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ABSTRACT

Michael Klemm has recently studied the conditions satisfied by the complete weight enumerator of a
self-dual code over Z 4, the ring of integers modulo 4. In the present paper we deduce anal ogous theorems
for the **symmetrized’’ weight enumerator (which ignores the difference between +1 and — 1 coordinates)
and the Hamming weight enumerator. We give a number of examples of self-dual codes, including codes
which realize the basic weight enumerators occurring in all these theorems, and the complete list of self-
dua codes of length n < 9. We aso classify those self-orthogonal codes that are generated by words of
type+14 0" 7%,

1. Introduction

In recent years, several papers have mentioned (implicitly or explicitly) codes over Z , ([5]-[8], [20],
[21], [26], [31]), without however giving many concrete examples. The main results of the present paper
are the following.

The first is a structure theorem (analogous to the result for binary codes stated on p. 35 of [10])
characterizing self-orthogonal @ codesover Z , that are generated by *‘tetrads'’, vectors which contain four
components congruent to +1 or —1 (mod 4), the other components being congruent to 0 (mod 4). Aswe
shall see later, tetrads are the simplest possible vectors in an indecomposable self-orthogonal code over Z ,.

Theorem 1. Any self-orthogonal code # over Z, generated by tetrads is equivalent to a direct sum of
codes from the list

$ o S o S S (M=1,2,.), %, %), % - M

The codes mentioned in (1) are defined in Section 3. They are inequivalent except that $ f > $ Z; the
inclusions between these codes are displayed in Figure 1. (The figures are at the end of the paper.)

The second theorem classifies self-dual codes of length up to 9. The statement of this result is
facilitated by the fact that self-dual codes over Z , have a property not shared by self-dual codes over finite
fields: a self-dual code # of length n can be shortened to a self-dual code of length n -1 by deleting any
one of its coordinates. This is accomplished as follows. If the projection of # onto the i-th coordinate
contains &l of Z,, the shortened code is obtained by taking those words of # that are 0 or 2 in the i-th
coordinate and omitting that coordinate. If the projection of # onto the i-th coordinate contains only 0 and
2, we take the words of # that are 0 in the i-th coordinate and omit that coordinate.

*  This paper appeared in J. Combinatorial Theory, Series A, Vol. 62 (1993), pp. 30-45.
(1) Theterms**self-orthogonal’’, ** self-dual’’, *‘equivalent’’, etc. are explained in Section 2.



Theorem 2. Any indecomposable self-dual code over Z, of length n< 9 is equivalent to one of those
shown in Tablel. All self-dual codes of length n < 8 are shown in Figure 2, in which a line indicates that
the upper code can be obtained by shortening the lower code.

Tablel. All indecomposable self-dual codes over Z , of lengthn < 9.

# E: 20 Ga swe
2! 2 1+c
42> 2241 1+6c?+8b*+ct
4?2>  25.6  1+3c?+8c+12b%+3ct+ -
4%t 2-168  1+7c+14b*+7ct+
432 2%.8  1+4c?+16b*+22¢+ -
4*  8-2-41 1+16b*+14c*+48b%c+ -
4'2° 2.8l 1+28c?+70c*+28c°+ -
4%2*  27(4Nn?  1+12c?+38c*+64b%c+ -
4* 1344  1+14c*+112b%c+112b%c3+ -

&
® O
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4322 28.41 1+4c?+22¢*+96bic+ -

For the proofs of Theorems 1 and 2 see Section 3.

In [21], Klemm has studied the conditions satisfied by the complete weight enumerators of self-dual
codes over Z, (see Theorems4, 5 below). In Section2 we deduce analogous theorems for the
“‘symmetrized’’ and Hamming weight enumerators (see Theorems 6-9), and in Table Il we list examples of
self-dual codes that realize the basic weight enumerators occurring in all these theorems. The codes
themselves are defined in Section 3. Theorem 3 is a general result on obtaining codes over Z , from pairs
of binary codes.

