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A surve of self-dual codes, ritten for the an oo o o in €0

Self-dual codes are im ortant because man of the best codes kno n are of thist e and
the have a rich mathematical theor To ics covered in this cha ter include codes over ,
s , shado codes, ei ht enumerators, leason-Pierce theorem, invariant theor ,
leason theorems, bounds, mass formulae, enumeration, e tremal codes, 0 en roblems There
is a com rehensive biblio ra h
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Self-dual odes o e sa d elds

There are several di erent kinds of self-dual codes Let be a nite set called the al a e
e 0 1 forbinar codes A oe o0oe oflen is an subset of If has the
structure of an additive rou then isa ¢ eifitis an additive sub rou of If hasa

rin structure then is linea o e if it is additive and also closed under multi lication b

elements of e ill al a s assume that multi lication in is commutative
In order to de ne dual codes e must e ui ith an inne o cf 177, 200 e
denote this b and re uire that it satisf the follo in conditions
if 0 for all then 0
if 0 for all then 0

To de ne the dual of a linear code e im ose the further condition that hasa on «
o eration, or involutor anti-automor hism hich ma be the identit , denoted b a bar,

hich satis es

The inner roduct must then satisf

The inner roduct of vectors , in is de ned b

Families 2 throu h include the most im ortant families of codes e ill consider in
this cha ter
2 inar linear codes 0 1, ith inner roduct , subs ace of

3 Ternar linear codes 012, , subs ace of



uaternar linear codes 01 , here 1 0, 1, ~

for , ith the ermitian inner roduct -, subs ace of Note that for
5 5
uaternar linear codes , but ith the wuclidean inner roduct
uaternar additive codes , ith trace ~ the trace from
to additive sub rou of
For com leteness e should also mention famil , uaternar additive codes ith the
uclidean trace inner roduct , ith trace the trace from
to additive sub rou of o ever, the ma

sho s that these codes are e uivalent to binar codes from famil 2 ith a articular airin
of the coordinates Since e dont kno an interestin e am les of this famil other than

linear codes, e shall sa no more about them

Linear codes over or -ar linear codes , here is an even o er of an arbitrar
rime , ith — ~ for , -, subs ace of Note that for ,
B B _7
Linear codes over , but ith If is as uare, famil is enerall referred
to
-linear codes 0123, ith mod linear subs ace of
, here is an inte er 2, ith mod , linear

subs ace of
Note that for the families 2, 3, , an additive code is automaticall linear
The follo in families are less im ortant for our resent ur oses
F1 Linear codes over ,  here is an indeterminate, ith — , -
References 8 and 101 consider such codes, as ell as a noncommutative variant
F2 Additive codes over , ith -
If erela the re uirement that be commutative and nite, e can add
F3 Linear codes over the -adic inte ers

F odes over Irobenius rin s




F  Lattices in see Section 1

nce e haves eci ed a famil of codes b  ivin and an inner roduct e can de ne

the «alof acode to be

0 for all

The dual of a binar linear code famil 2 is a ain a binar linear code Similarl , the dual of

a code in an of families 3 throu h is a ain a code of the same famil For famil , the
dual of an additive code is additive if is also linear so is , and then coincides ith
the dual in famil The dual in famil is the con u ate of the dual in famil
For families 2 throu h it is easil checked that e have
1

hich im lies

In eneral, ho ever, e cansa onl that

In articular, 2 does not necessaril hold for famil F2 consider, for e am le, the code

00 11  hich has dual 00 11 ~ , containin onl ords

If then issaid to be sel  al If , issel o o onal Inthe ast,some
authors have used self-ortho onal and  eakl self-ortho onal for these t o conce ts

In families 2 throu h ,if s self-dual then

and if is not a s uare then must be even In articular, if is linear over a eld, then
is even and  is a subs ace of dimension 2 The onl families from 2 throu h that

contain self-dual codes of odd len th are , and ith  as uare



F3 Let be a code of len th  over the

-adic inte ers such codes have been studied in , 0 In eneral it is not clear ho
one should de ne o ever,if hen ereduce mod it has the same dimension over
as  had over , then there is a natural a to de ne the dual so that it satis es
dim dim
Namel , let be the code over the -adic a ionals enerated b Since
is a linear code over a eld, e ists and satis es , dim dim No
set

FJ A ood 330, seealso 322 has investi ated codes over noncommutative nite
rin s , and has sho n that the t o fundamental ac illiams theorems Theorem belo
and Theorems 10 and 10 of ha ter1 hold recisel hen isa Frobeniusrin At resent
ho ever no interestin e am les of self-dual codes over noncommutative rin s are kno n

F nimodular lattices are analo ues of self-dual codes in see Section 1

u ale e of odes

odes that di er onl in minor a s, such as in the order in hich the coordinates are
arran ed, are said to be e ¢ alen The transformations that e allo in de nin e uivalence
for the above families of codes are as follo s these are recisel the transformations that
commute ith the rocess of formin the dual
2 Permutations of the coordinates
3  onomial transformations of the coordinates that is, a ermutation of the coordinates
follo ed b multi lication of the coordinates b non ero eld elements

onomials lobal con u ation
Permutations lobal con u ation
onomials con u ation of individual coordinates

onomials over the sub rou



here the star denotes the set of non ero eld elements lobal multi lication b elements of

lobal action of alois rou
onomials over 1 lobal multi lication b units lobal action of alois rou

onomials over 1

onomials over s uare roots of unit lobal multi lication b units of

In each case, the subset of such transformations that reserves the code forms the a o

o s 0 of the code

Let denote the full rou of all transformations listed The order of in the above cases

is

2
3 2
23
2
lo -1 T 1
lo —2
2
For 7 8 9 the orders are
712 2 72—12 32

res ectivel

The number of codes that are e uivalent to a iven code is then

In most cases it is ossible to determine the total number sa of distinct self-dual codes

of len th in one of our families Then

here the sum is over all ine i alen codes In other ords

1



uation iscalled a ass o la The a ro riate values of are

2
2 1 0 mod 2
2 ei hts divisible b
2 2 1 0 mod 8
3
2 3 1 0 mod 7
2 1 0 mod 2 8
1 0 mod 2 9
2 1 10
all el hts even
2 2 1 0 mod 2 11
-1 0 mod 2 12
1 0 mod 2 13
here 1if is even, 2if is odd
2 1
here , the number of binar self-ortho onal codes ith all ei hts divisible b
, is e ual to 1 if 0, and other iseis iven b
2 2 1
if 1 mod 8

2 1



7 7 if 2 mod 8
2 2 1
7 7 if 3 mod 8
2 5 2_1 2 21 2 5 2_1 2 if 0 mod 8
2 ' 2_1 2 21 2 22_1 2 ¢ mod 8
There is a similar but even more com licated formula for for self-dual codes over ith
uclidean norms divisible b 8, see 101
Formulae 13 are based on various sources includin 13 , 190, 22 , 189, ha 19
uation 1 is due to aborit 101
ere are t o rtoofs of i Let denote the number of self-ortho onal codes
containin An such can be e tended to an 1 self-ortho onal code b ad oinin
an vector of , and an ill arise 2 1 times from di erent s So e have 1,
2 1
2 1
and ives ii A more so histicated roof can be obtained b observin that the

uclidean inner roduct induces a s m lectic eometr structure on the s ace of even ei ht

vectors modulo A self-dual code is then a ma imall isotro ic subs ace The number of
ma imall isotro ic subs aces of a s m lectic eometr of dimension 2 is 2 1 3,
9 ,and e obtain b notin that our s m lectic eometr has dimension 2 =

Similarl , a binar self-dual code ith ei hts divisible b is a ma imall totall sin ular
subs ace of the ortho onal eometr of dimension 2 induced b - , hich leads to

uations 7, 9, 11, 13 are also obtained via ortho onal eometr , 10 via s m lectic
eometr , and 8 and 12 via unitar eometr

These mass formulae are useful hen one is attem tin to nd all ine uivalent codes of
a iven len th com are Section 11 TFor e am le, su ose e are tr in to nd all binar
self-dual codes of len th 8  eimmediatel ndt o codes, , here 11, and

the ammin code ,and thenita earsthat there are noothers To rove this, ecom ute

the automor hism rou s of these t o codes the have orders 2 38 and 87 13
res ectivel e also calculate 3 98 389 from ,and see that indeed
1 1 3



verif in that this enumeration is com lete e ill return to this in Section 11
There are also formulae that ive the total number of self-dual codes containin a ed

self-ortho onal vector or code  see 189, ha ter 19

odes over rin s are robabl less familiar to the reader than codes over elds, and so e
ill add some remarks here about the rst such case, codes over , famil

An code over is e uivalent to one ith enerator matri of the form

2
1
0 2 2
here , , , arebinar matrices Then is anelementar abelian rou oft e 2 ,
containin 2 ords e indicate this b ritin 2 The dual code has
enerator matri
2
2 2 0
and 2
There are t o binar codes and associated ith , havin  enerator matrices
and 1
0
and arameters and res ectivel If is self-ortho onal then is doubl -
even and If s self-dual then The ne t t o theorems
ive the converse assertions
ae ina oes 1 en eeisa oe o e i
ina tion is o [ e en an en an e a e
sel o o onal en 1s sel al.
Su ose , have enerator matrices assho nin 1  Then
1
0 2 2 7
is a enerator matri for a code ith , To establish the second assertion
e must modif 17 to make self-ortho onal This is accom lished b re lacin the th
entr of 17 b the inner roduct modulo ofro s and |, for1 , 1 ,



In this a ever self-o o0 onal doubl -even binar code corres onds to one or more self-

al codes over

101 A oe oe 1 ene a o a 1 is sel al i an onl 1
is o | een an is o0sen so a 1 en
- ee ae € eneaoso

In contrast to self-dual codes over elds, self-dual codes over e ist for all len ths, even

or odd Furthermore, a self-dual code  over of len th  can be shortened to a self-dual
code of len th 1 b deletin an one of its coordinates This is accom lished as follo s If
the ro ection of onto the th coordinate contains all of |, the shortened code is obtained

b takin those ordsof that are O or 2 in the th coordinate and omittin that coordinate
If the ro ection of onto the th coordinate contains onl 0 and 2, e take the ords of

that are 0 on the th coordinate and omit that coordinate

In this a all self-dual codes over  belon to a common famil tree , ith 02
at the root The be innin of this tree, sho in all self-dual codes of len ths 8, is iven
in Fi 2 of 71

e eu eaosad a lla s eoe
The a in e of a vector , denoted b , is the number

of non ero com onents

T o other t es of el ht are useful for stud in nonbinar codes For the codes in

families and hence for 2, 3, and, if is a rime, e de ne the ee e  and
E li ean no  of b
Lee min
Norm Lee
For a vector , eset
Lee Lee
Norm Norm



f course, if is a binar vector, Lee Norm
It is customar to use the s mbol to denote the number of vectors in a code  havin
ammin el ht or Lee e ht, or wuclidean norm, de endin on conte t e ual to Then
is called the e: is i ionofthecode The a in e en eao

abbreviated h e of is de ned to be

18

The ad ective ammin is often omitted There are ood reasons for takin the ammin

ei ht enumerator to be a homo eneous ol nomial of de ree see belo 0 ever, no
information is lost if e set 1, and rite it as a ol nomial in the sin le variable

There is an analo ous de nition for nonlinear codes for , let be the number

of code ords at ammin distance from Thea eae a in ei is i ion for a

nonlinear or nonadditive code is then

ith associated ammin  ei ht enumerator

uch more information about a code issu lied b its o lee el en eao
abbreviated ¢ e and de ned as follo s Let the elements of the al habet be ,

and introduce corres ondin indeterminates Then

19

here is the number of com onents of that take the value
If there is a natural a to air u some of the s mbols in then e can often reduce
the number of variables in the ¢ e ithout losin an essential information, b identif in
indeterminates corres ondin to aired s mbols The result is a s e ie € en e
a o abbreviated s e Some e am les ill make this clear For linear codes over the

s mmetri ed el ht enumerator is

20

10



here , are as above and is the number of com onents in  that are e ual

to either or — For linear codes over , thea ro riate s mmetri ed ei ht enumerator is
21
here is the number of com onents of that are e ual to either 1or 1 Thereis an

obvious enerali ation of 21 to linear codes over

The s e contains onl about half as man variables as the com lete ei ht enumerator,
and et still contains enou h information to determine the Lee ei ht or norm distribution of
a code

