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Abstract:

Finding zeros of algebraic sets is a fundamental problem
in scientific and geometric computation. It arises in sym-
bolic and numeric techniques used to manipulate sets of
polynomial equations. In this paper, we outline algorithms
and applications for solving zero and one dimensional al-
gebraic sets using matrix computations. These algorithms
make use of techniques from elimination theory and reduce
the problem to finding singular sets of matrix polynomi-
als. We make use of algorithms for eigendecomposition,
singular value decomposition and Gaussian elimination to
compute the singular sets. These algorithms have been im-
plemented and perform very well in practice. We describe
their application to computing conformations of molecular
chains, inverse kinematics of serial robots, solid modeling
and manufacturing.

1 Introduction

Finding the solution to a system of non-linear polyno-
mial equations over a given field is a classical and fun-
damental problem in the computational literature. This
problem arises in a number of symbolic and scientific ap-
plications. Furthermore, many applications in computer
algebra, robotics, computer graphics, molecular modeling,
geometric and solid modeling and computer vision use sets
of polynomial equations for object representation and for
defining constraints (as an algebraic set or semi-algebraic
set). As a result, many geometric operations in these ap-
plications reduce to finding a solution to these polynomial
equations. In this paper we restrict ourselves to zero and
one dimensional algebraic sets.

The problem of finding numerical approximation to the
solutions of a system of polynomial equations has been
studied over the centuries. However, the current viewpoint
is that there are no good, general methods for solving sys-
tems of more than one nonlinear equations, as highlighted
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in the book “Numerical Recipes: The Art of Scientific
Computing” [PFTV90]. If the system corresponds to a set
of linear equations, good algorithms and their implementa-
tions, in the form of linear algebra packages like LINPACK
[BDMST79] and LAPACK [ABB'92], are known and widely
used. At the same time, a great deal of work has been done
in the symbolic and numeric literature for finding roots of
a univariate polynomial and good algorithms are known
based on Sturm sequences, Uspensky’s methods, Jenkins-
Traub algorithm etc. When it comes to finding roots of a
system of non-linear polynomial equations, symbolic meth-
ods like resultants, Grobner bases, Ritt-Wu’s algorithm
can be used for eliminating variables and thereby reduc-
ing the problem to finding roots of univariate polynomials
(for zero dimensional algebraic sets). A great deal of work
has been done in the literature on the theory, implementa-
tion and application of these techniques. However, in the
last decade most of the effort has been directed towards
use of Grébner bases. Most computer algebra systems, like
Mathematica, Maple, Reduce etc. have a package for com-
puting the Groébner bases of an ideal. Motivated by the
need of faster implementations, some special systems have
been developed exclusively for Grobner bases computation,
like Macaulay and Cocoa. As far as resultants are con-
cerned, many different formulations are known for sets of
polynomials. In practice, almost all computer algebra sys-
tems have a routine for the ubiquitous Sylvester resultant
of two polynomial equations. However, all these imple-
mentations have been found to be very slow for geometric
applications on current hardware. Trying to compute the
Grébner bases of 3 — 4 polynomials in 4 — 5 variables of
moderate degrees can take an incredible amount of time,
if the system 1s able to compute it at all. Many a times
the computation goes on until the machine runs out of all
the virtual space (which is of the order of few gigabytes).
This fact was highlighted in the context of geometric mod-
eling applications by Hoffmann [Hof90]. Furthermore, this
approach based on symbolic elimination and finding roots
of a single polynomial needs to be implemented in exact



arithmetic as opposed to finite precision arithmetic (like
IEEE floating point arithmetic available on current hard-
ware). This is due to the fact that the problem of finding
roots of a univariate polynomial may be ill-conditioned for
high degree polynomials, as shown by Wilkinson [Wil59].
That slows down the overall computation.

In the context of floating point arithmetic, the two main
approaches for zero-dimensional sets are iterative methods
and homotopy methods. Iterative techniques, like the New-
ton’s method, are good for local analysis only and work well
if we are given good initial guesses to the solutions. This
is rather difficult for most applications. Homotopy meth-
ods have a good theoretical background and proceed by
following paths in the complex space [GZ79]. In theory,
each path converges to a geometrically isolated solution.
They have been implemented and tried on a variety of ap-
plications [Mor87, Mor92]. Some public domain software
packages, like HOMPACK, are available as well. However,
in practice current implementations and algorithms for ho-
motopy methods suffer from many problems. The different
paths being followed may not be geometrically 1solated. In
particular, this problem has been summarized by Horn in
[Hor91], who applied continuation methods for the struc-
ture from motion problem in computer vision, as: “one
problem with continuation methods is that, while in the-
ory paths of roots should never cross, in practice they often
come close enough to permit path jumping, unless the path
15 followed with impractically tight tolerances”. Moreover
continuation methods are considered to be computationally
very demanding. For example, to solve the problem of in-
verse kinematics of 6 revolute joints (which can be reduced
to solving 6 polynomial equations in 6 unknowns), where
a performance of the order of milliseconds is desired, the
best implementation of continuation methods takes about

10 seconds on an IBM 370 — 3090 mainframe [WM91].

Many of the symbolic and numeric techniques high-
lighted above have been generalized to one-dimensional al-
gebraic sets. Based on a classic theorem in algebraic ge-
ometry, an algebraic plane curve birationally equivalent
to the space curve is computed using elimination tech-
niques. Given an algebraic plane curve, techniques for
desingularisation based on quadratic transformations are
given in [Wal50, Abh90, AB88, Joh87]. These are use-
ful for computing all the branches of the curve. However,
the resulting algorithm can potentially be exponential in
the degree of the curve. Algorithms based on Collins’
eylindrical algebraic decomposition (CAD), [Col75], have
been used for evaluating all components of algebraic curves
[Arn83, SS83]. Its worst case complexity is doubly expo-
nential in the number of variables. For plane curves, im-
proved polynomial time algorithms based on CAD have
been presented in [AF88]. However the exponent in terms

of N (the degree of the curve) is rather high. Further-
more, these algorithms are implemented using exact arith-
metic, which makes them slow and memory intensive in
practice. Many applications in solid modeling and manu-
facturing need to evaluate very high degree algebraic curves
(a few hundred) and these techniques are not suitable for
such curves. Numerical and finite precision algorithms
based on interval arithmetic [Moo79] and homotopy meth-
ods [GZ79, Mor92] have also been used for evaluating alge-
braic sets. While the former are slow in practice, the latter
need points all the components and suffer from problems
like component jumping. There is a considerable amount
of emphasis in the solid modeling literature to evaluate sur-
face intersections and offset curves [Hof89, SN91, Man92]
and in vision literature to compute aspect graphs [PK92].
This includes algorithms for computing all components in-
cluding the closed loops. However, these algorithms are
somewhat restrictive and cannot be used for evaluating
general algebraic curves.

