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Abstract

We say that an n-dimensional (classically) integral lattice A is s-integrable, for an
integer s, if it can be described by vectors s™”(xq,...,xy), with al x; O Z, in a
Euclidean space of dimension k = n. Equivaently, A is s-integrable if and only if any
quadratic form f (x) corresponding to A can be written as s~ times a sum of k squares of
linear forms with integral coefficients, or again, if and only if the dual lattice A U contains
a eutactic star of scale s. This paper gives many techniques for s-integrating low-
dimensional lattices (such as Eg and the Leech lattice). A particular result is that any 1-
dimensional lattice can be 1-integrated with k = 4. this is Lagrange’'s four-squares
theorem. Let @(s) be the smallest dimension n in which there is an integral lattice that is
not s-integrable. In 1937 Ko and Mordell showed that @(1) = 6. We prove that
P(2) =12, @3) =14, 21<@4) <25 16<@5) <22, @s) <4s+2 (s

odd), ¢(s) < 2me s(1 + o(1)) (seven) and @(s)=2 log log s/log log log s(1+0(1)).

* A different version of this paper appeared in: Proc. Royal Soc. London, Series A, 426 (1989), 211-232.



1. Themain theorem.

Let @(s) be the least rank for which there exists a classically integral quadratic form
f(x) such that sf(x) cannot be written as a sum of sguares of linear forms with integral

coefficients. The main result of this paper is the following.

Theorem 1.
(i) ®(1) =6,
(i) o(2) = 12,
(i) o(3) = 14,

(iv) 21 < @p(4) < 25,

(v) 16 < @(5) < 22,

(vi) @(s) < 4s + 2, sodd,

(vil)  @(s) < 2mes (1 + o(1)),

(viii)  @(s) = 2(loglog s/ logloglog s) (1 + o(1)).

We discuss these questions geometrically, in terms of lattices, beginning in the next

section with thecases = 1.

2. Thecases=1, integrating a lattice.

We say that an n-dimensional lattice A can be integrated if it can be described by
vectors (Xq,...,Xx) with al x; 0 Z in a Euclidean space of dimension k > n.
Obviously a necessary condition for this is that all inner products in A be integers, i.e.,
that A\ is a (classically) integral lattice, and so from now on “‘lattice’” will mean
‘“‘classically integral lattice’’. Is this necessary condition also sufficient? Here we treat
this as a problem which is interesting in its own right, but mention that we first met it in
the computation of group characters (Conway, 1984). In that paper it was shown that the

condition does not suffice whenn = 6.



Theorem 2. The lattice Eg cannot be integrated.

Proof. If Eg can be integrated there is a k-dimensional space R with an orthonormal
basis e;,..., ek, contaning a copy of Eg in which every v Eg has integrd
coordinates. Thei-th coordinate of v I Egisv - ej = v - &, whereg; is the orthogonal
projection of e; onto the 6-dimensional subspace REg spanned by the lattice. So the
vectors g; (of norm < 1) have integra inner products with the vectors of Eg and are
therefore in the dual lattice E6D (and are not al zero). This is impossible, since the
minimal vectors for EGD (i.e. the glue vectors for Eg — see Part |, Conway & Sloane

1988b) have norm 4.

In terms of quadratic forms the integrability condition for A is that the corresponding
guadratic form be a sum of sgquares of linear forms with integral coefficients. In this
language Theorem 2 was proved (in a different way) by Mordell (1937a), while Ko
(1937, 1939) showed that any form of dimension < 6 is either a sum of squares or the
norm form of Eg plus a sum of squares. So in a strong sense Eg is the simplest non-
integrable lattice; in particular all lattices of dimension n < 5 are integrable (this will be
proved in 83). (In (Conway, 1984) the integrability of 4- and 5-dimensional |attices was

left open, while the non-integrability of Eg was shown in yet another way.)

Our proof of Theorem 2 shows the relevance of the following definition. Take R"
embedded in R¥ for k = n. Vectorsey, ..., & O R" (with repetitions allowed) are said
to form an n-dimensional eutactic star (of scale 1) if they are the orthogonal projections
onto R" of an orthonormal basis ey, . . ., ey for R¥ (cf. Hadwiger, 1940; Coxeter, 1973;
Seidel, 1978; Conway & Sloane, 1988c). The argument used to prove Theorem 2 shows:

Theorem 3. An n-dimensional lattice A is integrable if and only if its dual lattice AU



contains an n-dimensional eutactic star of scale 1.

3. Embedding latticesin maximal ones.

We now turn to the problem of integrating various families of lattices. Plainly any
sublattice of an integrable lattice is integrable. So it is natural to study maximal integral

| attices.

Here it is appropriate to consider the problem also over the rings Q, Qp, Z,, of
rationals, p-adic rationals and p-adic integers, since a lattice is maximal over Z if and
only if itismaximal over Z, for al p. The quadratic form corresponding to a symmetric

matrix over aring Rwill be called an R-form.

The relevant theorem gives the principal connection between the theories of rational
and integral quadratic forms. Thisis a standard result from quadratic form theory; apart
from the Typel portion it is equivalent to Theorem 91.2 of O’ Meara (1971) (see aso
Hsia, 1978).

Theorem 4. If p is odd there is a unique Z ,-class of maximal Z ,-forms that are Q -
equivalent to a given one. There is aunique Z ,-class of maximal Typel Z ,-forms, and
also a unique Z ,-class of maximal Type Il Z ,-forms, that are Q 5-equivalent to a given
one.

Proof. For p odd we essentially proved thisin Part I: if the determinant is divisible by p3
then the lattice can be embedded to index p in alarger one, and the same is true in one of
the two cases in which p? exactly divides the determinant (cf. Part |, Proposition 4). So
for a given determinant there are just four possibilities for the p-adic diagonalization of a

maximal Z ,-form, namely



diag {0, O, 0, 0, ...roman} ,

diag {pa, O, O, 0, ...roman} ,

diag {pb, O, O, O, ...roman} , (1)
diag {pc, pd, 0, O, ...roman} ,

where Dindicates a p-adic unit, and

040 Op O O_cg O
—Og=+1, —0=-1, O—pQO=-1.
oP o oP o oP o

By examining their determinants and p-signatures (see SLG (Conway & Sloane 1988a),
Chap. 15), we see that these forms exhaust the four different possibilities for the Q -
class. Forp = 2thereisasimilar but slightly more complicated proof.

Theorem 5. All the maximal Type | forms in a given rational class are in the same
genus, and all the maximal Type Il forms (if any) are in a unique other genus.

Proof. Immediate from Theorem 3 and the definition of genus.

Theorem 6. Given an n-dimensiona classically integral form f, there is a three-
dimensional form g such that f [0 g belongs to any prescribed rational class of (n + 3)-
dimensional forms that satisfies the obvious condition that its signature should differ
from that of f by at most 3.

Proof. Suppose we wish to change the rational class of the given n-dimensional form f to
that of some specified (n + 3)-dimensional form h. Consider an odd prime p. We can
assume that f has been p-adically diagonalized to one of the forms shown in (1), and h to
a (possibly) different one with three more p-adic units. It is now easy to check that there

is adways athree-dimensiona form g,, such that
f O gp DQp h.