All the el ht enumerators mentioned so far can be obtained from the full ei ht enu-
merator of the code This is a eneratin function, or formal sum not a ol nomial , listin

all the code ords

here e use a di erent indeterminate  for each coordinate osition To obtain the s m-
metri ed el ht enumerator of a code over , for e am le, e re lace each occurrence of
b ,each b ,and each or b
Still further ei ht enumerators that have roved useful can also be obtained from the full

ei ht enumerator Fore am le,the s i a in e en eao of acodeof len th

2 s

here res is the ammin  ei ht of the left half res ri ht half of S lit
ei ht enumerators have been investi ated in 19 |, fore am le f course, the s lit need not

be into e ual arts ulti | -s lit ei ht enumerators have been e tensivel used in 1
ne ma also de ne ei ht enumerators for ansla es of codes if is a translate of a

linear or additive code, its ei ht enumerator is

e ill use such ei ht enumerators later in this cha ter hen stud in the shado of a
self-dual code
The i ei en e ao ofacode enerali esthe el ht enumerator to consider the over-

la s of airs of code ords, and the oint el ht enumerator of t o codes and  considers

11



the overla s of airs of code ords and ore enerall ,the -fold [ile ei
en e a o of acode considers the com osition of code ords chosen simultaneousl from
the code A ain there are enerali ations of the ac illiams and leason theorems 187,
189, ha , 279  The connections bet een multi le ei ht enumerators of self-dual codes
and Sie el modular forms have been investi ated b uke 90, eki 207, 211, 217 and
Run e 2 2 2

eki 217 has recentl introduced another enerali ation of the ei ht enumerator of a

code | namel its Ja o i ol no ial Fora ed vector , this is de ned b

hich is essentiall a s lit ei ht enumerator These ol nomials have been studied in 10,
11, 2 The have the same relationshi to Jacobi forms 93 as ei ht enumerators do to
modular forms cf the remarks in Section 1

For future reference e note the follo in relations bet een inner roducts and ei hts or

norms for four of our families

2
1
— 22
2
23
1
2 Norm Norm Norm 2

The follo in are some ke e am les of self-dual codes of the di erent families mentioned
in Section 1, to ether ith their ei ht enumerators Some of these ei ht enumerators ill
be labeled for later reference  nless indicated other ise, all the codes mentioned are self-dual

codes of the a ro riate kind

e rite to indicate a linear code of len th , dimension and minimal distance

over the eld , omittin hen it is e ual to 2 indicates an additive code
over containin vectors so - suall the subscri t on the s mbol for a code
e ives its len th e ado t the convention that arentheses in a vector mean that all

12



ermutations indicated b the arentheses are to be a lied to that vector Fore am le, in the
de nition of  belo , 1 1101000 stands for the seven vectors 11101000, 10110100, 10011010,
etc The enerators for the he acode in 3 could have been abbreviated as 100 1
The follo in codes are all self-dual
2 The rst e am le of a binar self-dual code is the 2 1 2 re etition code 00 11 ,

ith el ht enumerator

sa 2
and 2
The 8 a in code see Section 12 of ha ter 1 70, 80 enerated b
1 1101000 , is self-dual ith ei ht enumerator
1 2

and rou 2 of order 8 7 13
The 2 12 8 ina ola code Section 12 of ha ter1 70, ha s 3,11, enerated

1 10101110001100000000000 27

or e uivalentl b the idem otent enerator

1 00000101001100110101111 28
has ei ht enumerator
79 27 79 29
is the athieu rou ,of order 2 23222120 8 2 82300
All three codes , , are uni ue in the sense that an linear or nonlinear code ith the

same len th, si e and minimal distance and containin the ero vector is linear and e uivalent
to the code iven above 22  see also 290
3 Self-dual codes over e ist if and onl if the len th is a multi le of  this follo s from
leason s theorem, see 101 , and is also a conse uence of the ar ument used to rove 7
22 e use indeterminates for the ammin  ei ht enumerator and for
thec e
The 23 e aoe , enerated b 1110 0121 Section 7 of ha ter 1 70 81

has

13



and c e 2 , here denotes a s mmetric rou of order

The 12 e na ola code Section 12 of ha ter 1 70, 8 , enerated b
1 11210200000 , has

and assumin the all-ones code ord is resent

22 220 32

2 here is a athieu rou , of order 190080

These t o codes are uni ue in the same sense as our binar e am les 22

e use indeterminates for the ammin  ei ht enumerator, for the s e
and corres ondin to the s mbols 0 1 = for the ¢ e, so that
The 2 1 2 re etition code 00 11 — has
3
2
33

and a rou of order 12

The 3 eaoe Section 12 of ha ter 1, 70, 82 in the form ith enerator
matri
1 0 0 1
0 1 0 1 3
0 0 1 1
has
18 3
2 1 2 3
1 37
and 3 , of order 21 0

A ain these codes are uni ue



f course this is sim | the -s an of the binar code de ned above In eneral, if
is de ned over an al habet , and is a lar er al habet, e rite to indicate

this rocess

If is a binar self-dual code then is a self-dual code belon in to both families

and onversel , it is not di cult to sho that if is self-dual over ith res ect to
both the ermitian and wuclidean inner roducts, then for some self-dual binar
code

The 2 3 Reed-Solomon code

11 1 1
0 1 -
has
12 3
2 12
12
The automor hism rou is 3 , of order 72
The smallest e am le is the 1 - 1  code 0 1, ith automor hism rou of
order 2 con u ation The 12 0oeaoe can be de ned as the ¢ clic code ith
enerator 10100100101 9, see also 13 is a semi-direct roduct of 3 ith
here denotes a ¢ clic rou of order  and has order 8
Since the norm ma from to - is sur ective, there is an element ith — 1
Then 1 is self-dual
As in famil , there is a restriction on if 3 mod  then self-dual codes e ist
if and onl if is a multi le of for other values of , mneed onl be even 22  Provided
3 mod , contains an element such that 1, and then 1 is self-dual
The smallest e am le is the self-dual code 02 oflen thl Theo ao e 70,

71 is the len th 8 code enerated b the vectors 3 2001011 , or e uivalentl  ith enerator

matri
10 0 0 2 1 1 1
0100 3 2 1 3 a3
00103 3 21
0001 3 1 3 2
havin minimal Lee ei ht and minimal norm 8,
1 1 112



and 213
The most interestin  ro ert of the octacode is that hen ma ed to a binar code under

the ra ma

0 00 1 01 2 11 3 10 39

becomes the Nordstrom-Robinson code, a nonlinear binar code of len th 1 |, minimal
distance , containin 2 ords Section 1 of ha ter 1, ha ter elleseth- umar ,

99, 119 The latter is therefore a formall self-dual binar code, see Section 3 3

The octacode reduces mod 2 to the ammin code There is another lift of to ,
namel the code , ith enerator matri
10 000 1 1 1
0100 3 01 3 0
001 03 3 01
0001 3 130
but the minimal Lee ei ht and norm are no both onl o ever, not all binar self-dual
codes lift to self-dual codes over e 00 11 does not
a € ea ina sel al oeo len . A neessa an s ien
on iion o o eli e oasel al oe oe s a all ei sin ae iisile
i on iion is sa is € an € osen so a allno sae iisile
Mo e eneall asel al oeoe een a e es oasel al oemod 2
li s o e isel en all no s ae 1iisile 2 an in a aseallno sin e
li e oe an ea ane o e 1isile . sia oeli s o 0 en i
li s o oall . n a i la ia ina oeli s o eni li s oasel al oe

0 e e at inees.

a Necessit Su ose has ei ht 0 mod , and let be an
lift of  Then Norm Norm mod  because for inte ers if mod 2 then
mod
Su cienc ithout loss of eneralit has a enerator matri of the form here
mod 2 Let bean lift of to e ish to nd 2 such that
mod , since then e can take e have
2 mod



The condition on  im lies that has even coe cients and is ero on the dia onal
ut then there e ists a binar matri such that 2 ,and e take

This com letes the roof of a

b e need to sho that e can choose so that the dia onal entries of are
ero mod 8 Set 2, here iss mmetric, so that
mod 8
Let - Then e need mod 2 to be s mmetric ith ero dia onal
It is eas to see that e can accom lish this rovided trace 0 mod 2 consider, for
instance, In fact, e have
1 det 1 trace mod 8

so trace is even

The roof of ¢ is analo ous =

It follo s from Theorem 3 that the ola code can be lifted to Since is
an e tended c clic code, the lift can be easil  erformed b rae es method 71, 312
Su ose divides 1 mod 2 ,and e ish to nd a monic ol nomial over
such that mod 2 and divides 1 mod Let ,

here contains onl even o ers and onl odd o ers Then is iven b
A 1 in this techni ue to the enerator ol nomial for , that
is, to 1 see 27 , e obtain 1 2
2 , and so
3 31002333032100000000000 1
enerates a self-dual code of len th 2 hich is the ola code lifted to Iteratin this
rocess enables us to lift ¢ clic or e tended c¢ clic codes to for arbitraril lar e
F1 Let Then
1 1 0 0
0 1 1 0 2
0 0 1 1
here 1 2, enerates a self-dual code of len th over

The matri 2 also enerates self-dual codes from famil Su ose isa rime o er

such that 1 has no solution in , and let be a solution in Then 2 de nes

17



a ermitian self-dual code over ith minimal distance In the case 2 e et the

he acode

'3 The 2-adic ammin code 0 is the self-dual code of len th 8 ith enerator matri

1 1 1 0 0 0 1
0 1 1 1 0 0 1
0 0 1 1 1 0 1
0 0 1 1 1 1
here is the 2-adic inte er 1 "7 2 The 2-adic e ansion of s
2 32 128 2 12 102 20 8 09 327 8

This is the ¢ clic code ith enerator
1 1 1000

ith ala ended to each of the enerators

Similarl , the 2-adic self-dual ola code of len th 2 is the ¢ clic code ith enerator
11 2 2 32 1 3 3 100000000000

here no 1 23 2, ithala ended toeach of the 12 enerators

The 3-adic self-dual ola code of len th 12 is the ¢ clic code ith enerator
1 11 1 100000

here 1 1 2,a ain ithala ended toeach enerator

F e shall not discuss these codes here, but refer the reader to ood 330

ac illiams 18 see also 189 discovered that the ammin  ei ht distribution of
the dual of a linear code is determined ust b the ammin ei ht distribution of the code
There are versions of this theorem for most of our families of codes Althou h there are
several a s to state these identities, the sim lest formulation is al a s in terms of the ei ht
enumerator ol nomials it is for this reason that e insist that the ei ht enumerator should

be a homo eneous ol nomial

ac illiams and others

18
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1
— 3
1
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1
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1 0
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1
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e e a non 1 ial linea n ional o o an se

e e o s 0 aine 0 e e o e la in ea

eo 1 18 S8sion o es e sine eeaeseeal i een a s in i1 i

e ne
Sa eas o o 1 1in e a in
1
— 3
1
— 2 2
1
1
— 1
e e o is 0 aine o e e o e la in ea
8
e rove the result for famil 2 There are analo ous roofs for the other cases, cf
Section 10 of ha ter 1, Section 8 of ha ter elleseth- umar , 181, 189, ha
Let bea ol nomial-valued function on e nethe o ie or aa «a ans o
of b
1
If is alinear code it is strai htfor ard to verif that
1
— 9
This is a version of the Poisson summation formula c 91 No e set

, and after some al ebra the details can be found on 12 of 189 discover

that

uations 9 , 0 to etherim I "
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a The e eiioncode overa eld has ammin ei ht enumerator

1
so from e deduce that the dual code ,the eos code, has ei ht enumerator
1
- 1 1
Note that hen 2, com are case e of Theorem

b The binar codes and are self-dual, and indeed one easil veri es that their ei ht

enumerators 2 and 1 2 are left unchan ed if and arere laced
b 2 and 2
1 The ma that sends to — , or that sends to
as in , is often called the Ma  illia sor a o transform A remark-
able theorem of elsarte 78 see ha ters rou er, amion , Levenshtein

sho s that this transform is useful even for nonlinear codes

2 For the families 2, , and all the ac illiams transforms have order 2, as the
do for the ammin  ei ht enumerators for families 3 and and the s e for For the
¢ ein families 3 and  the s uare of the ac illiams transform takes  to o ever,

this does not chan e the ¢ e of the code, and so, in all cases, if the ac illiams transform is
a lied t ice, the ori inal ei ht enumerator is recovered
3 The identit for the s e in famil is left to the reader For F1 e refer to achoc
8 and for ' to ood 330 ualit fails for F2 and ei hts are unde ned in case F3
Shor and La amme 280 sho that there is an analo ue of the ac illiams identit

for uantum codes There is also an analo ue of the shado 2 0

Follo in 72, esa thatalinear code hichise uivalent toitsdualisiso al A ossibl
nonlinear code ith the ro ert that its ei ht enumerator coincides ith its ac illiams
transform is called o all sel al An isodual code is automaticall formall self-dual