In this paper we outline algorithms for solving algebraic
systems using multipolynomial resultants and matrix com-
putations. The algorithms symbolically eliminate variables
from a given set of equations using resultants. However the
resultant is expressed as a singular set of a matrix poly-
nomial and we make use of linear algebra algorithms to
compute the solutions. There is an elegant relationship
between the kernel of these matrix polynomials and the
variables being eliminated, which is being used for com-
puting the rest of the variables and the birational map.
We survey algorithms for zero-dimensional algebraic sets
[Man92, Man94b, Man94a], highlights their application to
inverse kinematics of serial robot manipulators [Man92]
and conformational analysis of molecular chains [MZW95].
We evaluate one-dimensional algebraic sets up to a desired
precision using tracing methods. We present algorithms to
find start points on all components of the curves, prevent
component jumping and handling singularities. The result-
ing algorithm has been applied to compute intersection of
high degree rational surfaces and boundary representation
of a submarine torpedo storage and handling room model.

The rest of the paper is organized in the following man-
ner. In Section 2 we review the results from elimination
theory. We consider sparse as well as dense polynomial
systems. In Section 3 we show how resultants of polyno-
mial systems can be expressed as matrix polynomials and
the zero-dimensional root finding reduces to an eigenvalue
problem. We extend the algorithm to one dimensional alge-
braic sets in Section 4. We describe its implementation and
application to kinematics of robot chains and molecules,
solid modeling and computation of boundary representa-
tion in Section 5. Finally, we describe some limitations of
this approach in Section 6 and describe some problems for



future research.

2 Background

Finding the zeros of a polynomial system is a fundamen-
tal problem in computational literature. This problem has
been studied extensively in the classic as well as modern
literature. In particular, elimination theory, a branch of
classical algebraic geometry investigates the condition un-
der which sets of polynomials have common roots. Some of
its results were known at least a century ago [Sal85, Wae50]
and still appear in modern treatments of algebraic geome-
try, at times in non-constructive form. The main result is
the construction of a single resultant polynomial of n homo-
geneous polynomial equations in n unknowns, such that the
vanishing of the resultant is a necessary and sufficient con-
dition for the given system to have a non-trivial solution.
We call this resultant the Multipolynomial Resultant of the
given system of polynomial equations [Man92, MC93].

2.1 MultiPolynomial Resultants

Given a system of polynomial equations, the resultant
is obtained by eliminating a set of variables and thereby
computing a projection of the algebraic set in the lower
dimension. The resultant is defined as a polynomial in the
coefficients of the original system of equations. However,
almost all formulations for computing the resultant express
it in terms of matrices and determinants. The entries of
the matrices are polynomial functions of the coefficient. We
make use of this computational property in our algorithm
for finding roots of polynomial equations, which is based
on the interpretation that resultants linearize a non-linear
problem.

The most familiar form of the resultant is the Sylvester’s
formulation for the case n = 2. In this case, the resultant
can always be expressed as determinant of a matrix. How-
ever, a single determinant formulation may not exist for
any arbitrary n and the most general formulation of resul-
tant (to the best of our knowledge) expresses it as a ratio
of two determinants [Mac02]. Many a time both determi-
nants evaluate to zero. To compute the resultant we need
to perturb the equations and use limiting arguments. This
corresponds to computing the characteristic polynomials
of both the determinants [Can88]. Many special cases,
corresponding to n = 2,3,4,5,6 when the resultant can
be expressed as the determinant of a matrix, are given in
[Dix08, Jou91, Mor25, MC27].

Most of the formulation presented in the classical lit-
erature correspond to computing the resultants of dense
polynomial systems. More recently, resultants of sparse
polynomial systems have received a lot attention in a
newly developed area sparse elimination theory. In the
late 1980’s, Gel’fand and his colleagues began the study of

discriminants and resultants of sparse polynomial systems
[GKZ88]. Sparseness leads to a lowering of effective degree,
and the sparse theory provides a simple direct method for
proving bounds on the number of solutions. The main idea
is to make use of sparseness to speedup equation solving
and elimination of variables. The major benefit comes from
the fact that the total number of solutions in the affine do-
main is much lower than the Bezout bound. Typical exam-
ples of sparse systems are those that describe the inverse
kinematics for a 6R robot [Man92], forward kinematics for
the Stewart platform [Mer92], camera motion from point
matches [FM90], and geometric constraints describing two-
or three-dimensional objects. As the dimension of the prob-
lem increases, the difference between the sparse and non-
sparse bounds increases dramatically. A large gap between
the Bezout bound and the actual number of solutions is not
unusual for geometric problems. Bezout’s theorem gives an
exact count of the number of solutions in projective space,
so most of these solutions are at infinity. The problem with
trying to solve a system like this is that most methods have
a complexity that depends on the Bezout bound. The Be-
zout bound is exact if all the coefficients of a polynomial
system of some given degree are generic. Genericity is the
requirement that the coefficients do not satisfy a set of al-
gebraic relations. For example, random coefficients would
be generic with high probability. However, many systems
that arise in geometric problems are not generic.

A polynomial is sparse if many of its coefficients, com-
pared to a generic polynomial of that degree, are zero. A
bound derived from the set of non-zero coefficients is called
a Bernstein bound. This bound is defined in terms of the
mixed volumes of the newton polytopes corresponding to
each equation. Bernstein showed that his bound is exact
if all the coefficients of the polynomial system are generic
[Ber75]. Resultant formulations in terms of matrices and
determinants based on Bernstein bound have appeared in
the literature as well [Stu91, SZ94, CE93].

Given a system of polynomial equations, sparse or dense,
it 1s possible to express their resultant in terms of matrices
and determinants. We use this linear algebra formulation
in the algorithms presented in the following sections.

2.2 Matrix Computations

In this section we briefly review some techniques from
linear algebra and numerical analysis. More details can be

found in [GL89, Wil65].