2. Codesover Z,

We first establish some terminology. By a‘‘code’’ # we usually mean an additive subgroup of ZQ. We
define an inner product on ZZ by x-y=x,y,+ - +X,Y,, (mod4), and the notions of dual code (# Ij),
self-orthogonal code (# O # D) and self-dual code (# =# D) are then defined in the standard way (cf.
[20],[24]). For most applications there is no need to distinguish between + 1 components of codewords and
—1 components, and so we say that two codes are equivalent (denoted > ) if one can be obtained from the
other by permuting the coordinates and (if necessary) changing the signs of certain coordinates. Codes
differing by only a permutation of coordinates are called permutation-equivalent. The automorphism group
Aut(#) of # consists of all permutations and sign-changes of the coordinates that preserve the set of
codewords. We denote the order of Aut(#) by g.

Any code is permutation-equivalent to a code # with generator matrix of the form
4, A BU
(e O

2
Jo 21, 2c0 @
0 O

2

where A, B are matricesover Z , and Cisa{0,1}-matrix. The code is then an elementary abelian group of
type 4k 2k2, containing 2%**: codewords. We shall indicate this by writing (¢ 0= 40k
The dual code# “to (2) has generator matrix



|lBtr _CtrAtI’ Ctr In_k _k |:|
0 k]
O opl 21 o U )
O kz 0
and (¢ T0= 4" 9T gk

Suppose L (resp. L D) isthe lattice consisting of all integer points congruent modulo 4 to the words of C
(resp. CD). Then theinvariant factors of L are

and for L they are

Let B be the ““mod 2"’ map fromZ , to Z,, sending 0 and 2to 0, 1 and 3 to 1. The kernel {0,2} is
isomorphic to Z ,, and we denote this isomorphism by v, so that y(0) =0, y(2) =1.

There are two binary codes # D 5@ canonically associated with #:
#0 = {B(u) : uD#}
#3 = {y(u) : uD#, B(u)=0} .

#® isan[n, k, ] binary code which (if # is defined by (2)) has generator matrix
(1, B(A) BB, (4)

while#@ 0#W jsan [n, k, +k,] binary code with generator matrix

0

Ji, BA) BB
Oo 1, c o
i O

®)

If # s saf-orthogona then #9 s a self-ortho%onal doubly-even binary code and
#D 0@ gg®Y Fyrthermore if # is self-dua then #® =#®Y The next theorem gives the
converse assertions.

Theorem 3. If | , @arebinary codeswith ! O @then thereisacode# over Z, with#M =1 #@ =@
If in addition ! is self-orthogonal and doubly-even and @ ! " then there is a self-orthogonal code #
over Z,, with# M =1 | #® =@ Furthermoreif @=! "then# is self-dual.

Proof. Let dim! =k,, dim B=k, +k,. Without loss of generality we may assume that ! , @ have
generator matrices

0 0
on 31

respectively. Then

0 x vU
0 (6)
21 27p
is a generator matrix for a code # with #D =1 #@ =@ To establish the second assertion we must

modify (6) to make # self-orthogonal. This is accomplished by replacing the (j,i)-th entry of (6) by the
inner product modulo 4 of rowsi andj,for1<i<k,;,1<j<k;+k, i <j. m



In this way every self-orthogonal doubly-even binary code corresponds to one or more self-dual codes
over Z ,. For example the vectors

3(20000101001100110101111) (7

— where the parentheses indicate that al cyclic shifts of the parenthesized portion(s) are to be used —
generate a self-dual code &, over Z , for which &(2? = &(2? isthe binary Golay code.

The complete weight enumerator (or c.w.e.) of # is

cwe, (a,b,c,d) = ¥ a™"
ul#

n(u) _n,(u) ny(u)
C )

b d

(8)

where n; (u) is the number of components of u that are congruent to i (mod4) (cf. [20], [24, p. 141]).
Permutation-equivalent codes have the same c.w.e., but equivalent codes may have distinct c.w.e.’s. The
appropriate weight enumerator for an equivalence class of codes is what we shall call the symmetrized
weight enumerator (or s.w.e.), obtained by identifying b and d in (8):

swe, (a,b,c) = cwe, (a,b,c,b) . 9

This is equivaent to the “‘weight function”” W(Z,, Z,, Z,) of Klemm [20]. The Hamming weight
enumerator of # is

W, (a,b) = cwe, (a,b,b,b) . (10)

The theorems stated below require that we work with homogeneous polynomials, but sometimes — as in
Tablel —itissimplertoseta=1.