It is eas to rove that an self-dual code from famil roduces a formall self-dual

binar code usin the ra ma 39 99, 119 As alread mentioned in Section 3 2, the
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octacode roduces the formall self-dual Nordstrom-Robinson code in this a Similarl |

a self-dual code from famil roduces an isodual binar code usin the ma

0 00 1 11 01 — 10 1

e ive several e am les of this construction

i The code see Section 11 7 roduces the isodual 3 3 binar code ith enerator
matri
11 11 00
11 00 11 2
10 10 10

The dual, hich is a di erent code, is obtained b interchan in the last t o columns

ii The shortened he acode, , see Section 12 roduces an isodual 10 code

iii The he acode roduces an isodual 12 code There is an additive but not linear
version of the he acode, ,found b Ran and Sn ders 2 9, enerated b 0011 —, hich
under the ma 1 roduces a second, ine uivalent, isodual 12 code As members of the
famil ,ho ever, and  aree uivalent

Further e am les of formall self-dual codes ill be mentioned in Remark follo in
Theorem Isodual and formall self-dual codes have also been studied in 87, 109, 113,
121, 19, 189, 28 seealso 72

es O SO e S

It is elementar that in a binar self-ortho onal code the ei ht of ever vector is even, in
a ternar self-dual code the ei ht of ever vector is a multi le of 3, and in a ermitian self-
dual code over  the ei ht of ever vectoris even Furthermore, there are man  ell-kno n
binar self-dual codes hose ei hts are divisible b see above The follo in theorem,
due to leason and Pierce, sho s that these four are essentiall the onl  ossible nontrivial

divisibilit restrictions that can be im osed on the ei hts of self-dual codes

leason and Pierce is a sel al oe elonin oan o e a ilies

2 o 7 asallis a in  ei s 11isile anin e e 1 enoneo e
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ollo in ol s

2 2 so a il 2
2 so a il 2
3 3 so a il 3

2 so a ilies

a i a 2 and

e a in el en eao o 8

1 The theorem ma be roved b considerin ho the ammin ei ht enumer-

ator behaves under the ac illiams transform  see 28 for details An alternative roof of

a some hat more eneral result is iven in 319 see Theorem 13 of ha ter ard
2 The same conclusion holds if is self-dual is re laced b is formall self-dual
3 Note that there are no nontrivial e am les from families | or
There are several oints to be mentioned concernin case e inea self-dual codes
ith el ht enumerator 1 al a s e ist in families 2, , , e ist
in families and recisel  hen there is a s uare rootof 1in  or res ectivel in

articular, the never e ist in families 3 or

Furthermore, it is eas tosee that an linear code over  for 2 ith ei ht enumerator

1 is a direct sum of codes of len th 2 o ever, in the binar case there

are man e am les of linear codes ith ei ht enumerator that are not self-dual

these have been classi ed for 1, see 28 These are e am les of formall self-dual

codes see Section 3 There are also e am les from famil , € the additive code
1100 0110 0011 ith el ht enumerator 3

In some cases, analo ous restrictions can be im osed on uclidean norms of code ords
In articular, su ose is a self-dual code over that is, a code from families or
here  is even Then the wuclidean norms of the code ords s be divisible b , and
a be divisible b 2 9, 27, 82, see also Theorem 3
odes from famil F1 ith 2 can also satisf case d of the theorem, since the

can be embedded in famil via the ma
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an of the e am les iven in Section 3 2 satisf one of these divisibilit conditions
2 all self-dual codes satisf a ,and and satisf b Note that an code satisf in
b is self-ortho onal from 22
3 acode satis es ¢ recisel  hen it is self-ortho onal
a code satis es d recisel  hen it is self-ortho onal

a self-dual code satisf in d is a lineari ed binar code

The dodecacode satis es d An code satisf in d is self~ortho onal
A binar self-dual code ith all ei hts divisible b iscalled o [ e en orof e
if edo notim ose this restriction then is sin [ e enor of e e denote these t o

families b 2 and2 AT elcode ma or ma not also be of T eIl the classes are not

mutuall e clusive esa acodeiss i [ e ifitisnot of T ell

Similarl , e ill sa that a self-dual code over ,  even, from the families  or is
of e if the wuclidean norms are divisible b 2 , or of e if the are divisible b
This terminolo as introduced in 9, 27, 82 e denote these families b or
and or

There is one other situation here a similar distinction can be made An additive trace-

ermitian self-dual code over  from the famil is of e if the ammin el hts are
even, or of e if odd ei hts ma occur if odd ei hts do occur then the code cannot be
linear e denote these t o families b and

ore enerall , e ill sa that a binar codeis o [ e enifall its ei hts are divisible

b ,orsinl e enifits ei hts are even It follo s from 22 that a doubl -even code is

necessaril self-ortho onal and from 23 and 2 that T e Il codes over and are
necessaril self-ortho onal

In vie of Theorem ,in the ast self-dual codes over  have been called € codes,

and ermitian self-dual codes over  have been called € codes o ever, e shall not

use that terminolo in this cha ter




S ado s

In the three cases here ecande neaT ellcode seethe revious section e can also
de ne a certain canonical translate of a code called its shado 9 The ei ht enumerator
of the shado can be obtained from the ei ht enumerator of the code via a transformation
analo ous to the ac illiams transform of Theorem

e rst discuss binar codes

e easel o oonalsinl e en ina oe an le e €5 se o
o |l een oe o s en isalinea s oeo in e n
From 22, - is a linear functional on , and is its kernel
9 Thesao of a self-ortho onal binar code is

if issin | -even

if is doubl -even

The el ht enumerator of the shado of ill usuall be denoted b

i If s the re etition code 0 1 of even len th | then if 0 mod
all even ei ht vectors, but if 2 mod , all odd ei ht vectors ii If
then is the translate of b 1010 10 iii Let be the 22 11
shorter ola code , obtained b  subtractin see Section 11 3 from | so that

consists of all ords of that be in 00 or 11, ith these t o coordinates deleted Then

consists of the remainin ords of ith the same t o coordinates deleted
9 es ao as e ollo in 0 e ies

i IS € 8e o ai e 0S8 o a 1is
1
— mod 2 o all 3
2

Iy isa o0se o
1




If isdoubl -even then i and ii areimmediate, and iii follo sfromthe ac illiams

transform and the fact that the ei hts are divisible b Su ose issin | -even, let be
the doubl -even subcode, and let Then
The rst and last inclusions have inde 2, so ,8a , here 0 for

, 1 for Thus has the ro erties stated in i and
ii  Also,

1
80
1
e u
If is asin | -even self-dual code ith doubl -even subcode , then is the union of

four translates of |, sa ., ., ., ., ith

hen is a multi le of 8 then and are both T e Il codes in
the notation of ha ter Pless , and are net o sof If hasa e ht2 ord
then  and are e uivalent

Similar de nitions for the shado can be iven in the other t o cases mentioned If
is an additive trace- ermitian self-ortho onal code over , let be the subcode ith even
ammin  ei hts, and secondl , if is a self-ortho onal code over even let be the

subcode ith uclidean norms divisible b 2 In both cases the shado is de ned b

if

if
If isself-dual from famil then the uotient rou is isomor hic to 2 2
If is self-dual from famil then is isomor hic to 2 2 if is even and to

if isodd

There are analo ues of Theorem



e easel o oonala iie oeoe i sao

7 mod 2 o all
Iy isa 0se o
1
— 3
1
— 2 2
1

It follo s from Theorem 7 that there is a code e uivalent to  that has 1

For the number of vectors of ei ht in is

1
01 — 31 0
All vectors of full el ht are e uivalent
e easel o o onallinea o eo e i sao

7 - Norm mod o all

Iy isa o0se o

111 — 2 2 ee

1
It follo s that theshado contains a vector of the form 1 For 0101

— 2020 1010 0, since 0 This observation, and a formula for

the s ee uivalent to ours, can be found in 88 In articular, a self-dual code from famil

contains a vector of the form 1

€ easel o o onallinea o eo e een 1 sao
i - Norm mod o all
i isa o0se o
11 e e€eo S0 aine 0 e e€eo e la in ea

an en 11 1in
The roofs are analo ous to that of Theorem

27



If is self-dual then its ei ht enumerator must be unchan ed b the a ro riate trans-

formation from Theorem As e il see, this im oses stron restrictions on the ei ht
enumerator
e be in b discussin the articular case of the ei ht enumerator of a binar
doubl -even self-dual code Since is self-dual, Theorem im lies
1
2
o 7
2 2
for is homo eneous of de ree Since all ei hts are divisible b | onl
contains o ers of Therefore
8
The roblem e ish tosolveis to nd all ol nomials satisf in 7 and 8
uation 7 sa s that is unchan ed, or in a ian , under the linear
transformation
re lace b ———
2
re lace b ——
2
or, in matri notation,
1 1
re lace b —
2 1
Similarl , 8 sa s that is also invariant under the transformation
re lace b
re lace b
or
10
re lace b
f course must therefore be invariant under an combination

9 3

of these transformations It is not di cult to sho as e shall see in the ne t section that
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the matrices

1 11 10
S and
2 1 1
hen multi lied to ether in all ossible a s roduce a rou containin 192 matrices
So our roblem no sa s nd the ol nomials hich are invariant under all 192

matrices in the rou

The rstthin e anttokno isho man invariants there are
This isn t too recise, because of course if and are invariants, so is an constant multi le
and also , and the roduct Also it is enou h to stud the o o eneo s
invariants in hich all terms have the same de ree
So the ri ht wuestion to ask is ho man linearl inde endent, homo eneous invariants
are there of each de ree Let s call this number
A convenient a to handle the numbers is b combinin them into a o er

series or eneratin function

onversel ,if e kno , the numbers  can be recovered from the o erseries e ansion
of
At this oint e invoke a beautiful theorem of T olien, ublished in 1897 201 see also
13, 21 31, 110 37, 301 199, 29 288, 8 297, 29

olien o0 an nie o o o le a ies is 1 en
1 1
— _ 9
det
e call the Molien se iesof  The roof of this theorem is iven in the ne t section
For our rou , from the matrices corres ondin to , , e et
1 1 1 1 0
192 1 1 1 1

There are shortcuts, but it is uite feasible to ork out the 192 terms directl man are the

same and add them The result is a sur rise ever thin colla ses to ive

1
1 1
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The ver sim le form of 1 is tr in to tell us somethin andin

in o ersof , e have

e can deduce one fact immediatel is ero unless is a multi le of 8,ie the de ree
of a homo eneous invariant must be a multi le of 8 This alread roves that the len th of
a doubl -even binar self-dual code must be a multi le of 8 ut e can sa more The
ri ht-hand side of 2 ise actl hat e ould nd if there eret o basic invariants, of
de rees 8 and 2 , such that all invariants are formed from sums and roducts of them

This is because t o invariants, , of de ree 8, and , of de ree 2 , ould ive rise to the

follo in invariants

e reed Invariants Number
0 1 1
8
1
2
32
0
8

W N NN = =

Provided all the roducts are linear]l inde endent hich is the same thin as sa in
that and areal ebraicall inde endent the numbers in 3 aree actl thecoe cients

in

hich a rees ith 1 Soif ecan ndt oal ebraicall inde endent invariants of de rees 8
and 2 , e ill have solved our roblem The ans er ill be that an invariant of this rou
is a ol nomial in and No 2  and 29 , the ei ht enumerators
of the ammin and ola codes, have de rees 8 and 2 and are invariant under the rou
So e can take and It s not di cult to verif that the are al ebraicall

inde endent Actuall , it is easier to ork ith
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rather than itself So e have roved the follo in theorem, discovered b ~ leason in 1970
An inaian o € o is a ol no ial in an

This also ives us the solution to our ori inal roblem

An ol no ial 1 sais esF aions an isa ol no 1ial in
an
Finall , e have characteri ed the ei ht enumerator of a doubl -even binar self-dual
code
leason 10 e el en eao o an e ina sel al o eis

a ol no ial in an

Alternative roofs of this astonishin theorem are iven b  erlekam et al 1 , and
roue and n uehard 33 see also Assmus and attson ut the roof iven here seems

to be the most informative, and the easiest to understand and to enerali e

Notice ho thee onents 8 and 2 in the denominator of 1 led us to uess the de rees
of the basic invariants