2.2.1 Eigenvalues and Eigenvectors

Given an n x n matrix A, its eigenvalues and eigenvectors
are the solutions to the equation

Ax = sx,



where s is the eigenvalue and x # 0 is the eigenvector. The
eigenvalues of a matrix are the roots of its characteristic
polynomial, corresponding to determinant(A — sI). As a
result, the eigenvalues of a diagonal matrix, upper triangu-
lar matrix or a lower triangular matrix correspond to the
elements on its diagonal. Efficient algorithms for comput-
ing eigenvalues and eigenvectors are well known, [GL89],
and their implementations are available as part of pack-

ages EISPACK, [GBDM77], and LAPACK [ABB*+92].

2.2.2 Generalized Eigenvalue Problem

Given n x n matrices, A and B, the generalized eigenvalue
problem corresponds to solving

Ax = sBx.

We represent this problem as eigenvalues of A — sB. The
vectors x # 0 correspond to the eigenvectors of this equa-
tion. If B is non-singular and its condition number is low,
the problem can be reduced to an eigenvalue problem by
multiplying both sides of the equation by B~! and thereby
obtaining:
B 'Ax = sx.

However, B may have a high condition number and such
a reduction may be numerically unstable. A better algo-
rithm, called the QZ algorithm [GL89], applies orthogonal
transformation to A and B to reduce A to Hessenberg form,
to reduce B to upper triangular form, and then implicitly
perform the QR algorithm on B! A without ever forming
it. This algorithm is in EISPACK [GBDM77] and in the
most recent release of LAPACK.

2.2.3 Singular Value Decomposition

The singular value decomposition (SVD) is a powerful tool
which gives us accurate information about matrix rank in
the presence of round off errors. The rank of a matrix can
also be computed by Gauss elimination. However, there
arise many situations where near rank deficiency prevails.
Rounding errors and fuzzy data make rank determination
a non—trivial exercise. In these situations, the numerical
rank is easily characterized in terms of the SVD.

Given A an m x n real matrix then there exist orthog-
onal matrices U and V such that

A=UxVvT

where U i1s an m X n orthogonal matrix, V is an n X n
orthogonal matrix and X is a n X n diagonal matrix of the
form

S On).

Moreover, 01 > 02 > ... > 0, > 0. The o;’s are called the
singular values and columns of U and V, denoted as u;’s
and v;’s, are known as the left and right singular vectors,
respectively [GL89).

Y = diag(oy, 09, - -

2.2.4 Power Iterations

The largest or the smallest eigenvalue of a matrix (and
the corresponding eigenvector) can be computed using the
Power method [GL89]. Power method involves multipli-
cation of a matrix by a vector and after a few steps it
converges to the largest eigenvalue of a method. Given a
matrix, A, the technique starts with a vector qg and per-
forms computation of the form

z; = Aq;_1,
q; = Zi/ || Z; ||,
Ai = q] Aq;.

After a few iterations, Ay corresponds to the eigenvalue of
maximum magnitude and qg is the corresponding eigen-
vector.

2.2.5 Sparse Matrix Computations

The general formulation of resultants corresponding to
Macaulay formulation results in sparse matrices [Mac02].
In such cases we want to make use of the sparsity of the
matrix in computing its eigendecomposition. The order of
Macaulay matrix i1s a function of the number of polynomi-
als and the degrees of the polynomial. The sparsity of the
matrix increases with the degrees of the polynomials or the
number of equations.

Algorithms for sparse matrix computations are based
on matrix vector as highlighted in the Power method and
inverse iteration. For our applications, we use the algo-
rithm highlighted in [Ste76] for computing the invariant
subspaces and thereby the eigendecomposition of a sparse
matrix.

3 Resultants and Matrix Polynomials

In this section, we show how the resultant of a system of
polynomial equations can be expressed in terms of matrix
polynomials. common solutions). In particular, resultants
are being used to linearize the problem in terms of matrices
and determinants. Initially we consider zero-dimensional
algebraic sets and the same formulation is extendible to
higher dimensional algebraic sets. More details are given
in [Man92, Man94b].

Given a system of n equations in n unknowns,

Fl(.’L‘l,CL‘Q,...,CL‘n) =
F2($17x27...7xn) = (31)
Fo(z1,22,...,20n) = 0.

Let the degrees of these equations be dy, ds, . .., d,, respec-

tively. The resultant, R(z1), is obtained by eliminating the



variables x4, 23, ..., 2, from these equations. The resul-
tant is a polynomial in x; and its roots correspond to the
z1 coordinate of each solution of the given multivariate sys-
tem. The degree of the resultant is equal the total number
of non-trivial solutions of the given system of equations and
in general, corresponds to the Bernstein bound for sparse
systems and Bezout bound for dense polynomial systems.
Different formulations of resultant express it as determi-
nant of a matrix or as ratio of two determinants. In either
case, the entries of the resulting matrices are polynomials
in z1. In case, a single matrix formulation is not possible
for the given system, we use the u-resultant formulation.
to solve the given system of equations. In particular, we
append a polynomial

Frji1(z1,22,...,%n) =uo + 121 + ... + UnZn

to the given system of equations. The resultant is obtained
by eliminating the variables 1, ..., z, from the n+1 equa-
tions and is a polynomial in ug, uy,...,u,. It turns that
the resultant is expressed as a ratio of two determinants,
say Det(M)/Det(D). However the entries of D are inde-
pendent of the w;’s. If the matrix D is non-singular, the
resultant of the Fy, Fy, ..., F,41 corresponds exactly to the
determinant of M. In case, D is singular, we replace M by
its largest non-vanishing minor.

Given M, whose entries are polynomials in the u;’s; the
resultant corresponding to its determinant can be factored
into linear factors of the form [Waeb0]:

k
Det(M) = H(Oziouo +anur + ...+ aintn)

=1

where k is the total number of non-trivial solutions and
(o, o1, Qya, .. ., qup) are the projective coordinates of a
solution of the given system of equations. Let us choose a
specialization of the variables:

ug =x1, uy =—1, up =0, us =0, ..., up=0.

The determinant of M obtained after specialization is a
polynomial in #1 and its roots correspond exactly to the z;
coordinate of each solution of the given multivariate sys-
tem. Thus, the determinant corresponds exactly to the re-
sultant of Iy, Fa, ..., F, R(x1), obtained after eliminating
Zo,Z3,...,%T,. As a result, given any system of n poly-
nomial equations whose coefficients are numeric constants,
we can eliminate n — 1 variables and express the resultant
as determinant of a matrix M(xzy).