There are several other criteria for judging a code # over Z, besides its minimal Hamming weight.
One may consider its minimal Euclidean norm, defined by N(0)=0, N(x1) =1, N(2) =4 (cf. [4]), which
can be found from SNe#(l,X,XA). In [13] (see aso [9],[14]) the Leech lattice was constructed by
combining eight copies of the face-centered cubic lattice using the code # =24. For this type of
construction one needs the minimal Az-norm of #, defined by N(0) =0, N(x1) =3/4, N(2) =1, which can
be found from swe,, (1,x¥* x).

Klemm [21, Theorem 1.5] gives an analog of the MacWilliamsidentity:

cwe,o(a,b,c,d) = f#%_Dcwe# (a+b+c+d,a+ib-c-id,a-b+c-d,a-ib-c+id), (11
which implies
swe,o(a,b,c) = [##DSNe#(a+2b+c, a-c, a-2b+c) (12

(thisis also a special case of Theorem 1.2 of Klemm [20]), and

W,o(ab) = _;_DW# (a+3b, a-b) . (13)

Klemm observesthat (11) is simpler when stated in terms of the variables
a+c _ b+d _
b= , T

, a-C g b-d (14)
V2 V2 V2 V2

Let twe, denote the c.w.e. of # when written as a function of & b, t, d. Then (11) implies ([21,
Theorem 1.5])

n

cwe,o(ab,c,d) = |;TDCWE# (a,c,b,id) . (15)



The main results of [21] are the following two theorems.
Theorem 4 (Klemm [21]). Thec.w.e. of aself-dual code over Z , belongsto thering
C[el’e4a’e4b’68] O e10 C[91,94a,94b,98] ) (16)
where

0, =a 6, =(b'+c"), 0, =0,

0, = b'c*, 0, = (Bcd)?(b"-c") . 17

Thisring has the Molien series (cf. [24], [27])

1+A%0

(L-M)(1-AH?(1-2%) (18)

Theorem 5 (Klemm [21]). The c.w.e. of aself-dual code over Z , that contains the all-ones vector belongs
tothering

RO 0zRO02R00,,R00,0,,RO050,,R (19)

where Risthe ring of symmetric functions of a4, 54, r:4, 64, and

o, = ad + B¢
O = (cha)z(a454+C464—a4c4—5464) . (20)
Thisring hasthe Molien series

1-AH-A5H -2 a-A2") (1)

The analogous theorems for symmetric and Hamming weight enumerators follow easily from
Theorems 4 and 5; we omit the proofs.

Theorem 6. Thes.w.e. of aself-dual code over Z , belongsto thering

cla b*+&*, b*e", 22)
where
a=2"C p=v3p g=2°C, 23)
V2 V2
Thisring has the Molien series
L (24)

(1-A)(1-A)(1-2F%)
An aternative basisis given by the polynomials

@, = a+c,

¢, = 2b* - ac(a®+c?) , (25)

¢ = b*(a-c)*.



Theorem 7. Thes.w.e. of aself-dual code of length n over Z , containing a vector +1" belongsto thering

sob'e*sop’ess,

where Sisthe ring of symmetric functions of 54, 64, &*. Thisri ng has the Molien series

1+A8+)\10
(1-AH(1-A%)1-2%)

An explicit basisfor Sis given by the polynomials

®, a’+6a’c®+8b*+c*,

@y = (a°c®-b*)((a®+c?)*-4b?)
@, = b*@*-c??,
and then theringis SO WSO W3S where
W, = b*a-c)*,
with
Lpg = W@%‘Di-q’sz- %LP8¢4(D12 + T]émiz .