This behavior is t ical, and is hat makes the techni ue e citin to use ne starts ith
a rou of matrices ,com utes the com licated-lookin sum sho nin 9 ,and sim li es the
result ver thin miraculousl colla ses, leavin a nal e ression resemblin 1 althou h
not al a s uite so sim le the recise form of the nal e ression is iven in 88 , 88

This e ression then tells the de rees of the basic invariants to look for

In eneral, ndin the basic invariants is a sim ler roblem
than ndin In our a lications e can often use the ei ht enumerators of codes
havin the a ro riate ro erties, as in the above e am le, or basic invariants can be found

b a e a in ,usin the follo in sim le result roved in Section 2

is an ol no ial in a ia les an isa nie
o o a ies en
— 1
s an in a ian ee enoes e ol no ialo aine a | in e anso aion

o e aialesin
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fcourse ~ ma be ero Ane am le of the use of this theorem is iven belo
To illustrate the use of Theorem 13, euseitto nd the ei htenumeratorofthe 8 2 12
e tended uadratic residue code , usin onl the fact that it is a doubl -even self-dual
code ith minimal distance 12 This im lies that the ei ht enumerator of the code, hich is

a homo eneous ol nomial of de ree 8§, has the form

7
The coe cients of , are ero  ere is the unkno n number of code-
ords of el ht 12 It is remarkable that, once e kno uation 7 ,the ei ht enumerator
is com letel determined b Theorem 13 For Theorem 13 sa s that must be a ol -
nomial in  and Since is homo eneous of de ree 8, is homo eneous of de ree
8, and is homo eneous of de ree 2 | this ol nomial must be a linear combination of
and
Thus Theorem 13 sa s that
8
for some real numbers |, andin 8, e have
8 29 38
9
and e uatin coe cientsin 7, 9 e et
1 8 2
Therefore is uni uel determined hen these values of , ,  are substituted in
8 e nd that
1729 3 09
399 37 7 81 80 399 37
309 1729 70
This is certainl faster than com utin b e aminin each of the 2 code ords
There is a fair amount of al ebra involved in com utin 1 ere is a second e am le,

sim le enou h for the calculations to be sho n in full
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For a self-dual code from famil , from the ammin  ei ht enumerator satis es

1
— - 71
Let us consider the roblem of ndin all ol nomials hich satisf 71
The solution roceeds as before uation 71 sa s that must be invariant under
the transformation
re lace b
here
1 1 1 79
-1 1
No , SO must be invariant under the rou consistin of the t o matrices
and
To nd ho man invariants there are, e com ute the olien series from 9 e
nd
det 1
1 — —
det det 1
— 1 —
1 1
2 1 1
1
73
1 1
hich is even sim ler than 1 uation 73 su ests that there mi ht be t o basic in-

variants, of de rees 1 and 2 the e onents in the denominator If al ebraicall inde endent
invariants of de rees 1 and 2 can be found, sa  and , then 73 im lies that an invariant
of isa ol nomial in and

This time e shall use the method of avera in to nd the basic invariants Let us avera e

over the rou ie,a | Theorem1 ith The matri  leaves unchan ed,
of course, and the matri transforms into 1 1 Therefore the avera e,
— 1 1 1 -1
= — 1 =
2 2
is an invariant  f course an scalar multi le of is also an invariant, so e ma divide
b 1 2 T and take
o1 7
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to be the basic invariant of de ree 1 To et an invariant of de ree 2 e avera e over the

rou , obtainin

This can be cleaned u b subtractin 1 2 hich of course is an invariant , and

dividin b a suitable constant The result is

the desired basic invariant of de ree 2
Finall and must be sho n to be al ebraicall inde endent it must be sho n that no

sum of the form

com le and not all ero 7
is identicall ero hen e anded in o ers of and This can be seen b lookin at the
leadin terms The leadin term of is , the leadin term of is , and the leadin term
of is Since distinct summands in 7  have distinct leadin terms, 7 can onl

add to eroif all the are ero Therefore and are al ebraicall inde endent So e have

roved

An inaian o e o o e i1alenl an ol no ial sais in
o e 1 alenl e a n el en eao o an sel al oe o a il s a
ol no ial in -1 an

At this oint the reader should cr Sto , and oint out that self-dual codes from famil

must have even len th, and so ever term in the ei ht enumerator must have even de ree
ut in Theorem 1 , has de ree 1

Thus e haven t made use of ever thin e kno about the code must also be

invariant under the transformation

re lace b
here
1 0
0 1
This rules out terms of odd de ree So is no invariant under the rou enerated
b and , hich consists of The reader can easil  ork out that the



ne olien series is

N — N —

1

There are no t o basic invariants, both of de ree 2 matchin the e onents in the denom-

inator of 7 | sa and , or the e uivalent and sli htl sim ler air 1
and ence
e a in el en eao o an e 11ian sel al oeoe is a

ol no ial in an

As these e am les have illustrated, there are t o sta es in

usin invariant theor to solve a roblem

onvert the assum tions about the roblem e the code into al ebraic con-

straints on ol nomials e el ht enumerators

se the invariant theor to nd all ossible ol nomials satisf in these con-

straints
iven a collection of invertible matrices, e can
form a rou from them b multi | in them to ether in all ossible a s Thus con-
tains the matrices esa that is eneae b
e ill su ose that is mnite, hich covers all the cases encountered in this
cha ter Forin nite rou s,seefore am le ieudonneand arroll 79, Rallis 2 S rin er

293 , Sturmfels 297, e 1 32

Let us sho that the rou enerated b the matrices

1 1 1 1
— and 0
2 1



that as encountered in Section 1 does indeed have order 192 The ke 1is to discover b

random! multi 1 in matrices to ether that contains

1 0 10
0 1 0 1
1 0 0 1
0 1 1 0
So contains the matrices
1 0 0 1
0 1 1 0 1 1
hich form a sub rou of order 1 From this it is eas to see that consists of the union
of 12 cosets of
77
here are res ectivel
1 0 1 0 L 1 1 L 1 1 L 1 L 1
0 1 0 2 1 1 2 2 1 95 1
, and 1 2, an 8th root of unit Thus  consists of the 192
matrices
1 0 0 1 1 1
il 78
0 0 2
for 0 7 and 1 1

As a check, one veri es that ever matri in 78 can be ritten as a roduct of s and
s that the roduct of t o matrices in 78 is a ain in 78 and that the inverse of ever
matri in 78 isin 78 Therefore 78 isa rou , and is the rou enerated b and
Thus  is indeed e ual to 78
e have one into this e am le in some detail to em hasi e that it is im ortant to be in
b understandin the rou thorou hl For an alternative a of stud in , see 33,

1011

To uote ermann el 32 | the theor of invariants came into e istence
about the middle of the nineteenth centur some hat like inerva a ro n-u vir in, mailed
in the shinin armor of al ebra, shes ran forth from a le s Jovian head Invariant theor
became one of the main branches of nineteenth centur mathematics, but dro ed out of

fashion after ilberts ork see Fisher 9 and Reid 2 0 In the ast thirt ears, ho ever,



there has been a resur ence of interest, ith a lications in al ebraic eometr ieudonne and
arroll 79, umford and Fo art 20 , h sics seefore am le A ra alaand elinfante 1
and the references iven there , combinatorics  oubilet et al 80, Rota 2 1, Stanle 29
and codin theor 187, 19 , 19 , 197 Recentl a number of mono ra hs enson 13,
runs and er o 3 ,Smith 288 ,S rin er 293, Sturmfels 297 and conference roceedin s
100, 10 , 171, 29  on invariant theor have a eared
There are several di erent kinds of invariants, but here an invariant is de ned as follo s
Let be a rou of com le matrices , here the entr of
is In other ords is a rou of linear transformations on the variables ,

consistin of the transformations

re lace b 1 79
for 12 It is orth hile ivin a careful descri tion of ho a ol nomial
is transformed b a matri in The transformed ol nomial is
here each is re laced b Another a of describin this is to think of
as a column vector Then is transformed into
80
here is the usual roduct of a matri and a vector ne can check that
81
For e am le,
1 2
1
transforms into 2
An in a tan of is a ol nomial hich is unchan ed b ever linear
transformation in In other ords, is an invariant of if
82

for all 1
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Let

10 1 0
0 1 0 1
a rou of order 2 Then and  are homo eneous invariants of de ree 2
ven if isn t an invariant, its avera e over the rou ,
— 1
- 83
is, as as alread stated in Theorem 1 To rove this, observe that an transforms
the ri ht-hand side of 83 into
1
- 8
b 81 As runs throu h | so does , if is ed Therefore 8 ise ual to
1
hich is Therefore  is an invariant
ore enerall , an s mmetric function of the ol nomials is an
invariant of
learl , if and are invariants of , so are , , and
com le orin other ords the set of invariants of , hich e denote b , forms a rin
ne of the main roblems of invariant theor is to describe Since the transformations

in do not chan e the de ree of a ol nomial, it is enou h to describe the homo eneous

invariants for an invariant is a sum of homo eneous invariants

ur oalisto nd a basis for the invariants of , that is, a set of basic
invariants such that an invariant can be e ressed in terms of this set There aret odi erent

t es of bases one mi ht look for

Pol nomials arecalled al e ai all e en en if thereisa ol -

nomial in variables ith com le coe cients, not all ero, such that

is identicall  ero ther ise are al e ai all in e en en A fundamental
result from al ebrais Jacobson 1 ,vol 3, 1
An 1 ol no ials in atalesaeal e aiall e en en.
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The rstt e of basis e mi ht look for is a set of  al ebraicall inde endent invariants
Such a set isindeed a basis, for b Theorem 17 an invariant is al ebraicall
de endent on and so is a root of a ol nomial e uation in The follo in

theorem wuarantees the e istence of such a basis

37, 37 eeal a seis al e ai all in e en en in a ian s o

onsider the ol nomial

in the variables |, Since one of the is the identit matri , is a ero of this

ol nomial hen the ol nomial is e anded in o ers of , the coe cients are invariants,

b the remark immediatel follo in the roof of Theorem 1  Therefore is an al ebraic

function of invariants Similarl each of is an al ebraic function of invariants No if
the number of al ebraicall inde endent invariants ere ,the inde endent variables
ould be al ebraic functions of the invariants, a contradiction Therefore the
number of al ebraicall inde endent invariants is at least ut b Theorem 17 this number
cannot be reater than "
For the recedin rou , ema take and as the

al ebraicall inde endent invariants Then an invariant is a root of a ol nomial e uation in

and For e am le,

and so on
o ever, b far the most convenient descri tion of the invariants is a set of

invariants ith the ro ert that an invariantisa ol no ialin Then is
called a ol no ial asis oranine i  asis for the invariants of f course if then
b Theorem 17 there ill be ol nomial e uations, called s ies, relatin

For e am le, , , form a ol nomial basis for the invariants of
The s relatin  them is

The e istence of a ol nomial basis, and a method of ndin it,is iven b the ne t theorem

39



Noether 20 32 27 e in 0o inaianso a nie o0 0

o le a ites asa ol no ial asis onsisin o no oe an in aian s
0 € eeno € eein ee 1S eo e o . e oe 1S asis a € o0 aine
ain eaeacoe o all ono ials
o oal e ee no e ee in
Let the rou consist of the transformations 79 Su ose
com le , is an invariant of The sum e tends over all for hich there is
non ero term in Since is an invariant, it is unchan ed

hen e avera e it over the rou ,so

ver invariant is therefore a linear combination of the in nitel man s ecial invariants

No is a art from a constant factor the coe cient of in
8
here In other ords, the arethe o er sums of the  uantities
An o ersum 12 ,can be ritten as a ol nomial ith rational coe cients in
the rst o er sums Therefore an for



hich is a coe cient of can be ritten as a ol nomial in the s ecial invariants

ith
hich are the coe cients of Thus an invariant can be ritten asa ol nomial in
those ith The number of such  is the number of | ith 0
and , hich is Finall , de , and is obtained b avera in

over the rou n

Since e kno from Theorem 19 that a ol nomial basis al a s e ists,
ecan o ahead ith con dence and tr to nd it, usin the methods described in Section 1

To discover hen a basis has been found, e use olien s theorem Theorem 10 This states

that if  is the number of linear]l inde endent homo eneous invariants of ith de ree ,
and
then
1 1 8
det