Multipolynomial resultants linearize a non-linear poly-
nomial system. In other words, they take a system of non-
linear polynomial equations, say Fy, Iy, ..., Fj, and reduce

it to a linear system of the form

1

T2
Tn 0

. 0

M(z1) Id = (3.2)

To .
xg 0
zn

M(z1) is a square matrix and its entries are polynomials
in z1. The entries of the vector consist of power products of
z1,%a,..., &y (the actual arrangement of the power prod-
ucts of these variables is a function of the degrees of the
polynomial and the formulation of resultant being used).
This linearization has the property that for any given so-
lution (aq, @, ..., ay), of the given system, M(a;) is a
singular matrix and the vector in its kernel is obtained by
substituting z1 = a1, ®3 = a9, ..., &, = a, In the vec-
tor consisting of power products highlighted in (3.2). We
use this property along with those of matrix polynomials to
compute the common solution of the polynomial equations.

3.1 Matrix Polynomials

The matrix M(z1) highlighted in the previous section
can be expressed as a matrix polynomial:

M(:L‘l) = Mo —|—M1.’L‘1 -|—M2:L‘2 -|——|—].\/.[ZCL‘ll7 (33)

where M; are m x m numeric matrices and [ 1s the max-
imum degree of #; in any term of M(xz1). All M; have
the same order, say m x m. The determinant of M(xz1)
corresponds exactly to the resultant of the given equations
and we are interested in its roots. Furthermore, for a given
root aq, the kernel of M(«) is used to compute rest of the
coordinates, as, as, ..., q,.

It turns out that (3.3) corresponds to a matrix polyno-
mial and our problem of computing the roots of the orig-
inal system of polynomial equations corresponds to com-
puting generalized eigenvalues and eitgenvectors of a ma-
triz polynomial. The given matrix polynomial is regular, if
det(M(xz1)) # 0, otherwise it is singular. The eigenvalues
of a matrix polynomial consists of finite and infinite eigen-
values. In particular, when rank M; = m, the determinant
of M(z1) is a polynomial of degree m! and all the eigenval-
ues of M(x1) are finite. When rank AM; < m, the degree of
det(M(x1)), say k, is less than ml. In this case M(z1) has
k finite eigenvalues and (ml — k) infinite eigenvalues. In
most applications we are only interested in computing the
affine solutions of the original system of polynomial equa-
tions. Therefore, we are interested in computing the finite



eigenvalues of a matrix polynomial. It is possible that the
resultant formulation for a sparse polynomial system can
result in a singular matrix polynomial. In such cases, we
are still interested in computing the finite eigenvalues only.

Let us first consider the case, when the matrix poly-
nomial is regular. Furthermore, we start our analysis by
assuming that the leading matrix of the matrix polyno-
mial, M; is non-singular and well-conditioned. As a result,
computation of Ml_1 does not introduce severe numerical
errors. Let

M(z1) = M; 'M(#1), and M; = M 'M,, 0<i<l.
M(rl) 1s a monic matrix polynomial. Its determinant has
the same roots as does the determinant of M(x1). Let 21 =
a1 be a root of the equation, Determinant(M(z;)) = 0. As
aresult M(ay) is a singular matrix and there is at least one
non trivial vector in its kernel. Let us denote that m x 1
vector as v. That is

M(a1)v = 0, (3.4)
where 0 is a mx 1 null vector. The roots of the determinant
of M(z1) correspond to the eigenvalues of C highlighted in
the following theorem [Man92]:

Theorem 3.1 Given the matriz polynomial, M(z,) the
roots of the polynomial corresponding to its determinant
are the eigenvalues of the matriz

0 I 0 0
0 0 I 0
C= : : e : : ’ (3.5)
0 0 0 .. I
-Mo -M; -M ~Mi_1

where 0 and I,,, are m x m null and identity matrices, re-
spectively. Furthermore, the eigenvector of C correspond-
ing to the eigenvalue r1 = «q has the form:

-1 ]T

2
[Vvaivaiv ... a] v],

where v is the vector in the kernel of M(ay) as highlighted
in (3.4).

Many a times the leading matrix M; is singular or close
to being singular (due to high condition number). Some
techniques based on linear transformations are highlighted
in [Man92], such that the problem of finding roots of the
determinant of a matrix polynomial can be reduced to an
eigenvalue problem. However there are cases where they
may not work. For example, when the matrices have sin-
gular pencils. In such cases, we reduce the intersection
problem to a generalized eigenvalue problem using the fol-
lowing theorem [Man92]:

Theorem 3.2 Given the matriz polynomial, M(x,) the
roots of the polynomial corresponding to its determinant
are the eigenvalues of the generalized system Cix; — Co,

where
I, O 0 0
o I, O 0
Ci = U : ;
0 0 I, 0
0 0 0 M,
0 I, 0 0
0 0 I, 0
Cy = : : : : ;
0 0 0 I,
-My -M; —-M; —M;_,4

where 0 and I, are m x m null and identity matrices,
respectively.

The roots of the determinant of M(x1) correspond to
the eigenvalues of C or Cyz1 — C». In many applications
we are only interested in the real solutions or solutions
lying in a particular domain. The QR or QZ algorithm
for eigenvalue computation returns all the eigenvalues of a
given matrix and it is difficult to restrict it to eigenvalues
in a particular domain [GL89]. Algorithms to compute
selected eigenvalues of the these matrices based on power
iterations and their structure are given in [Man94a].

Let us assume that o7 is a simple eigenvalue of C. In
the rest of the paper, we carry out the analysis on the
eigenvalues of C and the resulting algorithm 1s similar for
the finite eigenvalues of the pencil Ci2; — Cs. Since a; is
a simple eigenvalue, the kernel of C — a;1I has dimension
one represented as

V=[vavaiv ... ai7'v]".

Furthermore, we know that v = [v; va ... v,]7 corre-

sponds to the vector in the kernel of M(«y). Given v, we
use the relationship highlighted in (3.2) to compute the
Xa,..., &, coordinates:

(a2 ... Tn ...

— 2
For example, as = o
In many cases a1 may correspond to an eigenvalue of

multiplicity greater than one. There are two possibilities:

o (a1, am,...,ay) is a solution of multiplicity greater
than one of the given system of equations.

e There may be two solutions of the given equations of
the form (o, as,...,ay) and (aq, 0/2, e oz;L). As a
result the kernel of C — a41I has dimension greater
than one.



The problem of computing higher multiplicity roots can
be numerically ill-conditioned. However, in many cases
it is possible to identify higher multiplicity eigenvalues
of a matrix by identifying clusters of eigenvalues and us-
ing the knowledge of the condition number of the clusters
[BDM8&9]. More details of its application to finding solu-
tions of polynomial equations are given in [Man92]. Such
analysis is well developed for eigenvalues of a matrix and no
equivalent analysis is known for higher multiplicity roots
of a polynomial.