For example if



f Uo, diag {pa, O, ...} ,
h Ug, diag {pb, 0, O, O, O, ...roman} ,

we may take

9p Uq, diag { —pa, pb, 0} .
There are similar arguments for p = 2 and p = — 1. Since these p-adic forms g,

automatically satisfy the product formula, they are the localizations of a rationa three-

dimensional form g.

By combining Theorems 5 and 6 we obtain the following result.
Theorem 7. An arbitrary n-dimensional integral form f can be embedded in a maximal
(n + 3)-dimensional form of any prescribed genus, with the obvious exceptions that a
Type | form cannot be embedded in a Type Il form, and that the signature cannot change

by more than 3.

This theorem has a number of corollaries.
Corollary 8. Given an n-dimensional integral lattice, there is some k-dimensional odd
unimodular lattice containing it, withk < n + 3.
Corollary 9. Given an n-dimensional even integral lattice, there is some k-dimensional
even unimodular lattice containing it, where k is the smallest multiple of 8 not less than

n+ 3.

In particular, by Corollary 8 any integral lattice of dimension n <5 can be



embedded in the unique (n + 3)-dimensional odd unimodular lattice I,,+3 and so is
integrable. Thisis Ko's (1937) result. The case n = 1 is Lagrange’s theorem that any
positive integer is the sum of a most four squares (Hardy & Wright, 1980,

Theorem 369).

We also see by Corollary 9 that any even integral lattice of dimension n < 5 can be

embedded in Eg.

4. Other typesof coordinates; s-integrability.

Since integral coordinates are not always possible we consider some alternatives.
Theorem 6 shows that an n-dimensiona lattice can be embedded in the unimodular
Lorentzian lattice | , +2 1 (which is unique in its genus). We deduce the following resullt,
which strengthens a theorem of Ko (1940).

Theorem  10. Any  n-dimensiona integral lattice has a  basis
Vi =(Myq,. .., Mig—1:Mik),.-»Vyp = (Myq,...,Myk=-1; Myk) in Lorentzian

Rk—l,l

space , wherethe m;; areintegersandk < n + 3.

For example E can be described in R®! by the generator matrix

110000 0 0;00
50—11000 oo,og
00 00-110 0 0;0Q @
0o o0 0O0-11 0;0l
20 00000 -11;07
01 00101 0 0;10

in which the semicolons separate the time-like coordinate.

Theorem 6 aso shows that any n-dimensional lattice can be rationally embedded in

I h+3. Hence:



Theorem 11. (Mordell, 1932) Any n-dimensional integral lattice has a basis
Vi = (Myq,...,Myg), ..., Vo = (Myq,..., My), where the m; ; are rational and
k<n+ 3.

The case n = 2 had been established by Landau (1904). For example Eg has generator

matrix
MM-11 0 0 0 0 00O
0 _ 0
Doo 11 0 0 O oD
M 0 0-11 0 0 0f 3
50000—11 0 OE
@ 0 00 0 -11 0f

O 72 V2 V2 =72 =% =72 =70

(cf. Conway & Sloane, 1988a, p. 126). Moreover k = n + 3 is sometimes required, e.g.

for the lattice with Gram matrix

A =dag{7,1,...,1} . (4)

However, the main topic of this paper is the integration of scaled versions of given
quadratic forms and lattices. The quadratic form f(x) will be called s-integrable if sf(x)
isintegrable, i.e. is the sum of squares of integral linear forms. Thisis equivalent to the

problem of expressing the vectors of the corresponding lattice A in the form

ST (X1, ..., Xk) (5)
where x4, ..., X, areintegers. For example (3) shows that E¢ is 4-integrable. In other
words, the lattice A is s-integrable if and only if the scaled lattice A isintegrable. Here
S A is obtained from A by multiplying inner products by s, we may regard SA as
consisting of the vectorss”v, v O A. Notethat sSA = S“A. Then A is s-integrable if and

only if it can be embedded in ¥/S1, or equivalently if and only if



S|, O A O Rk, (6)
In matrix terms we ask whether the Gram matrix A satisfies
SA = MMY (7)
for some n x k integral matrix M (a generator matrix for the lattice in the desired

coordinate system.) When any of those equivalent conditions is satisfied, we say that the

form or lattice has been s-integrated in k coordinates.

By rescaling Theorem 3 we obtain:
Theorem 3. An n-dimensional lattice A\ is s-integrable if and only if A" contains an n-
dimensional eutactic star of scale s, that is, vectorsu, . . ., uy (with repetitions allowed)
which are the orthogonal projections from a k-dimensional space containing A of k

mutually orthogonal vectors of norms.

For future use we note that a necessary and sufficient condition for uq, ..., ux O R"

to be an n-dimensional eutactic star isthat for eechw [0 R"

k
2 (W-uu =sw 8
i=1

or (taking inner products with w)

k
S (W-uj)? =sw-w. (9)

i=1

Furthermore a eutactic star has the property that

%ui-ui:sn. (10)
i=1



The function @(s) of 81 isthen the least dimension n of any integral lattice that is not
s-integrable. Integrability (the case s = 1) was treated in 882 and 3, and the results of
Mordell and Ko show that @(1) = 6. The following sections deal with larger values of
S.

Remarks. Mordell and Ko investigate this problem (for s = 1) in terms of expressing a
guadratic form as a sum of squares, and call it a ‘“Waring’'s problem for quadratic
forms’. In this language it is related to Hilbert's seventeenth problem on the
representation of functions as sums of squares (Hilbert, 1888; Landau, 1904; Taussky,

1970; Pfister, 1976). Other references are Braun, 1938; Erdds & Ko, 1939; Hunsucker,

1971; Ko, 1936; Mordell, 1930, 1937b; Pall & Taussky, 1957.

Yet another way to coordinate lattices (which we do not pursue here) is to use
coordinates which are integers in an agebraic number field. For example Eg can be
described by triples of Eisenstein integers (Sloane, 1979; SLG, p. 126), as shown by the

embedding 3Eg O A3 (or A3 O E§).

As to possible applications of these results, we mention first that the recent use of
lattices in digital communications, in particular in trellis coded modulation schemes (cf.
Forney et a. 1984, Calderbank & Sloane, 1987) requires lattices which can be described
by simple coordinates. Second, severa recent papers in computer science dealing with
lattices and their applications, for example to factoring polynomials (cf. Landau, 1987),
only consider n-dimensional lattices that are spanned by n vectors with integral
coordinates, i.e. are sublattices of Z". The present paper suggests more general ways to
coordinatize integral lattices. In a paper somewhat related to the present one, (Cremona

& Landau, 1988) consider an n-dimensional lattice A 0 Z", and investigate the smallest
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tsuchthatt™t A O Z".