Theorem 8. The Hamming weight enumerator of a self-dual code over Z , belongs to the ring

Clw,,w,] Owg Clw,,w,],

where
w, = a+b,
w, = ab(a®+b%)-2b*,
wg = b*(a-b)*,

and

2 _ 8 4 2 4
Wg = Wg(W; —4w W, +2wW,) — W, .

Thisring has the Molien series

1+)\8
(1-A)(1-A%)

(26)

@7

(28)

(29)

(30)

(31

(32)

(33

(34)

Theorem 9. The Hamming weight enumerator of a self-dual code of length n over Z , containing a vector

+1" belongsto thering
CIW,,Wg] O XgC[W,,Wy] 0 X,,C[W,,Wg] O XgX,C[W,,W,]

where

(39



W, = (a®+3b%)%,
W, = b*(a-b)*,
(36)
Xg = b*(a®-b%)?*(a®+3b%) ,
with
2 _
X8 - W4X12 !
X5, = 2X 3, W, Wy + W5 (16X - W5) + 16W5 . 37)
Thisring hasthe Molien series
8 12
(1+2%)(1427%) (38)

(1-2%)(1-2%)

A question left unanswered by Klemm in [21] is whether one can find a set of codes with lengths equal
to the degrees of the basic polynomials in Theorems 4 and 5 and whose c.w.e.’s are a polynomial basis for
the rings (16) and (19). In other words, are there analogues of Gleason’s theorem that says (for example)
that the weight enumerator of a self-dual doubly-even binary code is a polynomial in the weight
enumerators of the Hamming and Golay codes (cf. [3], [16], [23], [24], [27])? Similar questions can be
asked about Theorems 6-9.

The affirmative answers to these questions are obtained using the codes listed in Table 1.

Tablell
Theorem Corresponding codes
4 I ,,$, intwo versions (39a), (39b), 24 (41); # ,, (45).
— 4 g 12— 16 (43); 24 (41), # 14 (46).

1, $4, 2,

_4_g_12 2g
o.
1,85 2,

© 00 N o O

_ 1028 _g_ 12

The codes mentioned in Tablell are defined in Section 3. In general we use the same name for all
codes in an equivalence class, but for the first two lines of Table Il we include equation numbers to identify
particular representatives from the equivalence classes. The codes before the semicolons have algebraically
independent weight enumerators, and correspond to the termsin the denominators of the Molien series (18),
(21), etc., while those after the semicolon correspond to the terms in the numerator. We discuss this table
further in Section 3.

3. Examples of self-orthogonal and self-dual codesover Z,

The smallest self-dual code is ! ; ={0,2}, with symmetrized weight enumerator a+c and
g = [Aut(! ;)0= 2 (thetransformation that negates al coordinates is alwaysin Aut(#)).

If aself-orthogonal code# contains a vector of type 210" T then # > ! , O #' isdecomposable. The

next-simplest possible vectors are ‘‘tetrads’’, of type +1%"™* (see Section 1). We now list a number of
self-orthogonal codes that are generated by tetrads; t denotes the total number of tetrads in the code.



The first four codes have the property that the associated binary code # () s the self-dual code d,, of
[10], [12].

$,, (M=2 — the subscript gives the length) is generated by the tetrads 11130...0,
0011130...0, ..., 0..01113; [, 0=4""' g=2-4! (m=2) or 2°-2" (m>2), t=2(m-1).
$ om!$ oy isagroup of type 4 with generatorsv, = 0101...01, v, = 00...0011.

$ Sm (m=2) is generated by $ ,,,, and the tetrad 1300...0011 (or equivalently the vector 2020...20);
B5 0=4""12,g=2°-8m=2)or2-2"""-2m (m>2), t=2m. ($5,)"/$ 5. isacyclic group of
order 4 generated by v, (if mis odd), or a 4-group generated by v, and 2v,, (if miseven).

$5,(M=2 butnotethat $; > $3) isgenerated by $ ,, and 2v,; [($ 5 0= 412, g = 2" - 2™
t =4(m-1). ($3,)"/$ 5, isa4-group generated by 2v, and v.,.