Given a higher multiplicity eigenvalue, «y, we com-
pute its geometric multiplicity by computing the SVD of
C — a;I. The geometric multiplicity corresponds to the
number of singular values equal to zero. In case, the ge-
ometric multiplicity 1s one, the relationship highlighted in
(3.2) is used to compute ag, ag, . .., a, for each a;. Other-
wise there are two or more vectors in the kernel of M(aq).
The vectors computed using linear algebra routines may
correspond to any two vectors in the vector space corre-
sponding to the kernel. As a result, it is difficult to com-
pute as, as, ..., an, from them. To solve the problem we
substitute #1 = a4 in the n equations 3.1 and solve them
for the rest of the unknowns. This procedure is applied
recursively.

4 One Dimensional Algebraic Sets

A set of polynomial equations whose solution corre-
sponds to a one-dimensional algebraic set is given by:

Fi(u,v,wi,ws,...,wp_1) =
Fo(u,v,wi,wa, ..., wp_1) =
Fo(u,v,wi, wa,...,wp—1) = 0.

We assume that this algebraic set consists of one dimen-
sional components only. In case excess components are
present, we can use perturbation techniques to compute
the one-dimensional components. Moreover, we limit our-
selves to evaluating all the components of the curve in-
side the region D= [Ul, Uz] X [Vl, VQ] X [W(l,l)a W(I,Z)] X
[W(zyl),W(zyz)] X ... X [W(n_l,l),W(n—l,z)] e ®rtl We
eliminate n — 1 variables from these equations using mul-
tipolynomial resultant algorithms. Almost all the projec-
tions are one-to-one and result in a birationally equivalent
curve. In our case, we perform a generic linear transfor-
mation and eliminate wy, ..., w,_1 from the resulting set.
The resultant can be expressed as the determinant of a ma-
trix polynomial [Dix08], M(u, v) say (u and v are the two
remaining variables). The algorithm evaluates the result-
ing algebraic set and substitutes the values back into the
original equations to discard the extraneous solutions. The

Open
Component

Loop

|

Figure 1: Multiple components of algebraic curves

degree of the algebraic curve, N, is given by the Bezout or
Bernstein bound of the given system of equations.

A singular set of a matrix polynomial is defined as the
set of all possible assignments to the variables of the poly-
nomials that make the resulting matrix singular. We rep-
resent the plane curve (birationally equivalent to the alge-
braic curve) as the singular set of M(u,v). Given a point
on the plane curve, (ug, vg), the corresponding point on the
space curve, (wi,, Wa,, ..., Wn_1,), 15 computed using the
kernel of M(ug, vg) [Man92].

In most applications, the one-dimensional sets encoun-
tered are of high degree, and are usually characterized by
the presence of a number of curve components inside the do-
main of interest. The algorithm we propose uses tracing to
evaluate the algebraic curves. The tracing algorithm uses
the local geometry of the curve (like derivative information)
to determine successive points on it. We use inverse power
iterations to carry out curve tracing. Before applying the
tracing method, however, it is important that at least one
starting point is found on each of the (curve) components.
This problem is similar to evaluating a zero-dimensional al-
gebraic set and we employ eigenvalue methods to solve it.
Because of the high degree nature of the algebraic curve,
it is possible that it contains singular points or compo-
nents which very close to each other. Unless proper care
is taken, it is likely for the tracing algorithm to give incor-
rect results. We have developed an algorithm to subdivide
the initial domain into smaller regions such that restricting
the tracing step inside each region eliminates most of these
problems.

4.1 Computation of Start Points

In this section, we shall describe algorithm for comput-
ing the start points on every component of the curve. This
is very critical for the tracing algorithm. Inside the do-
main [Uy,Us] x [V1, V2], the plane curve consists of two
types of components: open and closed. Open components
have at least one point lying on the boundary of the do-
main. Closed components, on the other hand, lie com-
pletely within the rectangular domain. We refer to them as



loops (see Fig.1). In practice, finding start points on loops
is significantly harder than those on open components.

From the definition of open components, it is clear that
its endpoints must lie on the boundary of the domain.
Starting points on all these components can be obtained
by solving the system after substituting one of u = Uy,
u="Us, v="V and v = V5 into M(u, v) and solving the
zero dimensional system using eigendecomposition.

The difficulty in identifying start points on closed com-
ponents lies in the fact that loops have no such simple
characterization as the one for open components. How-
ever, we show that we can use a simple algebraic property
that would guide us to at least one point on every loop.

The curve D(u,v) = 0, where D(u,v) is the determi-
nant of M (u,v), is an algebraic plane curve in the complex
projective plane defined by u and v. We are, however, in-
terested only in finding the part that lies in the portion of
the real plane defined by (u,v) € [Uy, Us] x [V, Va]. If we
relax this restriction so that one of the variables, say v, can
take complex values, the intersection curve is defined as a
continuous set consisting of real and complex components.
Using this idea, we characterize loops as: if the curve in
the real domain [Uy,Us] x [V1, V3] consists of a closed com-
ponent, then two arbitrary complexr conjugate paths meet at
one of the real points (corresponding to a turning point) on
the loop.

Our method, then, to locate one point on each loop com-
ponent is to follow all the complex paths (using tracing al-
gorithm), starting from the domain boundary, until they
either meet the real plane or leave the domain.

4.2 Tracing

Given the start points, we evaluate the curve using our
tracing algorithm. A number of algorithms for tracing
based on local iterative methods have been used in ho-
motopy methods, surface interrogations and solutions of
differential equations [Hof89, Mor92]. Given a point on the
curve, an approximate value of the next point is obtained
by taking a small step size in a direction determined by
the local geometry of the curve. Based on the approxi-
mate value, these algorithms use local iterative methods
like Newton’s method to trace back on to the curve. Given
a start point, these algorithms are applicable to trace alge-
braic curves as well. The main issues concerning all tracing
algorithms are (i) convergence back on to the curve, (ii)
component jumping, and (iii) singular points. The con-
vergence problems arising from the behavior of Newton’s
method are well known. Component jumping can occur
when two components of the curve are relatively close to
each other as shown in fig.2(a). In this case, the trac-
ing algorithm can jump from point A on component C'1
to point B on component (/2. Singular points are points
where the curve self-intersects or the tangent vector van-
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Figure 2: A single tracing step

ishes. They typically lead to multiple branches around the
singular point. The tracing algorithm has to determine
these singular points efficiently and trace all the branches.