The roof de ends on the follo in theorem

199, 28, 27, 17 en e o linea!l in e en en in aian s o
0o € ee is
- trace
Let
1
han in the variables on hich acts from to , here
, chan es to e ma choose sothat is dia onal see 37,
22 No , , hence the dia onal entries of areOor1 So ith achan e

of variables e ma assume



ith sa 1 son the dia onal Thus if 1 , 0 if 1

An linear invariant of is certainl ed b | so n the other hand, b
Theorem 1 ,
1
is an invariant of for an , and so "
efore rovin Theorem 10 let us introduce some more notation uation 79 describes
ho transforms the variables The in e a i,denotedb , describes
ho transforms the roducts of the  taken at a time, namel

Little ood 182, 122

transforms and  into

res ectivel Thus the 2 induced matri is

2
2
To rove 8 , note that is e ual to the number of linearl
inde endent invariants of de ree 1 of 1 Theorem 20,
1
— trace
Therefore, to rove Theorem 10, it is enou h to sho that the trace of is e ual to the
coe cient of in
1 1 87
det 1 1
here are the ei envalues of a suitable chan e of variables e can make

0



and trace sum of the roducts of taken at a time ut this is e actl the
coe cient of in the e ansion of 87 n
It is  orth remarkin that the olien series does not determine the rou TFor e am le

there aret o rou sof 2 2 matrices of order 8 havin

1
1 1

namel the dihedral rou and the abelian rou 2 In fact there e ist ab-
stract rtou s  and hose matri re resentations can be aired in such a a that ever
re resentation of has the same olien series as the corres ondin re resentation of ade

7

The follo in notation is ver wuseful in
describin  the rin of invariants of a rou The com le numbers are denoted b
, and if , are ol nomials, denotes the set of all ol nomials

in , ith com le coe cients For e am le Theorem 11 ust sa s that

Also, ill denote the usual direct sum o eration For e am le a statement like

means that ever invariant of can be ritten uni uel in the form here ,

sin this notation e can no s ecif the most convenient form of ol nomial basis for

A oo ol no ial asisfor consists of homo eneous invariants

here are al ebraicall inde endent and
if 88
or, if ,

89

In ords, this sa s that an invariant of can be ritten as a ol nomial in if
,or as such a ol nomial lus times another such ol nomial lus if

are called ¢ a invariants and if resent are se on a invariants



S eakin loosel , 88 and 89 sa that hen describin an arbitrar invariant, are

free and can be used as often as needed, hile are transients and can each be
used at most once uations 88 and 89 are sometimes called a i ona a e o o0si ion of
297, 39
Fora ood ol nomial basis ecansa e actl hat form thes ies must take
If there are no s ies If there are S ies e ressin the roducts
1 in terms of

It is im ortant to note that the olien series can be ritten do n b ins ection from the

de rees of a ood ol nomial basis Let de de Then
1
1 if 90
or
! if 91
1 i

Thisis easil veri ed b e andin 90 and 91 in o ersof andcom arin ith 88 and
]9

Some e am les ill make this clear

1 For the rou of Section 1, and form a ood ol nomial basis,
ith de rees 8, 2 Indeed, from Theorem 11 and 1,
and
1
1 1
2 For the rou de ned above, , , isa ood ol nomial basis,
ith 2 The invariants can be described as
92
In ords, an invariant can be ritten uni uel as a ol nomial in and lus times

another such ol nomial

The olien series is




in a reement ith 91 and 92 The sin le s is Note that ,

is not a ood ol nomial basis, for the invariant is not in the rin

Fortunatel the follo in result holds

ochster and a on 133, Pro osition 13 A oo ol no ial asise iss o

eimaitanso an nie o o o le a 1 es.

For the roofsee 13, 3 , 133 or 288
So e kno that for an rou the olien series can be ut into the standard form of
90 , 91 ith denominator consistin of a roduct of  factors 1 and numerator
consistin  of sum of o ers of ith ositive coe cients and that a ood ol nomial basis
88 , 89 can be found hose de rees match the o ers of occurrin in the standard form
of the olien series
n the other hand the converse is not true It is not al a s true that hen the olien

series has been ut into the form 90, 91 b cancellin common factors and multi 1 in

to and bottom b ne factors ,then a ood ol nomial basis for can be found hose
de rees match the o ersof in This is sho nb the follo in e am le, due to Stanle
29

Let  bethe rou oforder 8 enerated b the matrices dia 1 1 1 anddia 11

The olien series is

93

A ood ol nomial basis e ists corres ondin to 9 , namel

but there is no ood ol nomial basis corres ondin to 93

1 She hard and Todd 278 have characteri ed those rou sfor hich 88 holds,
ie for hich a ood ol nomial basis e ists consistin onl of al ebraicall inde endent
invariants These are the rou s kno n as wunitar rou s enerated b re ections A
com lete list of the 37 irreducible rou s or families of rou s of thist eis iven in 278

and 288, 199



2 Sturmfels 297 ives an al orithm for com utin a ood ol nomial basis for the rin of
invariants of a nite rou The com uter lan ua e A A 28, 29, 30 has commands

for com utin olien series and ndin a ood ol nomial basis and man other thin s

3 If is a homomor hism from into the multi licative rou of
the com le numbers ie alinea aa e of ,thena ol nomial is called a ela i e
in a tan of ith res ect to if
for all

olien s theorem for relative invariants states that the number of linear] inde endent homo-

eneous relative invariants ith res ect to of de ree 1isthecoe cient of in thee ansion

of

det

leaso s eoe ad e eal a o s

e no make use of the machiner develo ed in the revious section to ive a series of
results that characteri e the rin s to hich the various ei ht enumerators of self-dual codes
belon  The rst theorems of this t e, for binar and ternar codes, ere discovered b

leason 10 The results can be roved b the enerali ations of the ar uments used to
establish Theorem 13 e remind the reader that , and stand for ammin ,
s mmetri ed and com lete ei ht enumerators, res ectivel The code under consideration is
denoted b and its shado b
In each case the conclusion is that the ei ht enumerator bein considered must be an
element of a certain rin e describe b ivin its Molien se ies also called a il e

se 1esOor o0in a € Se ies

dim
here is the subs ace of homo eneous ol nomials in  of de ree e then ive a ood
ol nomial basis for in the sense of 88 , 88

In man cases is obtained as described in the revious sections as the rin of invariants
of a certain matri rou If so then estartb ivin enerators for |, its order, and, if it
isa ell-kkno n rou , a brief descri tion e have referred to ive natural eneratorsfor

rather than attem tin to nd a minimal but less-intuitive set in most casest o enerators



ould su ce If isare ection rou e iveits number in She hard and Todd s list 278
288, a e 199

In other cases the s mmetri ed e ht enumerator of a ermitian self-dual code over
108 , for e am le the rin cannot be found directl as the rin of invariants of an  rou
but must be obtained b colla sin the rin of com lete ei ht enumerators

At the end of each subsection is a table that ives, for most of the rin s mentioned, a
list of codes hose ei ht enumerators rovide a ol nomial basis for the rin  The ei ht
enumerators of the codes before the semicolon are rimar invariants, those after the semicolon
if resent are secondar invariants

For e am le, the rst line of Table 100 is e uivalent to Theorem 13

10 , 1 , 33, 187 — dihedral rou
She hard and Todd 2b , order 1

1
1 1
! 9
here , For e am le, since aT ellcodeisalsoa T el
code, the ei ht enumerator of |, 29 , must be in this rin It is
12
It follo s from Theorem thatif has ei ht enumerator then
its shado has ei ht enumerator 2 2 This ma from
to reserves multi lication and addition, so to evaluate it it su ces to consider the ima es
of the enerators of the above rin e nd that becomes 2  and
becomes So belon s to the rin
! 9

In articular, ever element of the shado has ei ht con ruent to 2 mod  since this
is true of the enerators
The shado must satisf an additional constraint If is T e, let be the

ei ht enumerator of coset |, 0 3 see Then is u to



si n a multi licative function on codes, ie,if is the direct sum oft o T elcodes and
, then for is 1 times the roduct of the ol nomials for
and In order for this ro ert tostill hold hen one or both of and isof T ell,
e ado t the convention that fora T e Il code, issim 1 the el ht enumerator
of the code
Then the additional condition satis ed b the shado isthat if isT elo T ell

is a relative invariant for the rou see 98 ith res ect to the
character
1 1 1 10
2 1 1 0
here 1 2 9 An e uivalent assertion is that is an absolute invariant
for the sub rou of ith determinant 1
It follo s see 9 for the roof thatfora T el code lies in the
follo in rin
1
1 1
1 3
97
1

ne of the di erences bet een binar codes of T es I and II is that hereas the ei ht

enumerator of the former is invariant under a rou of order onl 1 ,the ei ht enumerator of

the latter is invariant under a rou of order 192 see 98  The above result restores the
balance to a certain e tent, b re uirin to be a relative invariant for the lar er
rou

10 , 1 , 33, 187
1
S order 192 98
2 1

She hard and Todd 9

99



odes hose el ht enumerators ive enerators for the above rin s

Rin odes
9 2 2
9 2 2 100
97 2, 29 , 113
99 2, 29
The above rou s and are also the t o-dimensional real and com le
li ord rou s occurrin in uantum codin theor 8, 9 At resent this a ears to

be nothin more than a coincidence o ever, in vie of the other m sterious coincidences
involvin the 1i ord rou s, there ma be a dee er e lanation that is resentl hidden

com are the remarks in Section 7 9

10 1, 187, 189, 20

1 1 2 10
- order 8
31 1 0
She hard & Todd
! 101
1 1
! 102
8
1 197 189, 17 This forces the len th to be a multi le of 12
1 1 1 1 1 00 010 1
— 1 - 0 0 1 0 0 1
31— 010 100
order 2 92,
1
1 1
1
103
here
3 8
12



o = o O

10

10

1 198 No thelen th is ust a multi le of
1 1 1 1 00 1
— 1 - 0 01
3o - 010
order 9
1
here , , , , 8 20 ,
) 8 ) )
Rin odes
102 30 , 31
103 11 31, 3 122 122
187 189, 21
1 1 3 1 )
7 1 0 1 el rou oft e dihedral rou
She hard & Todd 2b
1
1 1
1
3
1 There must be some ord of full ei ht, so this is not a severe restriction
1 1 1 1 1 01 00 1 00
1 1 1 1 1 1 0 00 0 0 1
2 1 1 1 1 1 0 0 0 1 0 00
1 1 1 1 1 0 010 010
order 7
1
1 1 1
1

37

10



here

terms 1 terms 18 ¢ eof
3 3 3 3 3 3
terms
. _
1 0 0 0
. . 01 00
revious to ether ith 00 0 1
0 01O
el rou oft e She hard & Todd 28 , order 11 2
1
1 1 1 1
1
107
37
1 Set, inc e
1
1 1 1
! 108
2 3

If etr toa | invariant theor directl tothes e, e areled tothe rou

1 1 1 2 010 1
2 1 1 2 1 00 1
1 1 0 0 01 1

el rou oft e ,She hard & Todd 2a of order 8, ith olien series

1

o ever, the invariant of de ree is

hich cannot be obtained from the s e of an self-dual code of len th  The rin of invariants
here and the rin in 108 have the same uotient eld So there is no rou hose rin of

invariants is 108



Rin odes

10 33, 3
10 33, 3, , 11 109
107 33, 3, , 11
108 33, 3, 11
ere is the code obtained from of Section 11 3 b multi 1 in the last four coordinates

b

This is inade uatel treated in 188, here onl even codes are considered Neither the

h e nor the s e can be obtained directl from invariant theor , but must be obtained b

colla sin the ¢ e Since 0 0 0 1 0, e ma assume
1
1 1 1 1 01 00 1 0 0 O
1 1 1 1 1 1 0 0 O 0 010
2 1 1 1 1 0 001 0 001
1 1 1 1 0 010 01 00
order 192
1
1 1 1 1
! - — 110
s mmetric ol nomials in
here
2 2
2 2
1 0 00
) ) 01 00
revious rou to ether ith 00 0 1
0 01 0

el rou oft e ,She hard & Todd 2a , order 38

1
1 1 1 1

s mmetric ol nomials in 111



Set, in the above ¢ e

1
1 1 1
1
112
2 2 12
Set in thec e
1
1 1
1
113
3
Rather sur risin 1, 110, 112, 113 a ear to be ne
The follo in codes ill be used
11 2 3
! 1 ! 1 a ,2,3 Reed-Solomon code,
12 2 12
12 3 11
1 1 1 1 1 1
0 0 1 -
1 -0 0 0
terms terms 9 terms
27 18 12
Rin odes
110
111 11
112
113