$ 5 (M2 2) is the self-dual code generated by $ 5, and $ 5.; (5 5 (0= 4™ 2%, g = 2° - 41 (m=2)
or2™-2™-2m(m > 2), t=4m. For use in Tablell we note that there are two permutation-inequivalent
versionsof $ ;, with generator matrices

E&lllg El333%
(@ p2025 (B D202 (39)
00227 M0 227

$ 7 (ineither version) hasswe = a* +6a°c® +c” +8b*.

%, is generated by 1003110, 1010031, 1101003; [%6,00= 43, g=2-41,t=8. %'f/%7 isacyclic group
of order 4 generated by 3111111.

%J; isthe self-dual code generated by %, and 2222222 (or equivalently by all cyclic shifts of 3110100);
W60=4%2, g=2-168, t=14, swe = a’ +c’ +14b*(a®+c®) +7a%c®*(a+c)+42ab*c(a+c). For
both %, and %, the associated binary code# ™ isthe dual Hamming code e, .

%, is the self-dual code generated by Ou, udJ%, and 30001011, or equivalently is the code defined by
the generator matrix

000 01115
100 30130
bo10 33010
D001 31307

(40)

W4, 0= 4%, g=28-2-4l = 384, t =16, swe = a®+16b% +c®+16b% (a* +c*) +14a%c* +
48ab4c(a2 + cz) +96a°b*c?.
Proof of Theorem 1. It is now easy to verify (using Figure 1 as a guide) that the preceding codes are, up to
equivalence, the only ones generated by tetrads; we omit the details.

We next list some further examples of self-dual codes.

The octacode 2 4 (cf. [9], [13], [14]) isthe self-dual code generated by the vectors

3(2001011) , (41)

or equivalently is the code defined by the generator matrix

000 2111%
0100 3213,
bo10 33210
33001 31325

(42)



[2,0= 4" g = 1344, t=0, swe = a®+16b® +c® + 14a"c* + 112ab*c(a’ +c?). For both %, and 2, the
associated binary code # ) isthe Hamming code ey

The matrices (40) and (42) may be generalized as follows. Let H, be a skew-type Hadamard matrix of
order n=0(mod 4) ([19, p.244], [30, pp.292, 451, 459]), with H, =1,+S, S =-S,
S,Si = (n-1)1,. Then both [I [8,] and [I [B,+2l ] are generator matrices for self-dual codes of
length 2n. Examplesare known for n=4, 8, 12, ..., 112.

4 4 is the self-dual code obtained by taking the 16-word code generated by all even permutations of
0123 and replacing 0 by 00 or 22, 1 by 11 or 33, 2 by 02 or 20 and 3 by 13 or 31. 4 4 has generator matrix

(0o 11 02 130
500 02 13 117
11 02 00 13[J;

2 02 02 ozg
00 00 00 22

(4,0=42°, g=2°-41=6144, t=0, swe=a’+32b%+c®+4a’c’(a’+c*)+22a%c*+
96ab4c(a2+cz).

_am (M2>1, butnotethat _ , > $ E) isaself-dual code introduced by Klemm [21], having generator
matrix

011110
D20 027
D02 023 (43)
0 0
0 0
D00 22p

0 0= 4%2°"2 g = 2™ L (am)1, cwe = 22" L@ +6™" +T'" +T"") (see (14)).

More generally, given any graph G with k vertices labeled by positive integers m,, ..., m, and node-
node adjacency matrix A=(aij), there is a self-dua code of length n=4m, + --- +4m, generated by
(i) the vectors

Vi =V Ve, (I=i<gk),

wherev;;, = 14m‘, Vi = 0*™ if a; =0orv; = 0™ 2t a;; = 1, together with (ii) the vectors that have
evenly many 2's on each of the k coordinate blocks. _ . itself is the case where G consists of a single
vertex. When G consists of a single edge joining a pair of vertices labeled 1 we obtain a code _ 3 with
generator matrix

M111 00020

002 1111%
0202 00000,
(bo22 00000
D000 02027
(0000 00220

(44)

0 g0=4%2% g=2-2° (41)® = 73728, t=0, swe=a’+64b®+c®+12a°c?(a’+c*)+38a"c*+
64ab*c(a’+c?).

