide a brief descriptionof
this algorithm.It is basedon the samplingandreconstruction
approachpresentedin SectionIII-C. Given a Booleanexpres-
sion de�ned over a setof primitives, it generatesan adaptive
volumetricgrid. Let E denotethe boundaryof the �nal solid
de�ned by theBooleanexpression.Thealgorithmstartswith a
singlegrid cell thatenclosesE. It performstwo tests,complex
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cell test and star-shapedtest, to decidewhetherto subdivide
a grid cell.

Complex Cell Test

We de�ne a voxel (face)of a grid cell to be complex if it
intersectsE andthegrid verticesbelongingto thevoxel (face)
do not exhibit a sign change(Figs.1(a) & 1(b)). The sign of
a vertex is positive if it lies within E, negative otherwise.An
edgeof the grid cell is said to be complex if E intersectsthe
edgemorethanonce(Fig. 1(c)). It is well known that March-
ing Cubesproducestopologicallyambiguousoutputfor certain
sign con�gurations(Fig. 1(d)). Thesesign con�gurationsare
referredto asambiguoussign con�gurations.

DEFINITION 1
1) Complex cell: A cell is complex if it has a complex

voxel,complex face,complex edge,or anambiguoussign
con�guration.

2) Complex cell test (C2 ) : A cell C satis�esC2 if C is
not complex.

Intuitively, C2 ensuresthat the surface intersectsthe grid
cell in a simplemannerin mostcases.If a grid cell doesnot
satisfy C2 , it is subdivided and the algorithm is recursively
appliedto eachof its childrencells.

Star-shapedTest

A surfaceE is star-shapedif thereexists a point o 2 R3

(calledguard)suchthat for any x 2 E we have ox \ E = f xg.
Intuitively, the guardcan “see” every point on a star-shaped
surface.

We now de�ne the star-shapedpropertyfor a cell. We say
E is star-shapedwith respectto (w.r.t) a voxel# if thereexists
a point o 2 R3 suchthat for any x 2 E# = E \ # we have
ox \ E# = f xg. Pointo is a guardof E# . A similar propertyis
alsode�ned for the facesof the cell. We de�ne E to be star-
shapedw.r.t a cell if it is star-shapedw.r.t thecell's voxel, and
eachof its faces.

DEFINITION 2
Star-shaped test (CF ) : A cell C satis�es CF if E is star-
shapedw.r.t C.

If a cell doesnot satisfyCF , it is subdividedandthealgorithm
is recursively appliedto the childrencells.

In this manner, by applying C2 and CF , the algorithm
generatesavolumetricgrid. It usesMarchingCubesto perform
isosurface extraction on the resulting grid. The extracted
surfaceis a piecewise-linearapproximationto E.

In [24], we usedmax-normdistancecomputation,linear
programming,andinterval arithmeticto performthe complex
cell andstar-shapedtests.Performingthesecomputationsdoes
not require an explicit representationof E. They can be
performedeven whenE is de�ned asa Booleancombination
of a numberof primitives. We refer the readerto [24] for
additionaldetails.

V. FREE SPACE APPROXIMATION ALGORITHM

We apply the approximatealgorithm describedin Sec.IV
to the problem of free spacecomputation.We generatean
adaptive volumetricgrid in C by performingthe complex cell
and star-shapedtestson @F . The computationaltechniques
presentedin [24] to performthesetestsassumethatthedesired
surface is de�ned as a Boolean combinationover a set of
closedprimitives.This assumptiondoesnot hold in the case
of free spacecomputation:@F is de�ned as an arrangement
of C-surfaces.Furthermore,C-surfacesmay have boundaries.

We presenta set of techniquesfor performing complex
cell and star-shapedtests for free spacecomputation.The
complex cell andstar-shapedtestsrely ona numberof queries:
signquery, star-shapedquery, andcell intersectionquery. We
�rst presenttechniquesfor answeringthesequerieswithout
computingan explicit representationof @F . We thenpresent
the adaptive subdivision algorithmthat performsthe complex
cell andstar-shapedtests.