In order to prevent component jumping, we subdivide
the original domain (in u, v-space) into smaller regions such
that each region has at most one curve component. Once
all the starting points are determined (on open components
and loops), a region has only one component when it has
at most two starting points. Subdivision of the domain
is performed by determining isolines (lines of constant u
or v in the domain) based on the starting points previ-
ously computed. These isolines are then intersected with
the algebraic curve using eigenvalue methods. The subdi-
vision stops when each new region has at most one curve
component. Fig.2(b) and (¢) show the application of this
algorithm to the curve in Fig.2(a). Sometimes, in the pres-
ence of singular points, 1t is not possible to separate out the
various components (see Fig.3). If the algorithm is unable
to isolate single curves in a domain after repeated levels
of subdivision, then either the curve has a singularity, or
some components of the curve lie very close to each other.
Singular points are determined by local minimization of an
energy function which is dependent on the curve equation
and 1ts partial derivatives. If the local minima is close to
zero, then there is a singular point present. This method of
identifying singularities is susceptible to numerical errors
especially if they lie very close to each other. We, however,
believe that such pathological cases are rare in practice.
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Figure 3: Curve with singular point

More details of the component splitting algorithm and sin-
gularity detection are presented in [KM95].

After performing component splitting, we have regions
with at most one curve component and its starting points.
Starting from these points, the tracing algorithm computes
successive curve points using the local geometry of the
curve. Let the component be C' (see Fig.2(d)). Given a
point Q1 = (uy, v1) the skeleton of the tracing algorithm is
given below. Furthermore, it is required that any point on
the piecewise representation of the curve is not more than
¢ apart from the curve.

e Compute D%(uj,v1) and DV(up,v1), the partial
derivatives of the curve with respect to u and v, re-
spectively [MC91]. This is the vector (on the plane)
normal to the plane curve.

e Given the normal vector, find the unit vector corre-
sponding to the tangent. Let this vector be (ty,1y).

e Find an approximate point Qa2 = (u2,v2), where uy =
Uy + 1ty % S, and vy = vy + 1, ¥ S, where S is the step
size and S < e.

e Using (uq,vs), converge back to the curve at Qz =
(ug,v3), if |ty | > |ty |, or to Q3 = (ug, va), if [ty | >
| t, | using inverse power ilerations.

A single tracing step is shown in fig.2(d). The main part of
the tracing algorithm is the use of inverse power iterations
to converge back to the curve. We will explain this in
detail. For the rest of the analysis let us assume that Q3 =
(Uz, 123) .

Inverse Power Iterations: In a single step of the

tracing algorithm, we need to compute the eigenvalue of

M (usz, v) which is closest to va (fig.2(d)). As a result, we
compute the companion matrix C from M(ua,v) (see eq.
(3.5) ) and set s = wvy. Therefore, we need to compute
the smallest eigenvalue of the matrix C — sI. The smallest
eigenvalue of C — sI corresponds to the largest eigenvalue
of (C — sI)~!. Instead of computing the inverse explic-
itly (which is numerically unstable), we use inverse power
iterations [GL8Y).

To solve the matrix system efficiently, we use LU decom-
position of the matrix (C — sI) using Gaussian elimination.
We also make use of the structure of the matrix to reduce
its complexity. Given s, let B = C — sI. B is of the form:

OqIn In 0 0

B = .
0 0 . OqIn In
P, P, P; P,

where a7 i1s a function of s. The LU decomposition of B
has the form:

al, 0 .0 I, ;—lln ... 0
0 oI, ... O 0 I, ... o0

B =
R, R. L. 0 0 U

where L,, and U,, correspond to the LU decomposition
of R,;. R;’s can be easily computed from the P;’s. LU
decomposition can sometimes face numerical problems if
the matrix B is ill-conditioned. In such cases, L@} factor-
ization can be used, where ) and L are orthogonal and
lower triangular matrices respectively.

A key property of inverse power iteration is that it con-
verges to the eigenvalue closest to s. If the closest eigen-
value to s 18 a complex conjugate pair, the power method
does not converge to any real value. In such cases, the trac-
ing algorithm chooses a smaller step size for computation.

5 Implementation and Applications

We have implemented the algorithms using linear alge-
bra libraries. The application of the algorithm to zero and
one dimensional sets involves:

1. Use a suitable resultant formulation to linearize the
problem in terms of matrix polynomials. The entries
of the Macaulay matrix are actually the coefficients of
the polynomial equations. The resultant formulations
of Bezout, Dixon corresponding to two or three equa-
tions result in matrix entries being rational function
of the coefficients.

2. Zero-Dimensional Sets: Reduce the problem to an
eigenvalue problem and extract the solutions from the



eigenvalues and eigenvectors. This involves estimat-
ing the condition number of the leading matrix of the
matrix polynomial. In some cases a linear rational
transformation is involved on the matrices to improve
the conditioning of the leading matrix. Finally, we
reduce the problem to a simple eigenvalue or a gener-
alized eigenvalue problem. Compute the eigendecom-
position of the given matrix and recover the common
roots from the eigenvalues and the eigenvectors. In a
few instances, this may involve identifying higher or-
der eigenvalues using knowledge of clusters, using the
SVD to know the geometric multiplicity of the eigen-
value and possibly solving a system of n — 1 equations
in n — 1 unknowns.

One-Dimensional Sets: Compute an algebraic
plane curve birationally equivalent to the space curve.
Compute a start point on all the component of the
lower dimensional algebraic curve. This involves find-
ing a point on the open components using the zero-
dimensional solver. The real solutions in the domain
correspond to a start point on an open component.
The complex solutions of the zero dimensional solver
are used as start points for tracing paths in the com-
plex space. After finding a start point on each com-
ponent, the algorithm performs component splitting
to decompose the domain into regions containing at
most one component. Components with singularities
and multiple branches are isolated using component
splitting and local methods. Finally, we use inverse
power iterations to trace the components.

All the parts mentioned above are relatively simple to
implement, given the linear algebra routines (BLAS). A
major feature of the algorithm is that at each stage the
numerical accuracy of the operations involved is well un-
derstood. As a result, it is possible to come up with tight
bounds on the accuracy of the resulting solution. In the
rest of this section, we describe the application of the algo-
rithm to compute configurations of robot chains, molecular
conformations and boundary representation of solid mod-
els.