The uestion mark in the rst line of the table indicates that e do not have a
code that roduces the de ree 1 ol nomial in the numerator of 110 Such a code ould
necessaril be odd and have the ro ert that the ¢ e of is not e ual to that of Pre-
sumabl a random self-dual code ould do, but e ould refer to nd a code ith some nice

structure



1
here
1
here
1

number of 1 s in

3 1 order 2
1
1 1
1
11
1 1 1 1 01 00
1 1 1 1 1 1 0 0 O
2 1 1 1 1 000 1 order 8
1 1 1 1 0 01O
1
1 1 1
1
117
2 2 2 2 118
Set inc e
1
1 1 1
1
119
2 2 120
Note that 1 mod 2 if and onl if the
is even So if 1 , the ¢ eis invariant under dia 1 111
dia 1 111 order
1
1 1 1
1
121

here are as in 118



As a corollar , the

in as in Sect

ith character

1 ,order 8

here

Set, inc e

s mmetric ol nomials in , ,

el ht of a vector in the shado 1is con ruent to

A ain e use the terminolo , 0
1 3 1 0
2 1 1 1
1, 1 er
1
1 1
1
3

elon s to ima e of 117 under the ma

1 ith character

mod 2

12

12

3, for the cosets of

that sends

12

12

12

2

3

to



1
1 1 1
1
127
1 elon s toima e of 121 under the ma , , ,
1
128
1 Set 0in 128
1 Same as 123
1 dia 1 1 1 1 , ithcharacter 1,
1 , order 12
1
1 1 1
1
129
e ma obtain b a |Iin to , hich in turn is
obtained b a 1 in to
Same as famil ,see 10
1
order 8
1
1 1 1
1
130
1 Set inc e
1
1 1 1
1
131

s mmetric ol nomials in ,



order 12
! 2 132
1 1
The follo in codes ill be used
1
11 see 11
1 = 2 2 3
111 0 0
1111 00
1 100
Rin odes
11
117
119
121
122 133
123
12
129
130
131
The case has been studied in Section 7 The ne t case is 9, but as little

attention has been aid so far to codes over this eld e shall not discuss the ¢ eors e
further It is ossible to sa a little about the ammin el ht enumerator in the eneral

case

See Theorem 1

— 0 order

I
—
—
—



1
! 13
1
This is some hat unsatisfactor , since forces a vector of ei ht 1, hichisim ossible
in a self-dual code
The cases 2 3 and have been studied in Sections 71, 73,7  As increases the
results ra idl become more com licated
e rst discuss the case and then sa a little about the eneral case
Let
1 .
— dia 1 order 2 0
13
1 1 1
here is a ol nomial of de ree 2 , ith 1 0 A ood basis for this rin  ould
therefore involve about ol nomials Such ehaviorist icalofmost rou s see u man
and Sloane 1 9
1 2 2 100
1 dia 1 0 0 1
1 010
the re ection tou 3 | a three-dimensional re resentation of the icosahedral rou , She -
hard and Todd 23 , order 120
1
1 1 1
1
13
here
2
10 10

10



12, 100 133 and either
0123 00000 00000 0123 1111111111

or

0001 00023 1111111111 137

for the invariant of de ree 10
In 180 it asobserved that these invariants ere alread kno nto lein 1 3, 1 This

a er then ent on to remark that itis orth mentionin that recisel the same invariants
have recentl been studied b  ir ebruch in connection ith cus s of the ilbert modular
surface associated ith B see 131, 30 o ever, there does not seem to be an
connection bet een this ork and ours An ele ant e lanation for this as soon found b

ir ebruch 132 The basic idea is to take a self-dual code over and to obtain from it
usin a version of onstruction A 70 a lattice over ~ The theta series of this lattice is
a ilbert modular form hich can be ritten do n from the s e of the code This roduces
an isomor hism bet een the rin of s esand the a ro riate rin of ilbert modular forms
The mono ra h 92 ives a com rehensive account of these connections

Incidentall , e do not kno if the ¢ e rin described b 13 colla ses to 13

223 Set ins e
1
1 1
—
here
B 2 2
- 12 8
1 The rou is no considerabl lar er, but the rin of invariants

is no sim ler

revious rou dia 1



,a li ord rou 20, 21, , 317 see also 13 , order 30000

1 3 13 18 28 3 17 2
1 1 1

The sum of the coe cients in the numerator is 120, so a ain there is no ossibilit of ivin a

ood basis

The de ree 10 invariant is the ¢ e of either of the codes of len th 10 iven in 137

It is hard to sa an thin in eneral, but if is an odd rime e
can at least describe the structure of the rou under hich the ¢ e is invariant
1
— dia 1
If 1 then the ¢ e is invariant under the lar er rou , here

subscri ts mod

e use to denote the center of a rou
a S ose 1 mod . en as s e 2 an ene
as s e 2 an . S ose
3 mod . en as s e an . as s e
an . nel e ase an ae ese e e alois
o _
i The rou as rst studied in the resent conte t b leason 10 The
rou s and also for com osite odd , and ith the a ro riate modi cation for even
as ell are a s ecial case of the construction in 323 eil obtains analo s of , in  hich

can be re laced b an locall com act abelian rou isomor hic to its Pontr a in dual

ii The analo ous results for 2 are iven in Sections 71 and 72 iii In both cases a
and b is the full normali er  ith coe cients restricted to - of the e tras ecial
- Tou , here dia 1 cf

normali es , since , ) )

for a ro riate inte ers and Note that Thus e have a




sur ective homomor hism from to , In articular

is transitive on

Su ose is nontrivial If there ere a noncentral element of in  then b the
transitivit of it ould follo that and for some ut then
This ould force the len th of to be a multi le of , hich is false since there is al a s a
code of len th ence

is irreducible, so the centrali er of consists onl of multi les of It follo s that ker

consists of multi les of elements of ut the fourth o er of an element of ker ould be in
, and this must be  Thus ker is either or If 1 mod then - ,so
the rst ossibilit obtains It remains to sho that hen 3 mod The matri
is readil veri ed to belon to ker ut det det Since
ma s to , det 1, so det It follo s that is "
3 mod en a sel al oeoe s a elen 1 ist le
[ ]
The conclusion of orollar 1 also holds for self-dual codes over | 3 mod 22
elon s to therin 13 If 3 mod e can sa more 128
1 1 1 0
— 1 0 order 8
1
1
1 2
1 1 3 3 2
1
1 1 1 1
1 1 1 )
3 1 1 1 1 dia 1 1 order
1 1
1
1 1 1
1
138




here

139
Set inc e
1
1 1 1
1
10
Set inc e
1
1 1
1
11
2
1
01 00
0 010
00 0 1 order 102
10 0 0
1 1
1 1 1
1 1
12
here
1 Set inc e
1
1 1
1
13
This rin ma also be described as , here is the rin of s mmetric

ol nomials in ,



1 Set, inc e

1 1
1 1
1 3 1
3
1 If1 , Part i of Theorem 8 im lies that if a vector 0 1 2
then 2 - 2 mod ,ie 3 mod 8 ,and so dia 1 1
order 192
1
1 1 1 1
1
1 Same as 1 0 and 1 1, res ectivel
the ima e of 138 under , ,
1
1 1 1
1
the ima e of 1 0 under , ,
1
1 1 1
1

It follo s that the norms of vectors in the shado are con ruent to mod 8

1 the ima e of 1 3 under , , ,

17

18



1
1 sameas 1 7
dia 1 1 order 7 8
ith character ,
1
1 1 1 1
1

s mmetric ol nomials in

1 1 1

omit from 1 0

This rin  has also been studied in 88

1 , order

1, ker  has order 3072

1

3

ith character

s mmetric ol nomials in

s mmetric ol nomials in

19

10

11

12



1 1, 27 In vie of the remarks follo in Theorem 8, this is not a severe

restriction
order 1
1 1
1 1 1
1 1
13
here
1
1
1 1
1
1
here
28 70 28 128
2
1 1
0 01 0
0 0 0
1 0 0 O
0 0 0
She hard & Todd 2a , order 91 2
1
1 1 1
1
1

s mmetric ol nomialsin , ,



1 1 Set inc e

1

o ever, the follo in result sho s that the e tra condition on the Lee ei hts ma not be a
ood thin For it assho nin 119 that most interestin linear codes over do not have

linear ima es under the ra ma

1 is a sel al oeo e i all ee ei s iisile en e

na 1t aeo n e e a a is linea .

For the roof, see 1

The follo in codes ill be used and are de ned in Section 118, and s
the octacode 38 is the self-dual code ith enerator matri
1011 111011
0100 003 310
002000 0UO0TO0 2
000 2 000UO0TO0 2
0000 200UO0TO0 2
000 002 0O0TO0 2
0000 O0O0 20 20
000 0O0O0O0Z2 2 2

and 2 71 has enerator matri
1 0 00001 1103310 3 2
01 00001 O0©01W3311 2 3
0 01 0001 00O0O0°Z2290 3 3
0 001 0001 113602331
0 0001 00111001111
0 00001 0OO0O0OOTO0ODZ32011
0 000002 00O0OUO0TZ20 20 2
0 0000 OO 20O0UO0O00O0°2 2 2
0 0o 00O0OOOOZ20UO0O0UO0°Z2 2 2
0O 0000 O0OOOT OD®Z2TUO0O0OTU0Z2U600
and 2
1, but note that is a self-dual code introduced b lemm 1
havin  enerator matri
1 1 1 1 1
2 0 2
0 0 2 0 2 17



2 , 2 , 2 see 139

Rin odes
138 , in 2 versions 177 ,

18

e e e e e e
W N = O

A ain the uestion mark indicates that e do not have a satisfactor code to roduce the

desired ol nomial

The ammin el ht enumerator of a self-dual code over for eneral has been

considered in 128

e eu eaosof a all self-o o0 o al odes

In some cases it is ossible to rove results analo ous to those in Section 7 for codes hich

are ma imall self-ortho onal et not self-dual, the 7 3 ammin code ith ei ht
enumerator 7 bein at icale am le A more trivial e am le is the ero code
0, ith el ht enumerator

The follo in results are roved in 19
For odd, let be an - 1 self-ortho onal binar code Thus 1
The el ht enumerator of belon s to the module

, hich in the notation of the revious section ould be described b

1 1
19
com are 9 If in addition  is doubl -even, the module is described b
a if 8 1,
1 1
10



1 1
11
1
com are 99 ere 17 187 1 , 0
1288 23
The code is the ¢ clic version of obtained b deletin an coordinate
Rin odes
19
10
11

There are analo ous results for ternar codes see 197

e ou ds

f course, e are interested not ust in codes er se, but also in ood or, at the ver least,
interestin  codes, that is, codes ith lar e minimal distance  ammin , Lee, or uclidean,
as a ro riate In order to kno if a articular code is ood, it is necessar to kno ho

ood com arable codes could be that is, for a iven len th and dimension, hatis the o timal
minimal distance For eneral codes, this uestion as studied in ha ters Levenshtein ,
rou er and Lits n e are, of course, interested in self-dual codes As one mi ht

ima ine, the constraint of self-dualit usuall leads to stron er bounds

e 1ill concentrate most of our attention on binar codes famil 2, ointin out analo ues
to other families as the arise

ssentiall all of the bounds e ill be discussin are s ecial cases of the linear ro ram-
min or LP bound Section 2 of ha ter rou er that is, the rel on the fact that
both the ei ht enumerator of the code and the ei ht enumerator of its dual are nonne ative
For a self-dual code, these ei ht enumerators are, of course, e ual So for T e II self-dual

binar codes, for instance, e have the follo in

eeeissa e sel al ina o eo len an ini al isan e

en eeeissa o o0eneo s ol no ial I nonneate inee oe ien s



These conditions assert that the code is self-dual, that it has minimal distance , and that it
isof T ell, res ectivel

The analo ues for other classes of codes should be clear in each case, the a ro riate enu-
merator ammin , s mmetri ed, com lete is nonne ative, invariant under the a ro riate
transformations see Section 7 , and is ero on all terms of lo  ei ht In some cases, e can
add further constraints from shado theor Section | since the ei ht enumerator of the

shado of the code is also nonne ative For instance

eeeissa e sel al ina o eo len an i al isan e
en eeeis o oeneo s ol no ials an I nonne aie inee
oe ien s s a
2
1 1
2

A ain there are analo ues for each famil for hich shado s are ell-de ned 2, ,

For a code  from famil linear over , a s uare, ith ermitian inner

roduct , it can be sho n that the ol nomial

has nonne ative but not necessaril inte ral coe cients note that this a rees ith the shado

enumerator for This can be used to stren then the LP bound in those cases The kno n
roof that this is nonne ative involves constructin a uantum code from 28
is then the shado enumerator of 2 1, roved nonne ative in 2 2  There is surel a

more direct roof
ne a toa 1 thelinear ro rammin bound is toi nore the constraint that the coe -

cients of be nonne ative, and sim 1 ask that thelo order coe cients be ass eci ed



This ives a sur risin | ood bound for T e Il binar codes Recall from Theorem 13 that

for of T ell, lies in the rin

and if  has len th has de ree The subs ace of of de ree  has dimension

— 1 This lets us set the rst coe cients of arbitraril in articular, there
e ists a uni ue element of  such that 1 1 This is kno n as
the e e al enumerator, since has the lar est minimal distance of an T e II self-dual

enumerator It follo s immediatel that the minimal distance of an T e Il code of len th

is bounded above b the minimal distance of

19 e S noneo oe ien o 1 0 s eisel a e ee

n a it la e ini al isan e o a e sel al ina oeo len s a 0s

In fact it is ossible to use the wurmann-La ran e theorem Theorem 32 to derive an

e licit formula for the number of ords of ei ht in the e tremal enumerator Let
2 ,so that 1 Then e have
allo s and Sloane 19 en e o oe o §o0 i al
non € o el in ee e al el en eao 18 1en
2
7 2 12
1
1
- 1 2 7 2 8 13
3 2
— 2 7 2 1 1
2

an isne e e o.