Fig. 2. Star-shaped Test: If in a cell C, all the C-surfacessatisfy the
contactsurfacecondition (Equation1), then@F \ C is star-shapedw.r.t o.
Thearrows indicate the orientationof the C-surfaces.

A. SupportingQueries

Sign Query

Given a point q 2 C, the sign query determineswhether
q belongsto the free space,i.e., if q 2 F . The de�nition
of the free spacereducesthis query to a collision check
betweenR(q) and the obstacles:q 2 F if andonly if R(q)
doesnot intersectany obstacle.Therefore,this query can be
implementedusinga collision detectionroutine [15].

Star-shapedQuery

Considera grid cell C in the con�guration space.The star-
shapedquery answersthe following question: is @F star-
shapedw.r.t C? We needto perform two testson @F – (a)
star-shapedw.r.t voxel, and (b) star-shapedw.r.t. each face.
We presenta conservative techniqueto perform both tests.
We exploit the fact that the C-surfacesform a supersetof @F
(Supersetproperty, Sec. III-B). This reducesthe problem to
performingcertaincomputationson the C-surfaces.

Let S be a voxel or a faceof cell C. Let � denotethe set
of all C-surfaces.For eachC-surface
 i 2 � that intersectsS,
computethe restriction
 i;S = 
 i \ S to S. Let � S denotethe
resultingsetof surfaces.

We can answerthe star-shapedquery provided S satis�es
the following condition:
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Contact Surface Condition:
Is therea point o 2 S suchthat
For each
 i;S 2 � S the following holds:
for all x 2 
 i;S with normalnx we have

ox � nx > 0 (1)

SeeFig. 2. If S satis�es the above condition, then we can
answerthe star-shapedquery. This is formally statedas the
following theorem.

THEOREM 1
Star-shapedtest: SupposeS satis�esthecontactsurfacecon-
dition (Equation1). Then

1) FS 6= ; ( ) o 2 F .
2) If @FS 6= ; , then@FS is star-shapedw.r.t o.

The proof of this result canbe found in [25].
Theorem1 reducesthestar-shapedqueryon@F to verifying

the contactsurfaceconditionfor the contactsurfaces.We can
performthisveri�cation usinglinearprogrammingandinterval
arithmeticbasedtechniques,asdescribedin [24].

Theabove testfor star-shapedqueryis conservative: if acell
C passesthe test,then@F is star-shapedw.r.t C; however, the
converse is not true. It is possiblefor F to be star-shaped
w.r.t C even if the contactsurfacecondition is not satis�ed.
The main advantageof the test is that it doesnot requirean
explicit representationof F . If C fails theabove tests,thenwe
subdivide C andrepeatthetestson thesubdividedcells.While
this may result in someunnecessarysubdivision, it preserves
the correctnessof the algorithm.

Cell Intersection Query

The objective of cell intersectionquery is to test if @F
intersectsthecell. Speci�cally, we needto testif @F intersects
a voxel, a face,or an edgeof a cell. We refer to thesethree
testscollectively ascell intersectionqueries,and individually
asvoxel, face,andedgeintersectionquery.

Voxel/Face Intersection Query: Let S be a voxel or a face
of cell C. This queryanswerswhether@F intersectsS, i.e., if
@FS 6= ; . In general,this queryis dif�cult without anexplicit
representationof @F . We answerthe intersectionquery in a
specialcase– whenS satis�es the contactsurfacecondition.
In this case,we usea testbasedon the following corollary of
Theorem1.

COROLLAR Y 1
Cell Intersection query: SupposeS satis�esthecontactsur-
facecondition.Then

o 2 F ^ � S 6= ; ( ) @FS 6= ;

The proof of this result canbe found in [25].
We can checkif o 2 F using the sign query. To checkif

� S 6= ; , we needto test if any C-surface in � intersectsS.