5. Thecases=2.

Theorem 12. Any integral lattice A\ of dimensionn < 11 is 2-integrable.
Proof. By Corollary 8, A can be embedded in one of the 14-dimensional unimodular
lattices, namely (see Part | or SLG, p. 416).
|14, Eg O lg, DI O I, EZ*
so it will suffice to prove that |,, Eg, DI, and E3* are 2-integrable. We explicitly
exhibit eutactic stars of scale 2 in these lattices:
P {11, 1 -1} (11)
Eg: {1+10°50%°1+10% 0% +10%001+1} (12
D, : {1+10%° 0%1+108,...,001 +1} (13)
If we define E to consist of the vectors of Eg that are perpendicular to 081 -1, then
{1+£10%, 021+10%, 0*1+10%, 0912} (14)
isaeutactic star of scale2in E,, and
{1+10008,...,0%1208, 0®%1 +10°,...,080%1%} (15)
isastar in E3*.
Remarks. (i) A more detailed argument (which involves some embeddings in lattices of

determinant 2) shows that lattices of dimension n < 11 can be 2-integrated in at most

n + 3 coordinates — see the Appendix.

(i) Once a eutactic star has been found in A", it is easy to exhibit coordinates of the

form (5) for A. For if {uyq,...,ux} is a eutactic star of scae s in A5, and
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{bq,...,b,} isany basisfor A, then the vectors

Vi =s7%(bj s ug,...,bj - uy) (16)
(i =1,...,n) form a basis that s-integrates A. (By definition the entries b; - u; are
integers, and from (8) and (9) the v;’s have the same inner products as the b;’s). An

example may be found in Fig. 1 below.

The argument of Theorem 12 will not extend to higher dimensions, since the next
unimodular lattice is Afs, obtained by adjoining the glue vector [4] to A4s, and is not 2-
integrable.

Theorem 13. The unimodular lattice Als is not 2-integrable. More generally, the
unimodular lattice Afz_1 = Ay2—1 [m]isnot (m - 2)-integrable, if m > 3.

Proof. Since unimodular lattices are self-dual, we must consider a eutactic star
Ug,...,Uy of scae2 in Ajs. Because the u; have norm at most 2, each u; is in the

sublattice A5 (for the other vectors of Ajs have norm at least 3). By (9) we have
k
S (wW-u)?=2w-w, (17)
i=1

for any w O RAJs. But for the particular vector w = (s, (— ¥15)*°), which is the glue
vector [1] for A5, each term on the left side of (17) is an integer, while the right side is
155, The same argument (again choosing w = [1]) shows that Aj2_; is not (m — 2)-

integrable.

A similar argument shows that the orthogonal complement in Afz2_; of an A,

sublattice aso cannot be (m — 2)-integrated, if m > 3.

The proof of Theorem 13 illustrates a general principle. We wish to show that A
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cannot be s-integrated, where A O AU, Suppose the vectors u [ AU with N(u) <s

generate asublattice M [ A, so the eutactic star S satisfies

somMoAnDOATOwmE. (18)

If we choose w to be in MY but not in M, then the I&ft side of Eq. (8) isin M, while with

luck the right side may bein M U\ M, which is a contradiction.

After Theorem 13 we should search inside Ajs for a 12-dimensional lattice that

cannot be 2-integrated.

Theorem 14. The orthogonal complement in Ais of any 3-dimensional sublattice with

Gram matrix

isal12-dimensional lattice of determinant 7 that is not 2-integrable.
Remarks. There are in fact two such 12-dimensional sublattices L1, and Ljo,
respectively  perpendicular to the  sublattices Lz = <a,b,c> and

L3 = <a', b', ¢'> where

a= -1l 32—y, 9,3,
b= -%1323 -3, (19)
c=-v113s23,3, -y
a' = -w10333, -y -1
b' = -0 3,3 —y, 3, -1, (20)
c' = —1/410 3/43 =Yy =Y 3, .,

They are the lattices Ajg A1 1541 [3 1 ¥2] and Ag A, 2107 [3 1 Y] of Partl,
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Table 2, and contain 112 and 96 minimal vectors respectively. Both are in the genus
| 15(7%). We suspect that there may be a result analogous to Ko's (1939) theorem,
asserting that Lo and L7, are the only minimal non-2-integrable lattices. The
complexity of the proof results from the fact that their duals contain several kinds of
vectors of norm at most 2, which must be considered for membership in a possible
eutactic star.

Proof. Suppose first that A = L1, can be 2-integrated, and let S [ AU be aeutactic star
of scale2. The vectors A= (5a-2b-2c)/7, B=(-2a+5b-2c)/7,
C = (- 2a - 2b + 5c) / 7 span the dua lattice LE. It is easy to check that minimal
representatives for the cosets of L3 in LE ae 0, £tA, (A + B), (A + B + C), of
norms O, %7, %, 37 respectively. It is important that these numbers are less than 1. The
minimal norm in the nonzero cosets of A5 in Ajs is 3, and so the minimal norm in the
nonzero cosets of A in AYis at least 3 — & > 2. We conclude that the only vectors in
AU of norm < 2 are obtained by projecting minimal vectors of A5 onto the 12-

dimensional spaceV = RL q,.

There are therefore six types of vectors of norm < 2 in A5, obtained by projecting the

following six types of vectors of A5 onto V (compare (19)):
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type A 15 vector before projection
a 1 -1 0 0 0 0 0 O
B 1 o 0 -1 0 0 O0 ©
y 1 o 0 0 0 -1 0 o0
5 0 o0 0 1 -1 0 0 ©
e 0 o0 0 1 0 -1 0 O
¢ o0 o 0 0 0 1 -1 0 (21)

By forming their inner products with a, b, ¢ we can caculate the norms of the
projections of these vectors onto the 3-dimensional space containing L 3, and hence of the
projection onto V:

type a B y o =

normin3-space 0 3% 9% 0 9%

norminV 2 %W 8 2 9 0

The (-type vectors can therefore be ignored. Lét ng, ng, ... denote the number of vectors

of typea, B, ...inS.

Letw = 11 112 -113 avector of norm 616. Eq. (9) yields

100 ng + 144 n, + 484 n. = 1232, (22)

and so
ny<8, (23)
ng + ny =0 (mod 11) . (24)

We shall show that ng < 2, which with (23) and (24) impliesthat ng = n, = 0, making

(22) impossible.

Suppose the u; 00 S are the orthogonal projections of vectors w; = u; + x; OW,

where x; [ X O Wis in the subspace of W orthogonal to V. If ng > 3 then from (21)
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there are two [-type vectors w; and w)c with a common coordinate 1 and so inner product
at least 1. The projections of these vectors have uj - u; = Uy - Ug = 7, Uj * Uy = 47,

andsoxj “Xj = Xk Xk = ¥, X Xk S~ which isimpossible.
The proof that L7, cannot be 2-integrated is similar, although we use a different test
vector, w = 319 5% —152 which produces the equation
ng + 8ln, + 100n; = 420 , (25)
andsony < 5,n; < 4and
ng + ny, =0 (mod 20) .

By considering the vectors x;, as in first part of the proof, we find that ng < 3. These
constraints imply that ng = ny, = 0, and now (25) is impossible. This completes the

proof of Theorem 14.