For the roof, see 19 or 189, ha ter 19 There is a similar formula for T e I binar
codes  see 189, ha ter 19, Problem 12

Results similar to Theorem 2 hold for other families

e i al isan eo a e ina  sel al oeisa o0s 2 8 2.

e ini al isaneo a e ina  sel al oeisa os 2 . e ini al
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isan e o a sel al oe o a i 3isa o0s 3 12 3. e i al isan e o a

sel al oe o a il isa o0s 2 2. e ini al isan eo a e sel al
oe o a il s a 0s 2 2. e ini al isan e o a sel al oe o
a ilies 0 isa 0s 2 1.

Note that the last bound is sim | the Sin leton bound, obtained from the rin
1 of 13 As e have alread remarked in Section 7 8, this is not the correct
rin  that is, the smallest rin containin all ammin enumerators of self-dual codes In
some cases or , € kno a smaller rin ho ever, since the rin is no lon er
free, it is much more di cult to use In articular, it is no lon er the case that e ma set
the leadin coe cients arbitraril  This leads to the e tremal enumerator not bein uni ue,
makin it di cult to determine its rst non ero coe cient Similarl , an attem t to make an
analo ous ar ument for families or ill have the roblem that, in those cases, e are
rimaril interested in Lee ei ht or uclidean norm, forcin usto ork ith thes mmetri ed
ei ht enumerator This is, of course, much more di cult to deal ith than the ammin
enumerator A artial solution to this roblem is rovided b Theorem 3 belo
In each case it can be sho n cf 192 that the bounds of Theorems 2 and 28 can be
met for at most nitel man in fact, the ne t coe cient a e the leadin non ero
coe cient in the e tremal enumerator becomes ne ative for su cientl lar e  Furthermore,
for an constant , the minimal distance can be ithin  of the bound onl nitel often
For T e Il binar codes, for instance, it assho n in 192 that the term 18t oes
ne ative hen is around 3720 aand hu 183 and han 337 have recentl determined
recisel  hen the term rst oes ne ative, and have obtained similar results for several

other families The follo in result incor orates the ork of several authors

337 e e a sel al o eo len o oneo e a ilies2 2 3
an le 2 32 ese iel an 8 2 12 . en e oe ien

in ee e al a n el en eao isneaiei an onl 1

2 8 8 2 8 8 7
2 2 1 2 8 19 2 1 1
3 12 70 12 7T 12 8 78
17 2 20 22
n a i la e s 1 e oesne ai e o e 0 esisa 2 1 39.
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f course other coe cients in the e tremal ei ht enumerator ma o ne ative before this
In the case of ternar self-dual codes, for e am le, famil 3, the e tremal ammin el ht
enumerator contains a ne ative coe cient for len ths 72,9 , 120 and all 1

The best as m totic bound resentl kno n for T e Il codes is the follo in

rasikov and Lits n 172 e ini al isane o a e na o e
o len sa is es
01 31
e onsan in 1ise essionis e eal oo o § 2 0 30 10 1.

The roof uses a variant of the linear ro rammin bound
For T e I binar codes, the bound of Theorem 28 is es eciall  eak ard 318 has
sho n that the minimal distance can be 2 8 2 recisel hen isoneof 2, |, , 8 12,

1 ,220r 2 This su ests that the bound can be reatl stren thened, hich is indeed the

case on a and Sloane 9 sho ed that 2 10 for 72, and ard 321, see
also ha ter ard established lo It turns out, in fact, that the correct
bound is 2 e ce t hen 2 is a multi le of 2 , ust asfor T e Il codes The

ke to rovin this fact is the observation that e have not et used the shado enumerator

Rains 2 9 S ose 8 a 2 sel al ina o e. en
2 e e en 22 mod 2 en 2 . s a lileo an
0oe eein e on iso e . 22 mod 2 an o e eein e on an e
0 aine s 0o enin a e oeo len 2 a also ees e on.
From 9 , lies in the rin conse uentl
e can rite
1
1 1

A 1 in the shado transform, e have
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here 2 mod Su ose had minimal distance 2 This fact determines

for 0 2 2 2, and in articular n the other hand, e can also
e ress as a linear combination of the  for small It turns out that these t o
e ressions for are incom atible in articular, e nd that a certain nonne ative

linear combination of the is ne ative
Rather than ive the some hat mess details of the roof, e ill sim | sho ho one

can com ute the coe cients in these linear combinations This uses the urmann-La ran e

theorem
urmann-La ran e € an e o al o e seies 1 0 0
an 0 0. oe ien s ae e ne
en
1
- o0e . o0 mn —_—

For roof and enerali ations, see 32 , 133, 10 , 272, 273, 27

For instance, to com ute , e note that
1 1 1
ividin both sides b 1 and substitutin e et
1
1
1

ecan thena | urmann-La ran e, ith

1 1 1

to obtain

1 )

—coe of in — 1 1 1

— coe of in 1 1

2

— coe of in 1 1

2
In articular, for 2 2 2,

coe of in 1 1
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It follo s that 0, ith e ualit onl  hen 22 mod 2 | since all coe cients

of an o er series of the form 1 1 are ositive henever 0
Similarl , e nd that the coe cients of the e ansion of in terms of the are
ositive This roves the bound, e ce t hen 22 mod 2  the roof that the bound
holds in that case and that a code meetin the bound is even if 0 mod 2 is left to the
reader =
This bound a rees ith the full linear ro rammin bound for 200, and, most likel |
for much lar er o ever, it is likel that a ain it can onl be attained for nitel man

There is also an analo ue of this bound for T e I codes from famil

isan a 11 e sel al oe o len an ini al isan e o
a il en 2 2 e e en mod en 2 3. s a
lileo enan o0 € eein e on ise en.

e ill call a code e e alif it meets the stron est of the a licable bounds from Theo-
rems 28, 31, and 33 For T ell binar codes, ternar codes, and linear codes over this
a rees ith the historical usa e For T e I binar codes, ho ever, e tremal has enerall
been used to mean a code meetin the much eaker bound of Theorem 28 in the li ht of

Theorem 31, it seems a  ro riate to chan e the de nition

oncernin codes over , onneca e, Sole, achoc and ourrain 27 sho
S ose isa e sel al oeoe o len . en e ini al
E li eanno o isa 0s
8 — 8 1
2

The roof uses to de ne an even unimodular -dimensional lattice -
mod , and e amines its theta series

As usual, one can derive an analo ue for T e I codes

2 S ose s a e sel al oeoe o len . e ini al
F li eanno o isa 0s
8§ — 8 1
2
e e€ en 23 mod 2 m 1 ase € o n 1is
8 7 12 17
e ali ol sin en  isas 0o ene € 8on o a € oeco len 1.



e sa that codes meetin either of these bounds are no e e al For T e Il codes
this a rees ith the de nition iven in 27
There should be an analo ous conce tof eee e al, butat resent edonotkno  hat
this is  f course, the bounds 1 and 1 7 alsoa 1 toLee ei ht ut this is not a
satisfactor bound, since it is not even ti ht at len th 2 , here the hi hest attainable Lee
ei ht is 12 rather than 1  see Table |
The fact that, from Theorem 31, an e tremal binar code of len th a multi le of 2 must
be doubl -even su ests that these codes are likel to be articularl nice Indeed, e have the
follo in result, hich is a conse uence of the Assmus- attson theorem see 189, ha ,

Theorem 111 of ha ter 1, Section of ha ter Tonchev

e eane e al ina oeo len 2 . en € oe€e 0 S0 0

an it en el o a est n.

Similarl , the su orts of the minimal code ords of an e tremal ternar code of len th
12 form a -desi n For code ords of lar er ei ht, the natural incidence structure is al os
a -desi n, e ce t that it ma have re eated blocks Similarl , for an e tremal additive code
over oflen th ,thesu orts ith multi licities of the code ords of an ed ei htform
a -desi n ith re eated blocks arada 12 hassho n that the -lift of the ola code
also ields -desi ns ore enerall , one can sho that the ords of an ed s mmetri ed
t e,in an of the 13 Lee-o timal self-dual codes of len th 2 over ,form a colored -desi n,

ossibl ith re eated blocks 2  See also 21

o e ou ds

There are t o a s to obtain lo er bounds on the o timum minimal distance of a code
of len th The rst a , naturall | is sim | to construct a ood code Just as for eneral
linear codes, there is also a nonconstructive lo er bound, analo ous to the ilbert- arshamov
bound cf Theorems 31,3 ,3 of ha terl

e rst consider the case of self-dual binar codes famil 2

208, 190 e ean ositeeeninee. e e ela es inee



en eee issa sel al ina o eo len an ini al isan e a leas

If e can sho that thee ected number of non ero vectors of ei ht less than
ina an o self-dual code of len th isless than 1,it ill immediatel follo that theree ists
so e self-dual code of len th ith no such vectors
Let us therefore com ute the avera e ei ht enumerator of the set of self-dual codes
onsider the rou of binar matrices that reserve the uadratic form n the vector
s ace of even ei ht vectors, modulo the all 1 s vector, the uadratic form becomes s m lectic,
and the rou acts as the full s m lectic rou In articular, it is therefore transitive on
non ero vectors of even ei ht, modulo 1 It follo s that the e ected number of vectors of
ei ht 2 in a random code must be ro ortional to , e ce t for 0 or 2 Thus

the avera e ei ht enumerator has the form

2

1 1

2 2
Since ever self-dual binar code contains the 0 vector and the all 1s vector, 10
01 1 since ever self-dual code contains a total of 2 vectors, 11 2
Solvin for , ,and , e nd

_ 1
2 1 2

Thus the avera e number of non ero vectors of ei ht less than is

1
[ ]
2 1
298, 190 eeeissan in nie se en e o sel al 2 ina
0 es s a en s o1in ni  an
liminf —
ee 1100278 is e ni e sol ionless an - o
1
lo 1 lo 1 —
2



Take the lo arithm of both sides of 1 8 |divide b |, and let tend toin nit The

resultin ine ualit is

as desired =

Similar results hold if one restricts ones attention to codes of T e Il

298, 190 e ean o0sii e lileo . e e ela es inee

s a
2 1 19
en eeeissa o | e en sel al ina o eo len an ini al isan e a leas

A ain e com ute the avera e el ht enumerator The ke observation is that the
function - induces a uadratic form on the s ace of even ei ht vectors modulo the all
1 s vector The rou of matrices that reserve this uadratic form is transitive on the kernel
of this uadratic form that is, vectors of ei ht divisible b, modulo 1  This allo s us to

rite do n the avera e el ht enumerator

As m toticall , this a rees ith orollar 2 as ell as the ilbert- arshamov bound
For nite ,itis actuall sli htl stron er That is, the constraint that the code be T e Il
makes it easier to nd ood codes