Algorithm 1 Adaptive Subdivision (C)
Input: Grid cell C
Output: An adaptive subdivision of C.

if (C passesthe star-shapedtest) then
o = origin of C
if o =2 F then

returnC
end if
if (C passesthe complex cell test) then

returnC
end if

end if
Subdivide C into childrencells Ci

for eachchild Ci do
Adaptive Subdivision(Ci )

end for

This canbedoneusingeithermax-normdistancecomputation
andinterval arithmeticbasedtechniques,asdescribedin [24].

Edge Intersection Query: Consideranedgee with endpoints
a andb. This querycomputesthe numberof pointsat which
@F intersectse. If thenumberof intersectionpointsis greater
than0, thene is intersectedby @F .

We exploit the supersetproperty of contactsurfaces.We
computethe intersectionof e with all thecontactsurfaces.Let
I = f p1 ; p2 ; : : : ; pk g denotethe resultingset of intersection
points.Sincethe contactsurfacesarea supersetof @F , some
of theseintersectionpointsmaynotbelongto @F . We perform
a teston eachp i to checkif it belongsto @F .

Assumethat the intersectionpoints in I are sortedalong
the edge:Point p i is closer to a than p i + 1 . De�ne p0 = a
andpk + 1 = b. Computea setof points f q0 ; : : : ; qk g where
q i = (p i + p i + 1 )=2. Pointp i belongsto @F if eitherq i � 1 2 F
or q i 2 F , which canbe testedusing the sign query.

B. AdaptiveSubdivisionAlgorithm

We generatea spatialsubdivision of thecon�gurationspace
C in the form of an adaptive volumetric grid. The algorithm
starts with a single grid cell that bounds all the contact
surfaces.The algorithm performsboth complex cell test and
star-shapedteston thegrid cell. If both the testspassthegrid
cell is returnedasa leaf nodeof the adaptive grid. Otherwise
the grid cell is subdivided and the algorithm is recursively
applied to its children cells. The algorithm terminateswhen
all thegrid cellssatisfythecomplex cell andstar-shapedtests.

Below we give detailsof the complex cell andstar-shaped
tests.We impose an order in which the two tests must be
applied:we requirethatthestar-shapedtestbeexecutedbefore
the complex cell test.The reasonfor imposingthis orderwill
be evident below.

Star-shapedTest

The star-shapedtest performstwo testson @F – (a) star-
shapedw.r.t voxel, and(b) star-shapedw.r.t. eachface.We use
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(a) Adaptive Subdivision (b) Reconstruction

Fig. 3. Fig. (a) highlights our adaptivesubdivisionalgorithm in 2D. The
�gur e showsan arrangementof orientedcontactsurfacesand the C-obstacle
space(shownin gray). Cell AB CD doesnot satisfyeither the star-shaped
or complex cell testsand therefore gets subdivided.Cell E B N F satis�es
both the testsand hencedoesnot get subdivided.The adaptivesubdivision
continuesuntil all thegrid cellssatis�esthetwo tests.Fig. (b) showstheresult
of applyingMarching Cubesto the grid generated in Fig. (a). The resulting
surface(shownin green) is topologically equivalentto the boundaryof the
freespace.

the star-shapedquerypresentedin Sec.V-A to performthese
tests.

If any of thesetestsresult in thenegative, we subdivide the
cell andapply the algorithmrecursively to the new cells.

Complex Cell Test

We perform the complex cell test on a cell C only when
C has already satis�ed the star-shapedtest. This meansC
satis�es the contactsurfacecondition(Equation1). Hencewe
can use Corollary 1 to perform the cell intersectionquery
on C. We take advantageof this fact while performing the
complex cell test.

To checkwhethera cell is complex, we performthefollow-
ing tests:

� Complex Voxel/Face: We usethe cell intersectionquery
to checkwhether@F intersectsa voxel or faceof thecell.
If @F intersectsthevoxel (face),thenwe determineif the
voxel (face) is complex by checkingfor a sign change
at the cell vertices. The signs at the cell vertices are
computedusing the sign query. If @F doesnot intersect
the voxel (face),then the voxel (face) is not considered
complex.