Thus we have established @(2) = 12.

6. Thecases=3.

Theorem 14. Any integral lattice A of dimensionn < 13 is 3-integrable.
Proof. After Corollary 8 it suffices to 3-integrate the 16-dimensional odd unimodular

|attices, namely

|16, Eg O lg, DI, O 14, E3* O 1,, Als O 14, D3* .

This is accomplished by the following eutactic stars of scale 3 (the notation is explained

more fully below):
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I, {0+ + +, +(0+ -)}
Eg Oly: Fig. la

D1, : { +%.12} (12 vectors with signs forming a Hadamard matrix H ;)
E2* O 1, Fig. 2

For Als O |, weusethe star

{ (32 %0 —Ya 34 =Yy =Yg -0 =Y) =Yy =Y =¥, 0,
(26)
000000--0(0+ —-) + (26 vectors) .

(We label the 16 coordinates of Ajs by 0,1, ..., 15. On coordinates 0, . .., 12 we use
13 cyclic shifts of a vector with 3. at positions 0,1,3,9 and —¥. elsewhere, corresponding

to the lines of a projective plane of order 3.)
For D3* we use the star consisting of the rows of the matrix

L Hg | O
ce 8o 27)
D—|8 Y3 HBD

Notation. When we specify eutactic stars, all powers of the permutations indicated by the
parentheses are to be applied, bars indicate negative numbers, + and — not followed by a
positive digit mean +1 and -1, | , is an identity matrix of order n and H,, is a Hadamard
matrix of order n.

Remarks. (i) Fig. 1b displays a generator matrix for Eg corresponding to the eutactic star

in Fig. 1a (see the remarks following Theorem 12).

(ii) The two even 16-dimensional unimodular lattices are EZ and Dig. E3 can be 3-
integrated (in 24 coordinates). On the other hand we have:

Theorem 15. The unimodular lattice D3 cannot be 3-integrated. More generaly, the
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lattice D444 = Duas+4 [1] cannot be s-integrated, if sis odd.
Remark. This result includes that fact that Eg = Dg cannot be 1-integrated.

Proof. Apply the ‘*general principle’’ of 85 (see (18)), takingw = [1].

It is now natural to look for a 14-dimensional non-3-integrable lattice inside D1g.
Theorem 16. The lattice (denoted by Dig \ A,) orthogonal to an A, sublattice of Dig is
not 3-integrable. More generally, A = D3s.4 \ A, isa (4s+2)-dimensional lattice of

determinant 3 that is not s-integrable, if sis odd.

Proof. Let the A, lattice be generated by vectors (+ — 0) on the last three coordinates.
Then A consists of the vectors u [ Djs.4 in Which the last three coordinates are equal,
and AU consists of the projections T, u [0 D24, projected so as to make the last three
coordinates equal. We can write t = u — v, where v is a minimal representative of a
coset of A5/ A,, with N(v) = 0or %. Hence [N(u) — N(TW)[< 2. Butif u [ Dgg44
wehave N(u) = s+ 1,andso N(u) > s + ¥. Soaeutactic star S [0 Djg.4 Of scales
must in fact be contained in D 45 +4, and again we obtain a contradiction by applying the
‘*genera principle’’ withw = [1].

Remark. Thisincludesthefact that Eg = Eg\ A, cannot be 1-integrated, and also gives
us a 14-dimensional lattice (the lattice D13 124 [1 %] of Part |, Table 2) that cannot be

3-integrated, a 22-dimensional lattice that cannot be 5-integrated, etc.

We have now proved that @(3) = 14.

7. Thecases=4.

Theorem 17. Any 24-dimensiona even unimodular lattice is 4-integrable in 24

coordinates.
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Proof. There are 24 such lattices, the Niemeier lattices, one with minimal norm 4 (the

Leech lattice A »4) and 23 with minima norm 2 (see SLG, Chap. 16). Table 1 gives

eutactic stars of scale 4 in these lattices. The notation follows that of Chap. 16 of SLG.

In particular, except for A3, we use the same glue codes as on p. 407 of SLG.

The symbols describing the eutactic stars in Tables1l and 2 have the following

meaning.

d

A glue word

Mutually orthogonal norm 4 vectors{ (20" "' ) } inamaxima D,
contained in this component. ThisisaDp, D5, Dg, Dg

if the componentisaD,, Eg, E7, Eg respectively.

Inan A,, component, mutually orthogonal triples of norm 4 vectors

+(+--) 0*
0* t(+=-=) (28)

InaD,4 component, thevectors+ + + +and+ ( + — —).
Mutually orthogonal norm 2 vectors in the appropriate component.

Mutually orthogonal norm 4 vectors of atype indicated
by the glue word.

Each subset of vectors is chosen to be orthogonal to all other vectorsin the star. The

last column of the table gives the number of vectors in each subset. For example the

entries**+"’ and ‘5"’ for A,, describe the eutactic star
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+(+ - ) 0000 0000 --- 0000 0
0000 +(+ - -) 0000 --- 0000 0
0000 0000 0000 -+ +(+ — =) O (18 vectors)
45 P Y S S (29)
— 154 4% —ygh e e ¥s
- ]¥44 - Jf54 - ]¥54 4754 ¥s (6 vectors)

It is easy to verify that the specified sets are indeed eutactic stars. This completes the
proof of Theorem 17.
Theorem 18.
Any unimodular lattice of dimension n < 23 is 4-integrable in n coordinates.
Proof. Although the lattice D, is often defined only for n > 4, it is convenient here (as
inPart1) to let D; & 4, (generated by a vector of norm 4), D, £ A; O A;, D3 £ A;.
Then (see SLG, Chap. 16) any n-dimensional unimodular lattice A, (for n < 23) can be
obtained by taking a suitable sublattice D, (where m = 24 — n) in a Niemeier lattice
L 54, and proceeding as follows. If V is the m-dimensional space containing D ,,, we can

writeany v Ly asv = v' + v'',wherev' 0 Vandv'' isperpendicular toV. Then

Np={Vv"':vOLy, Vv =][0] or[2]roman} ,

where [0], [1], [2], [3] are coset representatives for D, in DH (cf. Appendix to Part 1).
All such A, are described in Table 2, which is based on Table 16.7 of SLG. The first
column gives the parent Niemeier lattice L,4, and the remaining columns specify m
mutually orthogonal norm 4 vectors in a D,,, where m = 24 — n, in the notation

described after Theorem 17.
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We construct a eutactic star of scale 4 for each lattice A |, in Table 2, by modifying
thestar S = {uy,...,Ux} gveninTable 1 for the parent Niemeier lattice. For entries
marked ‘a in Table 2 thisiseasy. The D, used to construct A ,, is generated by vectors

belonging to S , and we obtain the star for A , simply by omitting these vectors from S .