# 1, isthe self-dual code with generator matrix
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Mo0111110 110

331 000033 105

0200000 027

Eboozooooozg, 45)
0002000 02

0000200 020

0000020 207

M0 000002 220

and 3¢ 0= 4?2%. This code, used in Tablell, was found as a ““neighbor’’ (defined as in [15]) of the
direct sum of d and d .

Let A be the point-block incidence matrix of a symmetric (v,k,A)-design for which A is odd and
k—-A =4 (mod 8). Klemm [20], [21] shows that the rows of A span a code # of length v with
# =03 1'0 and that Bt", 2'Ois sdf-dua. If in addition A =3 (mod 4) then, by adding an extra

coordinate to # to make the sum of the coordinates zero, we obtain a self-dual code $ |, , containing 1'* L

For example, any normalized Hadamard matrix H, of order n = 16 (mod 32) produces a self-dual code
$ , of length n. $  is generated by the vector 1" and the rows of the matrix obtained from H, by
replacing + 1 entriesby 0 and — 1 entries by 1.

There are five distinct Hadamard matrices of order 16 ([1], [2], [4], [17], [18], [25], [29]), from which
we obtain five self-dual codes $ ; of length 16. These are inequivalent, since the associated binary codes
$ (1%3) have been shown by Assmus and Key [2] to be inequivalent. Unfortunately none of the c.w.e.’s of
these five codes involves the polynomia o,, of Theorem 5. However, by taking a neighbor of the second
code $ .4 (inthe Assmus-Key ordering [2]), we obtain a self-dual code # ;5 with generator matrix

M 0000011103310320
1000010013311237
010001000 0220330

0010001113023317
0000100111 0011117
00000100000320117
000002000020202,
00000 02000002220

0000000200002 220
0000000002 000200g

(46)

whose c.w.e. doesinvolve o .

Noteson Table II. Weillustrate Table Il by expressing the symmetrized weight enumerators of the codes in
the fourth line of the table in terms of the basic polynomials given in Theorem 7:

swe , = ®,,

swe = ®g + 16<D§ ,

swe = 240, + 480,y + O
swe, = - 28Wg — 120, + O .

Proof of Theorem2. Let # be an indecomposable self-dua code of length n = 2, and let #W pe the
associated binary code. The projection of # onto any coordinate must be all of Z , (for otherwise # Do g
contains a subcode isomorphic to ! ; and is decomposable). # (@ is therefore a bi nary self-orthogonal
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doubly-even code in which no coordinate position isidentically zero. There are no such codes of lengths 2,
3,50r9.

For length 4 we have #® =d, :{04,14}, which forces # > $E > _ 4. In generd, if
dim#® =1 then# > _ .

For lengths 6, 7, 8 and dim # ) > 2, #® is one of dg, €5, dz, dg or eg, and it is not difficult to show
that the codes listed in Table | arethe only possibilitiesfor #. m

We end with aquestion: isthere a**mass formula’ for self-dual codes over Z ,, analogous to those for

codes over GF(2) ([24'?, Chap. 19, Cors. 19 and 23], [28, (9.1.1) and (9.1.2)]), GF(3) ([11, p. 313], [28,
(9.1.3)]), GF(4) ([11, p. 313], [28, (9.1.4)]), and GF(5) ([22])?
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Figure Captions

Figure 1. Indecomposable codes over Z , generated by tetrads, ordered by inclusion. An arrow indicates
that the lower code can be obtained from the upper code by adjoining a single tetrad. The arrow has a
hollow or solid head according as the number of words increases by a factor of 2 or 4. Note that
$§’ > $Z. (In these two figures we have used bold letters instead of script letters, and ‘0"’ has been

writtenas‘‘o’’,

Figure 2. All self-dual codes of length n < 8. A vertical or sloping line indicates that the upper code can be
obtained by shortening the lower code. The indecomposable codes are in boxes, the others in circles.
There are no indecomposable codes of length 9, so that the codes of length 9 are obtainable by adjoining
I, tothe codes of length 8.