� Complex Edge: We use the edgeintersectionquery to
testif anedgeis complex. An edgeis complex if the@F
intersectsthe edgein more thanonepoint.

� Ambiguity : We use the signs at the grid vertices to
resolve casescorrespondingto faceandvoxel ambiguity.

If any of thesetestsresultsin the af�rmati ve, the cell is com-
plex, andwe subdivide it andapply the algorithmrecursively
to the new cells.

Alg. 1 shows the pseudo-codeof our adaptive subdivision
algorithm.Fig. 3 illustratesthe algorithmin 2D.

C. Geometricand Topological Guarantees

The adaptive subdivision algorithm generatesan adaptive
volumetricgrid suchthat every grid cell satis�es the complex
cell and star-shapedtests.In [24], we have shown that this
is a suf�cient condition for topology preservingisosurface
extraction:applyingMarchingCubesto sucha grid producesa
piecewise-linearapproximationA that is topologicallyequiv-
alent to @F . In particular, A has the samenumberof con-
nectedcomponentsand genusas @F . Furthermore,we have
alsodescribeda simpleextensionto the adaptive subdivision
algorithmthat boundsthe Hausdorff distanceH (A ; @F ), also
referredto as the Hausdorff error. The main idea is to check
if a cell satis�es the following test:

DEFINITION 3
Hausdorff test (C� ) : Givenan� > 0, acell C satis�esC� if

H (A C ; 
 i;C ) < � 8 
 i 2 � suchthat
 i;C 6= ;

where
 i;C = 
 i \ C is therestrictionof 
 i to C.

If every grid cell bounding@F satis�esC� , thenwe canshow
that H (A ; @F ) is boundedby � . This propertyis usedin the
subdivision algorithmto obtaina boundedHausdorff error. A
detailedexplanationof this techniquecanbe found in [25].

The following guaranteesfollow from the resultsin [24].

THEOREM 2
If everycell in thevolumetricgrid satis�esC2 , CF , andC� then

1) Geometric Guarantee: Given any � > 0, our algo-
rithm outputsa free spaceapproximationA such that
H (A ; @F ) < � .

2) Topological Guarantee: Our free spaceapproximation
A is topologicallyequivalentto @F .

Together, the geometricand topologicalguaranteesensurean
accuratefree spaceapproximation.

VI . IMPLEMENTATION AND RESULTS

In this section,we describethe implementationof our algo-
rithm anddemonstrateits performanceon con�guration space
generationexamples.We used C++ programminglanguage
with the GNU g++ compiler under Linux operatingsystem.
Table I highlightsthe performanceof our algorithmon these
models.All timings were obtainedon a 2 GHz PentiumIV
PC with a GeForce4 graphicscardand1 GB RAM.

Complexity Performance
Model Num of Edges # Surf Grid Gen Isosurface FreeSpaceSize

Obstacle Robot size (s) (s) size
Assembly 224 224 256 6 1.8 22,928

Maze 30 24 1,550 12 1.68 21,402
Gears 36 72 3,929 212 3.2 66,389

TABLE I

Performance:This table highlights the performanceof our algorithm on

different models.Themodelcomplexity is provided in termsof the number

of edgesof the polygonalobjects.The table showsthe numberof contact

surfaces,the time for grid generation, the time for isosurfaceextraction,

and the sizeof the freespaceboundary.
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Fig. 4. Con�guration spaceof a planar robot capable of translation and rotation This �gur e highlights application of our free spaceapproximation
algorithm. The top left image showsa gear-shapedrobot R navigatingamongsttwo gear-shapedobstacles(O1 & O2 ) shownin gray. The start and goal
con�gurations of the robot are shownin red and greenrespectively. Several intermediatecon�gurations are also shown.The bottomleft image is a color-
codedimage of the C-surfaces.Thetwo imageson the right showtwo views of our freespaceapproximation(drawn translucently).The imagesalso showa
collision-freepath that wascomputedusing the star-shapedroadmapalgorithm [27].