For entries marked ‘b’ the D ,, contains vectors of the shape ++++, +(+ — —) which

arenotinS . Inthese cases we modify S by

replacing the vectors
u; = 2000, u, = 0200, ug

0020, u,s = 0002

by either (30)
Vi=++++ Vvo=++ - - vg=+ -+ -,V =+- -+

or

Vi=—+++, Vo =—-+ - - V3 =—-—+ - V3 =—-—- -+,

Thisis permissible as long as one of the v;’s, say v4 = %2(U; + Uy + U3z + Uy),isin
D, (and therefore in Loy). For thenv, = vi — uz — Uy, V3, V4 @e dsoin Ly, and

are orthogonal to v, and each other.
The modified S now contains generators for D ,,, and we may proceed as before.

Eutactic stars for the remaining (unmarked) entries in Table 2 are found by certain
modifications of this argument. (These are all 23-dimensional lattices, defined by a

norm 4 vector v, 0 L y4.)

Most of the cases can be dealt with by applying the following principle.
If the inner products of v, O L4 with the vectors of the eutactic star
for Lo, areeither (i) £2% 0% or (i) £23 +1* 07 then A ,3 can (31)

be 4-integrated.
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In case (i) the hypothesis implies that for some choice of signs
Vg4 = %2 (£ Ujx UjE UgE Up) isin Ly, and so we may apply the transformation (30) to
modify the star so as to include v4. By omitting v, we then obtain the star for A ,3. In
case (ii) we have v4 = % (£ Uit Ujx Uy) + ¥ (£ Upt Ugt U Ug) O Loy, hence
%2 (£ Upt Ug* UrE Ug) O Loy, and two successive applications of (30) puts v, into the

Star.

Consider for example the case when Ly, = DigEg and v, is described by the
symbol 10. The eutactic star in L 4 and the vector v, are:
(2000) 0000 0000 0000 0000 0000
0000 0000 0000 0000 0000 (2000) (32

)4

Vg 2 4

2 3,4

2 3,4 04 04
Unfortunately the inner products of v, with the star are +1° 08 . But if we first modify

the star by applying (30) to each of the first four blocks of four coordinates, the inner

products become 24 0%°, and we can apply (31i).

The case Loy = A17E7, v4 = 31 illustrates the application of (31ii), although we

must first use (30) to modify four vectors (2000) belonging to the E; part of the star.

The remaining cases can be handled by the following principle.
Suppose the inner products of v, [0 L 54 with the vectors
of the star for L5, are +18+22 04, and suppose there is
another vector w, 00 L4 whose inner products with the star
are+2% 0%, Then if the tetrad of vectors whose

inner products with w, are +2 is a subset of
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the octad of vectors whose inner products

with v, are 18, then A »3 can be 4-integrated. (33)

(For after a modification of type (30) on this tetrad, the inner products of v, with the

star vectors will be +23 +14 0%7)
We apply (33), for example, when Lo, = A11D7Eg, v4 = 330, takingw, = 222.

This completes the proof of Theorem 18, and shows that @(4) = 21. In the other
direction we shall first prove:
Theorem 19. The 27-dimensional unimodular lattice A = Ayg 31 [3 ¥3] is not 4-
integrable.

Proof. Thefollowing are al the nonzero vectorsin A of norm < 4:

type vector  norm
a +-0%0 2
B ++--020 4
y 0?7 3, 3
5 %3 _%24 1, 3
€ 8,93 _],924 —2, 4

whereA = V3. By takingw = 0%’ V3 in Eq. (9) we obtain

9ny + ng + 4ng = 12,
whichimpliesthat (ny , ns , n¢) isoneof (0,0,3), (0,4,2), (0,8,1), (0,12,0) or (1,3,0).

We now use the same w in Eq. (8). Consider the first 27 coordinates of the resulting
identity. For a &-type vector u, the contribution from (w - u) u to the sum in (8) is — %
(modulo 1), the contribution from an e-type vector is % (modulo 1), and the a-, - and y-

type vectors contribute 0. The total must be 4w, which vanishes in the first 27
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coordinates. Thus

—¥% + 3 % =0(mod 1) ,
(ns) (ne)

which impliesthat (ny , n5, ng) =(0,4,2).

Call any of theinitial 27 coordinates ‘‘specia’’ if ad- or e-type vector takes the value
% there. There ae a most (4 + 2)3 = 18 special coordinates. Take
W = —1%% 2,1 0in (8), where the % is not in a specia coordinate, and consider the
value of that coordinate in the resulting identity. The left sideis¥a (mod 1), while on the

right weaobtain 4 - %, = %, Thisisacontradiction.

Hence @(4) < 27. We can improve this slightly.
Theorem 20.
The lattice Ay 31 [3 %] \ A, is not 4-integrable. This is the 25-dimensional

determinant 3 lattice
Az (313)5 [3 % 7] .
The proof is similar to that of Theorem 19 and is omitted.

Combining Theorems 18 and 20 we see that 21 < @(4) < 25.

8. Thecases=5.

Theorem 21. Any integra lattice A of dimension n < 15 is 5-integrable.
Proof. By Corollary 8, A can be embedded in one of the 18-dimensional unimodular

lattices, which are (from SLG p. 416).
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l1g, Eg O 119, DI, O lg, E3* O 14, Als O 13,
Dig O 1p, E3 015,03 O 15, AyEg O 14,
(A7A1)*Y, (DoE7AL)Y, DEY, AS* .

The following eutactic stars of scale 5 then establish the theorem.
Iy {12, 21} (34)
Eg: { (C0°)} (10 vectors) (35)
where each C isto be replaced by the five vectors
O+--+4, +0+ - -

-+0+-, - -+0+, + - -+0(36)

Dip i {%2 %1, % (22 =% 4 % %o =Y =Y =1, %, —1)} (37)
EZ* :

{C0%08 , 08C0%, 5 (v =34 —3) %5 (v =34 =) ,
1O (Y =3 —%) —%2(=% % %) , 0°(+ - 0) 08, 080°(+ - 0) } (22 vectorq)38)

AI5 [l |3 .
{c0'°0 + 00, 0°C0°00 + 0, 01°C0 00 + ,
(39)
(3.° —4° —-%°) —%, 000} (18 vectors)
D% :
{co®0®, 08co®, ».80°-1°,
1/25(1/2 -4 —]fz) 05 (— + + + ), 05—13 1,% —13,8 , (40)
0°(= + + +) %°(—-% %2 %)} (18 vectors)
DIG .