Inverse Kinematics of Robot and Molecular
Chains

5.1

The inverse kinematics problem for general serial mech-
anisms is a fundamental problem in robotics and molecular
modeling. Robot manipulators are modeled as a rigid se-
rial chain consisting of revolute and prismatic joints. The
position and orientation of the end effector is a direct func-
tion of the joint variables. In most robotics applications,
we are given the pose of the end effector and the problem
of inverse kinematics corresponds to computing the joint
displacements for that pose. Inverse kinematics has been a
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fundamental problem in robotics literature for more than
three decades [SV89].

Over the last few decades, the use of computer tools
has gained a lot of importance in molecular modeling and
drug design. One of the fundamental problem in drug de-
sign 1s that of finding the three dimensional structures of
complex molecules. This 1s important as the activity of a
molecule depends on how well its three dimensional struc-
ture fits the three dimensional structure of a target re-
ceptor. These three dimensional configurations are called
conformers. Finding conformers corresponding to minimal
energy configuration involves three dimensional manipula-
tion, given the position and orientation of the molecular
chain [GoS70]. This is also useful for protein folding appli-
cations. We model the molecular chain as a rigid structure
[BAS&2].

Robot Kinematics: We initially use the terminology
from the robotics and mechanics literature to formulate the
problem. The geometric problem in molecular modeling is
similar, except it is described using chemical bonds, bond
angles and dihedral angles (as opposed to links, length of
the links, joint angles etc.). Each link is represented by
the line along its joint axis and the common normal to the
next joint axis. In the case of parallel joints, any of the
common normals can be chosen. The configuration of the
end-effector of the robot is described using six parameters.
As a result, we consider robots with six degrees of freedom.
The links of the manipulator are numbered from 1 to 6, as
shown in Fig. 4. The base link is 1, and the outermost link
or hand is n. A coordinate system is attached to each link
for describing the relative arrangements among the various
links. The coordinate system attached to the ith link is
numbered ¢. The 4 x 4 transformation matrix relating ¢4 1
coordinate system to ¢ coordinate system is [SV89]:

c; —Si\/\i Sipy  aicq
A=y S N 6o
0 0 0 1
where
s; = sinf;, ¢; = cosfy, B; is the ¢th joint rotation angle,
i = sinayg,  A; = cosay,

a; 1s the twist angle between the axes of joints ¢ and ¢ + 1,
a; 1s the length of link ¢ + 1,
d; 1s the offset distance at joint ¢.

For a given robot with revolute joints we are given the a;’s,
d;’s, p;’s and A;’s. For the inverse kinematics problem we
are also given the pose of the end-effector, attached to link
6. This pose is described with respect to the base link or



Figure 4: A general 6R robot manipulator

link 1. We represent this pose as:

_ ly my ny qy
Ahand - Z mZ nZ qZ
0 0 0 1

The problem of inverse kinematics corresponds to comput-
ing the joint angles, 81,685, ...8, such that

AiAy. As = Apana. (5'7)

The left hand side entries of the matrix equation given
above are functions of the sines and cosines of the joint
angles. Furthermore, this matrix equation corresponds to
12 scalar equations. Since the matrix formed by the first
3 rows and 3 columns of Aj4ng 18 orthonormal, only 6 of
the 12 equations are independent. Thus, the problem of
inverse kinematics of general manipulators with 6 joints
corresponds to solving 6 equations for 6 unknowns.

These problem has been extensively studied in the
robotics literature. In particular, a sparse resultant for
these particular equations was derived by [LL88, RR89]
and 1t was shown there can be at most 16 different con-
figurations of the robot chain for a given pose of the end
effector. We made use of the sparse resultant formulation
and combined it with matrix computations to reduce to
an eigenvalue problem. In particular, we obtain a 24 x 24
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matrix and applied different eigenvalue algorithms to com-
pute the solutions [Man92]. The performance of different
algorithms for inverse kinematics, along with the machine
platform are highlighted in Table 1.

Molecule Conformations: A molecular chain is clas-
sified using bond lengths, bond angles and dihedral angles.
We initially model them as rigid chains using fixed bond
lengths and bond angles. It has been shown that the min-
imal energy conformations computed by fixing these pa-
rameters is a good guess to the actual minima and can
be used along with a perturbation treatment for the en-
ergy minimization [GoS70]. Given fixed bond-lengths and
bond-angles, we present algorithms for two fundamental
problems in conformational energy calculations: ring clo-
sure and local conformational deformations [GoST0]. These
problems reduce to solving a system of algebraic equations.
The problem of ring closure arises when we deal with cyclic
molecules, i.e. the calculation of dihedral angles which cor-
respond to exact ring closure. In conformational energy
minimization procedures, one selects a starting conforma-
tion and alters it step by step such that the corresponding
conformational energy decreases monotonically. However,
a small change in a dihedral angle located near the mid-
dle of the long chain causes a drastic change in the overall
conformation of the molecule. It is therefore, desired to



Algorithm Reference Machine Average
Time

Continuation | (Wampler and Morgan 1991 [WM91]) | IBM 370-3090 10 sec.

Resultant - (Manocha 1992 [Man92]) IBM RS/6000 | 0.011 sec.
QR algorithm

Resultant - (Manocha 1994 [Man94al) IBM RS/6000 | 0.0043 sec.

Selected

Solutions

Table 1: Relative performance of various algorithms for inverse kinematics

Figure 5: Coordinate systems on a polypeptide unit based
on DH formalism

have a cooperative variation of angles which confines the
conformational changes to a local section of the chain. As a
result we are interested in calculation of changes in dihedral
angles, which cause local deformations of conformations in
long polymer chains [GoS70, BA82].

We use the Denavit-Hartenberg (DH) notation to model
a molecular chain. The algorithm proceeds by assigning co-
ordinate systems and computing the DH parameters of a
local chain. In Fig. 5.1, we highlight the DH formulation
for a peptide unit and the corresponding parameters are
shown in Fig. 6. Given this formulation, the problems of
ring closure for cyclic chains and local deformations reduce
to inverse kinematics 5.7 [MZW95]. Depending on the ge-
ometry of the molecular chain, we reduce it to a 24 x 24 or
32 x 32 eigenvalue problem. The resulting algorithm takes
anywhere from 10— 20 milliseconds to compute all the solu-
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Figure 6: DH parameters for a polypeptide unit

tions. Besides peptide chains, we used this formulation to
study the conformations of cyclohexanes. For a cyclohex-
ane, all ' — C' bond lengths are fixed at 1.526 Angstrom,
and C'—C —C bond angles are fixed at 110.4 degree. Since
we are only concerned with main chain conformation, the
bond lengths and bond angles of C' — H are irrelevant to
our analysis. It was proved in [GoS73] that cyclohexane
has infinite geometrically possible conformation due to its
structural symmetry. In the following example, we slightly
increase the length of the last bond. Since the symmetry
no longer holds, we obtain a finite set of solutions. The
DH parameters for this set of bond geometry are listed in
Table 2. The end effector is an identity matrix because of
the ring structure.