Fig. 5. Thetop image showsa non-convex planar robot navigatingthrough
a maze. The robot is capableof both translation and rotation. The bottom
image showsour approximationto the robot's freespace.

We demonstratethe application of our algorithm to two
examples.Fig. 5 shows a robot navigating within a maze
model. The free con�guration spaceis de�ned in terms of
1; 550 contactsurfaces.The �gure shows a view of our free
spaceapproximation.

Fig. 4 shows another example of a gear-shapedrobot
navigating amongtwo gear-shapedobstacles.We enumerated
a setof 3; 929 contactsurfaces.We computeda collision-free
pathfor thisexampleusingthestar-shapedroadmapalgorithm
[27], which is a deterministicsamplingalgorithmfor complete
motionplanning.Theimagesshow thepathsuperimposedonto

the free spaceapproximation.
Fig. 6 shows an application of our algorithm to 3D

translationalassemblyplanning. The �gure shows our free
spaceapproximation.

Table I lists thetime in computingtheboundaryof thefree
con�guration space.The table also shows the complexity of
the grid sizeand the boundaryof free con�guration space.

A. Limitations

Our algorithm assumesthat the free spacedoesnot have
any tangentialcontacts.A tangentialcontactoccurswhentwo
C-surfacestoucheachotherat a point thusforming a narrow
passageof width zero in the free space.This may occur in
caseswhere the robot must touch an obstaclein order to
passthrougha narrow passageto reachthegoalcon�guration.
Dealingwith suchdegeneratecasesis a dif�cult problem.

A bottleneckin our approachis the large number of C-
surfaces.Typically, our methodenumeratesO(n2) C-surfaces
where n is the number of features in the robot and the
obstacles.Many of theseC-surfaceslie within C-obstacleand
do not contribute to the actual boundaryof the free space,
thus adding an unnecessaryoverheadto the algorithm. We
can alleviate this problemby using betterculling techniques
to eliminatesuchC-surfaces[29].

Our algorithmis not speci�c to a �x ed con�guration space
dimension.In theory, it is applicableto robotswith arbitrary
DOF. However, the theoreticalcomplexity andthe implemen-
tation complexity grow considerablywith DOF.
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Fig. 6. This exampledemonstrates the application of con�guration space
approximationalgorithmto assemblyplanning. There are two partseach with
pegs and holes.Thegoal is to assemblethe two parts so that the pegs of one
part �t into the holesof the other. We appliedour freespaceapproximation
algorithmto this example. Theimageson theright showtwo viewsof the free
con�guration spaceapproximation(onesolid andonewireframe).Theimages
also show a collision-free path computedusing the star-shapedroadmap
algorithm [27].

VII . CONCLUSIONS AND FUTURE WORK

We have presenteda practical algorithm for approximat-
ing the free con�guration spaceof robots with translational
and rotationaldegreesof freedom.Unlike previous methods,
our algorithm avoids computing an arrangementof the C-
surfaces.Instead,we usea grid-basedmethodto computea
geometricallycloseand topologically correctapproximation.
The algorithmis simple to implementin practice.

Thereare many avenuesfor future work. For someappli-
cations,a robot is allowed to be in contactwith the obstacles.
We would like to extend our algorithm to accommodate
this. We are interestedin application of our algorithm to
higher degreesof freedom(e.g. 6-DOF) con�guration space
computation.It is possibleto extendour currentalgorithmto
approximatethe con�guration spaceof curved planarobjects.
Thecontactsurfacegenerationstepof our algorithmwill need
to be extended:this could be donesimilarly to the approach
presentedin [19]. Finally, we would like to improve the
adaptive subdivision algorithm by making our approachless
conservative, thus improving the overall performanceof our
algorithm.
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