{(C0°0°)0, w1 ¥,
(%5 —%,° —5,15)1, 015 2} (20 vectors) (41)
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(ApnEg)™ O I4:

{(c0°)0%08 0, 02 c0o® 1,

(%2° =92°) % =¥ %2 1,3 0, =410 962 1,5 %3 0

—3610 15 15 0% 2,3 0, — %10 s —v5 —1,% %3 0} (20 vectors) (42)
(A7A1)"
{(C0%0%)0%02 , (35 -5 —4:5) —us5 —¥; 25 02 |
— 3612 (=15 —15) 95(¥2 —%) , 0°(10)T(T1) } (22 vectors) (43)
(D1oE7A;)™

{(C0°)080? , 01°C0%0? , %10 0By, -,
]f21008—1/2 Y2, (3*25—]&5)1/25—]*2 0202 , 010]{253{2 +1 1#202 , (44)

01°0520%0? , 0%°0° +202 (twice) , 0908 + - (twice) } (26 vectors)

{(C0 0°0°) , 0°20%? , 4,% 0% +1 +%.° % v,

—1,° 1, 43,6 05 +1, 06 1,2 —3, 1,0 =Y, 06 1,8 —1,9 —3/2} (22 VECtOI'S) (45)
A" :
{(C0%0°0%) , %.° —1,° +1,° -3, } (22 vectors) . (46)
This completes the proof of Theorem 21, and shows that ¢(5) > 16.
In the other direction we saw from Theorem 16 that there is a 22-dimensional lattice
that cannot be 5-integrated, and so 16 < @(5) < 22.
9. Larger valuesof s.

From Theorem 16 we have @(s) < 4s + 2if sisodd, and from the remark following

Theorem 13, @(s) < s? + 4s + 1 for al s. For large s the latter can be strengthened.
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For s must at least equal the minimal norm of A" However, n-dimensional unimodular

lattices exist with minimal norm 1 satisfying

n
21e

2 (1 + o(1))

(Milnor & Husemoller, 1973, pp. 46-47; SLG, Chap. 7, Theorem 25). Hence
@(s) < 2mes(1 + o(1)) .

Before giving alower bound on @(s) we first state two lemmas.
Lemma 22. If a lattice A\ is sintegrable in k coordinates and t-integrable in |
coordinates, then it is (s +t)-integrablein k + | coordinates.
Proof. The hypothesis tells us that SA and 'A can be given integral coordinates. By
juxtaposition we obtain k + | integral coordinates for S*A .
Corollary 23. (i) Eg is sintegrable for all s> 2. (ii) The Leech lattice Ay, IS s
integrable for al s = 4.
Remark. The number of coordinates used is reduced in the Appendix.
Proof. (i) is proved by repeated application of Lemma 22 and the fact that Eg is 2- and
3-integrable. (ii) follows similarly, using the fact that A5, is 4-, 5- 6- and 7-integrable.
We 4-integrated it in Tablel, and to 6-integrate it we use the star
8~ "2{ +212012 012 +212 } where the signs form two Hadamard matrices of order 12.
To 5- and 7-integrate A ,, we construct it via the ‘“holy’’ constructions of type A§ and
A2 respectively (see Conway & Sloane, 1982; SLG, Chap. 24), which produce A ,, as
the lattice spanned by the differences of certain vectors f; and g,,. For a type AR,
construction there are vectors f; = (+ — 0"~1) spanning each copy of A,. The

eutactic star { (0 + — — +)0°0°0°0°0°)} (30 vectors) is thereforein the A§ version
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of Ay, and shows that A, can be 5-integrated. Similarly the star
{((0+ + -+ - -)070707)} (28 vectors) isin the AZ version, and shows that A 5,4

can be 7-integrated.

Of course if a lattice can be s-integrated in k coordinates then it can be m?s-
integrated in k coordinates for any positive integer m. This can sometimes be
strengthened:

Lemma 24. If A can be s-integrated in 4k coordinates then it can be ms-integrated in 4k
coordinates for any positive integer m.

Proof. In an obvious manner we can represent the 4k integral coordinates for *A by k
guaternionic coordinates (q4,...,0qk). We replace these by (gqq,...,Qqqk), Where

q=a+hbi +cj+dkanda® + b2 +c? +d?> =m

To obtain alower bound on @(s) we first prove:
Theorem 25. For any € > 0 there is an ng such that for n > ny any n-dimensiona
unimodular lattice A can be s-integrated for some s satisfying

On O
logs< O~ lognO(1 + ¢€) . (47)
02 0

Proof. We apply the theorem of Kabatiansky and Levenshtein (1978) (see also SLG,
Chap. 9 and p. 20, Eq. (48)), which implies that there is a constant ¢ such that any n-

dimensional lattice of determinant d contains a vector of norm p satisfying

K < eqtin, (48)
n

The first step is to show that A contains a mutualy orthogonal set of vectors

Vi,...,Vpwithnormsyq, ..., H, saisfying
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n2
log (M1 M2 = Hn) < —-logn (1 + o(1)) . (49)
We set Ag = A, an n-dimensiona lattice of determinant dg = 1. In A
(i=0,...,n-1),an (n—i)-dimensiona lattice of determinant d;, by (48) there is a
vector v; ;1 of norm W ;1 satisfying
itz <c(n—i)dt/("=D (50)
We set
Niyg ={ulA;:u-vjs =0},
alattice of determinant
di+1 = Hi+1di = HiH2 "Hi+1 - (51)

Then we find that

di+1 < C(n _ |) d|(n—i+1)/(n—i) ’

and therefore
d; <cn,
n-1 n
d2 < Caz (n_l) n-1 n n-1 ’
n-2 n-1 n

d3 < Ca3 (n—2) n-2 (n—l) n-2 n n-2 1
d, <c® 112233 ... n" |
where the exponent (a;) of cin the bound for d; satisfies

n-i+1

a; =1, a; =1+ i
1 i+1 n—i

Hence



4 =1t En ig 4 = N?+n
i+1 = - =0, n =
Thus
2 n
log dj, < +nIogc+ZrIogr,
r=1
and so
n2
log d, < TIogn(1+o(1)),
which is (49).

Second, we set s = dj

M1 " Mp, and form a eutactic star of scae s in A by
taking s/ W copiesof vi (i = 1,...,n). Then (47) follows from (49), completing the

proof of Theorem 25.

We can use Theorem 25 and Lemma 22 to show that there is a single sH such that
every n-dimensional odd unimodular lattice can be sD-integrated. sH does not exceed the
least common multiple of the values of s for the individua lattices, so using
lem{1, 2,...,k} = ekl * o) weobtain

5 _ Un 0
log log s= < 0= log nO(1 + o(1)) .
02 0

Thisimplies

2 loglog s

> - -
o(s) 2 log log log s

(1 +0(1)) ,

and completes the proof of Theorem 1.
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Appendix. Further examples; reducing the number of coordinates

In this Appendix we give some additional examples of s-integrations and in some

cases attempt to reduce the number of coordinates needed.

If alattice can be 1-integrated then by Lemma 22 it can be s-integrated for all s. This
is true of the lattices | ,, A, and D, (n = 1), whose definitions use integral vectors, and

of any integral lattice of dimensionn < 5 (by 83).

The lattice 1, can be s-integrated in two coordinates whenever s is the sum of two
squares: if s = a® + b? we use the star { ab, ba}. Similarly I, can be s-integrated for
al s in four coordinates:. write s = a® + b? + ¢? + d?, and use the star

{ abcd, badt, cdab, dcba}. Thus

S1, 01,0 "1, (s=1,2,.). (55)

Since D4 O 14, we deduce that D 4, can be s-integrated for all sin 4m coordinates
(m = 1). Similarly the unimodular lattice D7, can be s-integrated for all even sin 4m

coordinates (for if sis even the eutactic star for | 4 actually belongsto D 4).