Four sets of solution computed by the algorithm are
listed in Table 3. The first two sets correspond to the di-
hedral angles of the chair conformation in Fig. 7(a). The
last two sets correspond to those of the twisted boat con-
formation in Fig. 7(b).

We should point out here that the four solutions are



(b)

Figure 7: Cyclohexane conformations: (a). (top) chair conformation, (b). (middle) twisted boat conformation, (c).
(bottom) boat conformation
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Number | Link Length | Offset Distance | Twist Angle

] a; dz 073

1 0.0 1.525 69.6
2 0.0 1.526 69.6
3 0.0 1.526 69.6
4 0.0 1.526 69.6
5 0.0 1.526 69.6
6 0.0 1.526 69.6

Table 2: Denavit-Hartenberg Parameters of Cyclohexane

Model

il 6 [ 6 [ 6 | 6s [ 6 [ 6 |
1| -57.69 | 57.67 | -57.62 | 57.60 | -57.62 | 57.67
2| 57.69 | -57.67 | 57.62 | -57.60 | 57.62 | -57.67
5| 67.78 | -32.04 | -31.98 | 67.70 | -31.98 | -32.04
4| -67.78 | 32.04 | 31.98 | -67.70 | 31.98 | 32.04

Table 3: The dihedral angles corresponding to the Cyclo-
hexane with standard bond length and bond angles

obtained based on the assumption that bond lengths and
bond angles are fixed as listed in Table 2. If variation of
bond length or bond angle is allowed, other possible con-
formations may exist. Through a series of small pertur-
bations of the bond geometry, we noticed that the chaer
conformation is more stable than the boat and twisted boat
conformation. In all cases of small perturbation we tried,
there are no more than four solutions for the ring closure
problem. Two of these four solutions constantly correspond
to the chair conformation, while the other two correspond
to either the boat or the twisted boat conformation. Fur-
thermore, the dihedral angles of the chair conformations
stay almost constant, while those of either the boat or the
twisted boat vary a lot for small perturbation s on bond ge-
ometry. Our result is in accord with previous experimental
and theoretical results that the chair conformation is the
favored conformation of cyclohexane.

5.2 Application to Solid Modeling

The field of solid modeling deals with the design and
representation of physical objects. The two major repre-
sentation schemata used in solid modeling are constructive
solid geometry (CSG) and boundary representations (B-
rep). Every solid in CSG is represented as a tree, where
the leaf nodes are primitive solids and each intermediate
node correspond to a boolean operation (an intersection,
union or difference). The primitive solids may correspond
to polyhedra, quadrics or solids whose surfaces are rep-
resented using piecewise rational parametric or piecewise
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algebraic surfaces [Hof89]. Fig. 8 demonstrates two differ-
ence operation and the final solid obtained after the dif-
ference operations. Most modelers use the CSG represen-
tation for model construction and compute the B-rep’s for
geometric operations.

A fundamental operation in the computation of the B-
rep from a CSG operation is to evaluate their curve of
intersection. If the solid boundaries are represented by
appropriate algebraic equations, the intersection curve is
nothing but the common solutions of a one-dimensional
algebraic system of equations. Most of the current model-
ers use rational parametric surfaces. Given two parametric
surfaces, F(s,t) and G(u,v),

F(s,1) (X(s,1),Y(s,1), Z(s,t), W(s,1))

G(u,v) (X (u,v), Y (u,v), Z(u,v), W(u,v))

represented in homogeneous coordinates, their intersection
curve is defined as the set of common points in 3-space
and is given by the vector equation F(s,t) = G(u,v). This
results in the following set of three equations in four un-
knowns:

Fi(s,t,u,v) = X(s,t)?(u,v) —X(U,U)W(S,t) = 0
Fo(s, t,u,v) =Y (s, )W (u,v) = Y(u,0)W(s, t) = 0(5.8)
Fa(s, t,u,v) = Z(s, )W (u,v) — Z(u,0)W(s,t) = 0,

and the domain of the intersection curve is (s, ¢, u,v) €
[0,1] x [0,1] x [0,1] x [0,1]. This forms a system of three
equations in four unknowns and generically results in a
one-dimensional set (the intersection curve). Fig. 9 shows
the intersection curve between a sphere and a cylinder.
We have applied the algorithms for evaluating one-
dimensional algebraic sets to computation of B-rep’s from
CSG models. The one dimensional curves correspond to



Figure 8: A one-level CSG tree

the boundary of the new solid. The overall algorithm in-
volves ray-shooting and performing in/out tests besides
curve evaluation. We have developed a solid modeling sys-
tem applied to compute the boundary representation of
parts of a submarine storage and handling system. The
CSG model was provided to us courtesy of Electric Boat
division of General Dynamics. Fig. 10 shows the pivot
model of the submarine storage and handling room. It
consists of 168 solids and the boundary is described using
4524 trimmed rational spline surfaces. The boundary of the
trimmed surfaces corresponds to the algebraic intersection
curve.

6 Future Work

The equation solving algorithm makes use of the resul-
tant formulation of polynomial equations and reduces the
problem to matrix computations. It turns out that good
resultant formulations are known for systems containing
up to 5 or 6 polynomial equations. Macaulay’s formula-
tion for general systems results in large and sparse matri-
ces. The order of the matrix growns exponentially with
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the degrees of the equations and the number of equations.
For example, polynomial systems with 6 or more equations
arise frequently and at the moment good resultant formu-
lations are not known for these systems. The performance
of algorithms based on Macaulay formulation and eigende-
composition may be slow. In many ways good resultant
formulations are fundamental to the efficiency of this algo-
rithm. The current algorithm performs well for polynomial
systems consisting of up to 4 or 5 polynomials. The ma-
trices corresponding to the eigenvalue formulation are rel-
atively structured. We have only been able to utilize the
fact that they are sparse for systems with high algebraic
complexity. Further research is needed to develop efficient
and robust serial and parallel algorithms to compute the
eigendecomposition of such matrices.
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Figure 10: Pivot model of submarine storage and handling room
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