Furthermore, provided a skew Hadamard matrix H 4, of order 4m exists, D},,, can be
(m + 2)-integrated in 4m coordinates. Hy4n, certainly exists for 1 < m < 18 (Hall,
1967; Walliset al. 1972). Let Hyy = lam + Sam, Where | 4y, is an identity matrix and

Sam 1S skew-symmetric. Then the rows of

72(3 lam + Sam) (56)

form the desired star.
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In 89 we observed that since Eg can be 2-integrated in 8 coordinates (Eg. (18)) and
3-integrated in 12 coordinates (Fig. 1), it follows from Lemma?22 that Eg can be s
integrated for al s > 2, athough the number of coordinates increases with s. In fact Eg
can be s-integrated for al s = 2 in at most 17 coordinates. For from Lemma24 Eg can
be s-integrated for al even sin 8 coordinates. Eqg. (35) shows Eg can be 5-integrated in

10 coordinates. The eutactic stars

Eg:{(0++ -+ --)0,%® (3times), %" -%,072}, (57)

Eg: {(% -%°%)} (58)
show that Eg can be 7- and 9-integrated in 12 and 9 coordinates respectively. (In (58) we

use the form Ag[3] for Eg.) Finaly for odd s> 11 we write s = 9 + 2t and use

Lemma 22 to s-integrate Eg in at most 17 coordinates.

Incidentally, since Eg has a endomorphism that multiplies norms by m (for any
positive integer m, cf. SLG, Chap. 8), if Eg can be s-integrated in k coordinates then it

can be ms-integrated in k coordinates.

A similar remark applies to the Leech lattice, and combined with the eutactic stars
given in 89, shows that A4 can be s-integrated for all s = 4 in at most 54 coordinates.

We suspect that the numbers 17 and 54 can be considerably improved.

In the other direction we observe from Eq. (10) that if s is odd then at least
sn/ (s — 1) coordinates are needed to s-integrate an n-dimensional even unimodular
lattice. Hence Eg cannot be 3-integrated in fewer than 12 coordinates, or 5-integrated in

fewer than 10 coordinates, etc.
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Eg and E; can be s-integrated as sublattices of Eg. In particular Eg and E; can be

2-integrated in 7 coordinates.

In Theorem 11 we showed that any lattice of dimension n < 11 can be 2-integrated.
This can be dlightly strengthened, to show that (i) any unimodular lattice of dimension
n < 14 and any determinant 2 lattice of odd dimension n < 13 can be 2-integrated using
n coordinates, and (ii) any integral lattice of dimension n < 11 can be 2-integrated using

at most n + 3 coordinates.

To prove (i) we exhibit eutactic stars of scale 2 in the duals of the indecomposable
odd-dimensional lattices of determinant 2 (for a list of these lattices see Part | or SLG,

Tables 16.7, 15.8).

lattice eutactic star
Aq {V2}
E- Eq. (14)

D1 A1[11] v5 in the eutactic star for D, (see (13))
DgE-[11] V5 intheeutactic star for EZ[11] (see (15))

(The star for D19 A1[11] for example is obtained from that for D715, using the fact that

Do A7 [11] isthe subset of D7, orthogonal to afixed vector of norm 2.)

To prove (ii), let A be an arbitrary n-dimensional integral lattice. In view of Eqg. (6)
we wish to show that 21, O AY O R%, k=n + 3. A maxima odd integral lattice
containing %l is unimodular if k is even, or belongs to the odd genus I,(2) of
determinant 2 lattices if k is odd (compare Theorem 5). Therefore, using Theorem 7, we
embed A in an odd lattice of dimension n + 3 and determinant 1 (if n is odd) or

determinant 2 (if niseven), and deduce (ii) from (i).



Similarly we could dlightly strengthen Theorem 14, to say that any odd unimodular
lattice of dimension n = 4m < 16 can be 3-integrated using n coordinates, and any
integral lattice of dimension n < 13 can be 3-integrated using at most n + 6 coordinates.

But n + 6 seems quite weak.
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List of Figure Captions

Figure 1 (a) Eutactic star of scale 3inEg [ 1,4. (b) Corresponding generator matrix for

Eg, showing that Eg can be 3-integrated in 12 coordinates. Blank entries are zero.

Figure 2. Eutactic star of scale 3 in E3* O I,, contaning 5+ 5 + 3 + 3 = 16

vectors.
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List of Table Captions

Table 1. Eutactic stars of scale 4 in the Niemeier lattices (the notation is described below

Theorem 14).

Table 2. Construction of n-dimensional unimodular lattices A, from Niemeier |attices
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Tablel

components Star

D24 -
DyEsg -0
O_
E3 (-00)
A2 +
5
D%, (-0)
ArE7 +0
O_
00
60
D,oE? -00
0(-0)
0
AsDog +0
O_
80
D3 (-00)
A% (+0)
15
81
ApD,Eg  +00
0-0
00—

401

number

24
16

3x8
6 x3

2 x 12
4 x3
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Table 1 (cont.)
components star number

Eg (-000) 4
0111
1(012)
A3Dg (+0)0
00-
00
240
480
Dg - 000
Ad (+00)
(411)
A2D2 (+0)00
00(-0)
4400
Ag (+000)
(000)
5111
1(216)
0124
1045
2301
4260

(62

N
w

N B NDWO D
P RPPRPPWOFPL X XNX XXX XNNMNNOO X WE X
G WNWO®

N W
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Table 1 (concluded)
components star number

AZD, (+000)0 4 x 3
0000-
(COt0)0
02220
2(024)0
D§ (—00000)
A8 (+00000)
011111
1(01441)
AS (+0000000)
A¥? (CO0000) (CO0000)
100000 011111
0(10000) 2(01221)
011111 100000
2(02112) 0(10000)
A% (0ot (ooth) 12 x 2
Ao 8~ 2(40M)(x40M) 12 x 2

(o)) N
= X b
N

O, 0l X X 01k, X X W
N W w b

o 0

(Thelast line does not follow the conventions used elsewhere in the table.)
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Table2

oo

a t a t t U, O 4, d
21520 19 ;18 17 16 15 14 12 48 EP

=

B n=22

n=23

L24

O
©

o e o

©
o

o e o e

[
o

o e o e
@

8

o e . o

©

|
o = o o

s L]

= S

DO hOoooooodoorm

[
o

|
o e o =

a_wu

|
DDDDDDD@@DDDDH
©

o e s e e e

2% B 3
+

ooboodoot

]
g
g
g
g
g
g
D+
g
g
g
g

D@JDUJIWH

BE BBCBAE
[

OOoOoOoOooOOoOoOoOoOoonO

10

53

12
60%, 31
110, 211

807, 21, 42

033, 122
15%, 32

U
O
0
O
0
O
0
O
0
O
0
O
U

BAM D,Es @20, 4013, 330, 111, 222 ﬁ)

i TRaY

N <+ N

A e SE 5 s wBY
o <0<

o e e e
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Table 2 (concluded)

O 0 0 O O 0 O 0
OLx O n=23 0 n=22 on=21 0 20 0o 19 g 18 g
[ (m il M 1 Il ] O
DES H 01112 . [Too° . . 0-000° o .
2D 501, 240?, 312, 121 o2, (oP +002 00+° 00-2
AsDs O : » 312, O ; 0 0 0 0 0
oD O 2222,0123 0 (I oo® 0 0 +000° [ 0-000% O
oad O 036, 4112, 177 g OoP U +o002 U g g g
%A%Dé 54400&, 4022, 2031, 2220, 1112, 1303 BOOD[F, [T00°, (D[0P B+oooa U oo+00 goo—oa B B
0At O 5111°, 0124° 0 (0100* +000? 0 O 0
(A¢D, O 00331, 022207, 31110, 04111 g [bool[P, 0D00®  [+0000® [JO000+° [ 0 0
oD O 002332 O (1 booa® 0 0 +0°° O O 0
B AS E 0111112, 001234 B [10000P B +0°8 B E B B
0A o 00002222, 00021113 0 b00000° 0+o"* g 0 0 0
12 616 a 10 a
0AY O 0°1 0 EEY O O 0 0O O
OA# [ 018 | [Ip*?a 0 0 O 0 0
On, O minimal vector® 0 g 0 0 g 0
O O O O O O O O




-42-

References

Braun, H. 1938. Uber die Zerlegung quadratischer Formen in Quadrate. J. Reine Angew.

Math. 178, 34-64.

Caderbank, A. R. & Sloane, N. J. A. 1987. New trellis codes based on lattices and

cosets. |EEE Trans. Information Theory. 33, 177-195.

Cassals, J. W. S. 1978. Rational Quadratic Forms. New Y ork: Academic Press.

Conway, J. H. 1984. Character calisthenics. In computational Group Theory, edited

Atkinson, M.D. New Y ork: Academic Press, pp. 249-266.

Conway, J. H. & Sloane, N. J. A. 1982. Twenty-three constructions for the Leech lattice.

Proc. Royal Soc. London A 381, 275-283.

Conway, J. H. & Sloane, N. J. A. 1988a. Sphere Packings, Lattices and Groups. New

York: Springer-Verlag.

Conway, J. H & Sloane, N. J. A. 1988b. Low-dimensional lattices |: Quadratic forms of

small determinant. Proc. Royal Soc. London, A 418, 17-41.

Conway, J. H. & Sloane, N. J. A. 1988c. Low-dimensional lattices Ill: Perfect forms.

Proc. Royal Soc. London, A 418, 43-80.

Conway, J. H. & Sloane, N. J. A. 1988d. Low-dimensiona lattices 1V: The mass

formula. Proc. Royal Soc. London, A 419, 259-286.



-43-

Coxeter, H. S. M. 1973. Regular Polytopes, 3rd Ed. New Y ork: Dover.

Cremona, J. & Landau, S. 1988. Shrinking lattice polyhedra. Preprint.

Erdos, P. and Ko, C. 1939. On definite quadratic forms, which are not the sum of two

definite or semi-definite forms. Acta Arith. 3, 102-122.

Forney, G. D., J., Gallager, R. G., Lang, G. R., Longstaff, F. M., & Qureshi, S. U. 1984.
Efficient modulation for bandlimited channels. |IEEE J. Selected Areas in

Communications. 2 (No. 5), 632-646.

Hadwiger, H. 1940. Uber ausgezeichnete Vektorsterne und regulére Polytope.

Comment. Math. Helv. 13, 90-107.

Hall, M., Jr. 1967. Combinatorial Theory. Waltham, Mass.: Blaisdell.

Hardy, G. H. & Wright, E. M. 1980. An Introduction to the Theory of Numbers. Oxford:

The University Press, 5th. ed.

Hilbert, D. 1888. Uber die Darstellung definiter Formen as Summe von

Formenquadrate. Math. Ann. 32, 342-350. (Gesamm. Abhand. 2, 1970, pp. 154-161.)

Hsia, J. S. 1978. Two theorems on integral matrices. Linear and Multilinear Algebra. 5,

257-264.

Hunsucker, J. L. 1971. Primitive representation of a binary quadratic form as a sum of

four squares. Acta Arith. 19, 321-325.



Kabatiansky, G. A. & Levenshtein, V. |. 1978. Bounds for packings on a sphere and in
space. Problemy Peredachi Informatsii 14, No. 1, 3-25. English trandation in Problems

of Information Transmission 14 (No. 1, 1978), 1-17.

Ko, C. 1936. On aWaring's problem with squares of linear forms. Proc. London Math.

Soc. (2) 42, 171-185.

Ko, C. 1937. On the representation of a quadratic form as a sum of sguares of linear

forms. Quart. J. Math. Oxford. 8, 81-98.

Ko, C. 1939. On the decomposition of quadratic forms in six variables. Acta Arith. 3,

64-78.

Ko, C. 1940. On Meyer’s theorem and the decomposition of quadratic forms. J. Chinese

Math. Soc. 2, 209-224.

Landau, E. 1904. Uber die Zerlegung definiter Funktion in Quadrate. Archiv. math.

Phys. (3) 7, 271-277.

Landau, S. 1987. Factoring polynomials quickly. Notices American Math. Soc. 34, 3-8.

Milnor, J. & Husemoller, D. 1973. Symmetric Bilinear Forms. New York: Springer-

Verlag.

Mordell, L. J. 1930. A new Waring's problem with squares of linear forms. Quart. J.

Math. Oxford. 1, 276-288.

Mordell, L. J. 1932. On the representation of a binary quadratic form as a sum of squares



-45-

of linear forms. Math. Zeit. 35, 1-15.

Mordell, L. J. 1937a. The representation of a quadratic form as a sum of two others.

Annals Math. 38, 751-757.

Mordell, L. J. 1937b. An application of quaternions to the representations of a binary

guadratic form as a sum of four linear squares. Quart. J. Math. Oxford. 8, 58-61.

O'Meara, O. T. 1971. Introduction to Quadratic Forms. New Y ork: Springer-Verlag.

Pal, G. and Taussky, O. 1957. Applications of quaternions to the representations of a

binary quadratic form as the sum of four squares. Proc. Royal Irish Acad. 58, 23-28.

Pfister, A. 1976. Hilbert’s seventeenth problem and related problems on definite forms.

Proc. Symp. Pure Math. 28, 483-4809.

Seidel, J. J. 1978. Eutactic stars. In Collog. Math. Soc. J. Bolyai 18, ed. Hajnal A. &

S6s, V. Amsterdam: North-Holland, pp. 983-999.

Sloane, N. J. A. 1979. Self-dual codes and lattices. Proc. Symp. Pure Math. 34, 273-

308.

Taussky, O. 1970. Sums of squares. Amer. Math. Monthly. 77, 805-830.

Wallis, W. D., Street, A. P. & Wallis, J. S. 1972. Combinatorics. Room Squares, Sunm-

Free Sets, Hadamard Matrices. Lecture Notes Math. 292. New Y ork: Springer-Verlag.