Similar ar uments rove

n ea a il o elis 2 2 3 an eee 18 s
ase en eo sel al oes 1 len en in o1in ni sais in
lim inf —
ee
lo 1 lo 1 lo 1 -
2
The result for families and as rst iven b Pless and Pierce 239

Similar results hold for self-dual codes over
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eeeissa a il o e sel al oeso e 1 len en in o

n ni 8 a
lim inf —
2
ee 1s e ini al ee el o e 0 ean 12 as eoe.
eeeissa a il o e sel al oeso e 1 len en in o
in ni S a
lim inf — 3 737283
ee is e int al F li ean no o e o e.

u e a o ofself-dual odes

luin is a techni ue for buildin u self-dual codes from smaller codes, and is es eciall
useful hen one is attem tin to classif all self-dual codes of a iven len th T icall one
nds that there are man codes ith lo minimal distance and onl a fe ith hi h minimal
distance  luin theor is ood at ndin all the codes of lo distance
The rst formal descri tion of luin theor a earedin 2 It has also been used in ,
70, 71, 179, 180, etc
The theor a lies to codes from an of the families that e have discussed in this cha ter

Let be self-ortho onal codes of len ths ith enerator matrices

If is aself-dual code ith the enerator matri sho nin Fi 1then esa that isformed

b [ in the o onens to ether, and e rite
170
to indicate this rocess henever ossible the subcodes are chosen so that ever minimal
el ht code ord of belon s to one of the The code ords in hich contain a non ero
linear combination of the ro s of the matri are called [ e o s, since these hold the
com onents to ether A lue ord has the form
171

here each lue element  has len th Since is self-dual, isin
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Fi ure 1 enerator matri for a code formed b luin com onents to ether

is a enerator matri for ,and  denotes the rest of the enerator matri for
Let us choose coset re resentatives 0, for in , here ,
so that

Then e can assume that each in 171 is one of
As illustrations e ive thet oindecom osable binar T e I self-dual codes of len th 18
see Tables Il and I, usin the com onents from the list in Section 11 3 The rst code is

formed b luin three co ies of the com onent to ether

1111
1111

1111
1111

1111 172

1111
010101 | 000011 | 010110
010110 | 010101 | 000011
000011 | 000011 | 000011

The three lue vectors sho n are , and

The second code is formed b luin to ether , anda free orem t com onent
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1111

1111
1111
1111
1110100 173
0111010
0011101

0101010101 | 0000000 | 1
0101010110 | 1111111

The t o lue vectors sho nare 0 and 0
f course a self- al code has no non ero lue If a self-ortho onal code  has a com-
onent , sa , hich is self-dual, then is a direct sum , here is a ain
self-ortho onal
It ma ha en that thereisa lue ordin hich onl one is non ero,in hich case e
sa that the com onent has sel [ e, and that isasel [ e e o Soif hasasin le
com onent sa ith self- lue, e rite com are 170

A basic result of luin theor is the follo in

a sel al oe is o e lin oe e 0 0 es an ins
a a a eeisnosel [e en e o ilen o s an aeiso o 1.
e omit the eas roof The isomor hism is iven b henever there

is a lue vector

ne advanta e of the luin method is that it makes it much easier to nd the automor-

hism rou of a self-dual code e ill denote the rou b rather than in

this section It is essential that ever automor hism of  takes the set of com onent codes
toitself e ill al a s choose the com onents so that this is true

This bein the case, an automor hism in ill e ect some ermutation of the |, so

that ill have a normal sub rou consistin  of ust those elements for hich this

ermutation is trivial The rou of ermutations of the com onents that are reali ed in this

a ecall it is isomor hic to the wuotient rou
Let be the normal sub rou of consistin  of those automor hisms hich, for
ever , send each lue element into a vector in the same coset ,ie  hich the
lue elements modulo the com onents Then is isomor hic to a rou actin on
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Table I Numbers of self-dual codes of len th a Indecom osable T ell, b total T e
II, ¢ indecom osable self-dual, d total self-dual

0 2 8 10 12 1 1
1 1 1
1 1 2
11 0 01 0 1 1 2
11 1 1 2 2 3 7
18 20 22 2 2 28 30 32
7 7
9 8
2 8 2 18 7
9 1 2 103 21 731
the lue elements of each com onent e call this rou Thus the full rou is
com ounded of the rou s , and , and has order
17
Also is the direct roduct of the rou s ut in eneral isonl asub rou
of the direct roduct of the , and therefore must be com uted directl for each
The enumeration of binar self-dual codes of len th 32 has been carried out in a series

of a ers Pless 228 for 20 on a un ublished for T eIl of len th 2 Pless and
Sloane 2 1 for 22,2 on a and Pless 2 for 2 to30and T eIl of len th 32
see also Pless 231  Some errors in the last t o references ere corrected in  on a , Pless
and Sloane The results are summari ed in Table I

In this section e describe these codes, dra in heavil from the tables in

Since from there are at least 17 93 ine uivalent T e Il codes of len th 0, len th 32
is robabl a ood lace to sto

Althou h the T e I codes of len th 32 have not been classi ed, it is sho nin 9 that
there are recisel three ine uivalent 32 1 8 e tremal T eI codes

The follo in self-ortho onal codes ill be used as com onents

1111, lue 0011, 0101, 0110, , 3 on ,
3
111100 00111100 001111 17
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lue 0101 01, 0000 11, 0101 10, 2 ) 2 s a and
1110100 , lue 1111111, 2, 1 8, 1
is the 8 ammin code, see Section 3 2
If some coordinate ositions contain ver fe code ords, it is often best to re ard
these laces as containin the ee or e o onen 0 In this case e label
the coordinate ositions b, , and use for e am le to denote the lue ord
110100 Also 1

The above com onents are im ortant in vie of the follo in decom osition theorem for

binar codes ith lo minimal distance

a asel o oonal o e as ini al isan e en ee
as ini al isan e a leas . asel o oonal o e is ene a e 0 So
el en 18a te 8 0 o0ies0o € 0 €s 2 an

a Su ose contains a ord of ei ht 2, sa 1100 Then an other ord

must meet evenl , so be ins 00 or 11 ence here 11 b A

set of mutuall self-ortho onal ords of ei ht hose su orts are linked is easil seen to
be either a for some 2,oran or "

1 Su ose is a self-dual code ith minimal distance , and let be the

subcode enerated b ords of e ht  Then is as described in art b of the theorem,
and  can be re arded as bein obtained b  luin to some other subcode the latter
ma be the free com onent

2 enerali in Part a of the theorem, it is eas to sho that an self-ortho onal code
over a eld ith len th 2 and minimal distance 2 is decom osable , Theorem 3

The follo in are some additional com onents that ill be used in Table II

The code 023 8 is obtained b takin the ords of the ola code

that vanish on  di its and then deletin those di its For the 1 , ,8 rst-order Reed-

uller code the 8 di its must be a s ecial octad, hile for the must be an umbral
he ad see 70 for terminolo For 0 , isa 2 12 8 code
The 2 11,8 al ola o e consists of the ola code ords that intersect a iven

tetrad evenl

The o ola oe isthe 2 12 T elcode enerated b and an a ro riate

82



vector of ei ht  Alternativel , the odd ola code ma be obtained as follo s Let
be a ed vector of el ht | sa 10 Then even

odd , ith enerator matri

O O RO O RFRIRFR PR~ = =
ol o olo © == = e
ol o ~,lo oo~ = EFE =
OO O OO O O
— O = OO = O O O O =
(el New B en B an )l Nan I e | o Bl e R e R e N
OO = OO0 OO0 OO0 O =
OO O OO0 OO0 o O =
—l—_ O Ol O O O O = O
OO O OO0 oo =O
O|l— O OO0 OO0 OO0 =O
OO O OO OO0 o0 O = O
[ R e el B i el B == R e e B e
OO OO0 O IO OO O
oo O Rk~ oo~ oo
Ol = OO0 OO0 O = OO
el L ) e e = e == = R e
OO OO0 = OO, OO0 O
C|O RO, O RO OO O
O|l—= O RO O oo, OO0
el L ] e e el R == =R = R e
OO OOl OOk OOo0 o0
O|l—= O OO = kOO oo
OO = =IO OO OO0 o0

Ne
]

129 90
37 , and is the se tet rou 2 3 , of order 2 3

This code has ei ht enumerator 37

1382 0 21, 70, 309

The rst 11 ro s of the above matri  enerate if the last ro is re laced b

011 11 0 0 0[1 0 0 0[1 00 O[1 0O0O0[1 00 0]

e et the ola code itself and if the last ro is re laced b

111 1]/0 0 0 0/0 0 0 0]0 0 0 O[O0 0 0 0[]0 0 0 O

e et
nder the action of there are t o distinct a s to select tetrads ,
, so that 0, de endin on hether
is a s ecial he ad or an umbral he ad see Fi 2 orres ondin 1 there aret o 2 ,10,8
a ¢ ola oes , ,consistin of thecode ordsof  that intersect all of evenl
e refer to 2 and for a descri tion of the lue vectors for these codes

ur rst table Table II lists all indecom osable binar self-dual codes of len th 22,
to ether ith the indecom osable T e Il codes of len th 2 | usin the notation of 170
For these codes and for most of those in the follo in tables there is onl one a to lue
the s eci ed com onents to ether ithout introducin additional minimal- ei ht ords e
have therefore omitted the lue ords from the table o ever, more information about these

codes, includin the lue ords, ill be iven in Table 1
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Fi ure2 T ochoices for ahe ad s ecial or umbral , used tode nethet o 2 10 8 wuarter-
ola codes and

Table IT Indecom osable binar self-dual codes of len th 2 indicates a T e Il code
Forlen th2 onl T ell codes are listed

Len th om onents
2

8
12

18
20
22

The ne t table Tables III and I ives the full list of all 8 decom osable or indecom-
osable T e Il codes of len th 32 This table is taken from , and is a corrected version
of the table in 2 The codes are labeled from 1to 8 in the rst column usin the same
order asin 2 and The second column ives the com onents omittin the su erscri ts
to save s ace

The third and fourth columns ive the orders of the rou s and , and the
fth column ives the order of the full rou , usin 17 , here is the roduct of the
orders of the for the com onents The latter are iven in Table The ne t column

ives , the number of code ords of ei ht The ei ht enumerator of the code is then

from Theorem 13

The last four columns ive the number of self-dual codes the children , cf ha ter
Pless of len ths 30, 28,2 , 2 that arise from the code

To save s ace, e have omitted the lue vectors from Tables IIl and I  In man cases



the are uni uel determined b the com onents, and in an case the can be found in full in
2, ith corrections in
The enumeration in Tables IIT and I has been sub ected to man checks, includin the

veri cation of the mass formula

1 3912 12289 3 123
3228303 237 2022 00

in a reement ith

There are ust ve T e II codes of len th 32 ith minimal distance 8 the

uadratic residue code 81 , enerated b
1001000110110111100010101110000 1
the second-order Reed- uller code 82 , enerated b
1110010000010000001100000000000 1

and the three codes 83 , 8 and 8 licit enerator matrices for

the last three are sho nin Fi 3

Su ose for concreteness that is a T el code of len th 2  ith doubl
even subcode Then e obtaina T e Il code sa oflen th 32 b luin to ,as
follo s rite , as in Section , here , the shado  of

is , and for 1 23 Then is enerated b

17

This is a s ecial case of the follo in construction Let , be an strictl T el codes,
of len ths and , res ectivel , ith , Then
is self-dual if 0 mod ,andis T eIl if 0 mod 8 The ei ht

enumerator of is then

Several constructions in the literature 3 | Theorems 1 and 2 83, Theorem 3 1, fore am le

are s ecial cases of this construction In 17 e have



In this a an T el code of len th 2 leads to a uni ue u to e uivalence T e Il
code of len th 32
onversel , all T eI codes of len th 2 can be obtained b choosin a insidea T e

IT code of len th 32 and invertin the above rocess

ore enerall ,su ose isalT ell code of len th e choose a co  of S0

that Then e obtain a T e I code of len th 2 b takin the vectors
such that for some e call this rocess s a ion ver T el code
of len th 2 can be obtained in this a b startin  ith a uni ue T e Il code and
subtractin an a ro riate f course an T e Il code of len th 2 is a direct

summand of some T e Il code of an reater len th

Table Isho sall decom osable or indecom osable codes oflen ths 22 ith minimal
distance , as obtained b subtractin suitable codes from one of the codes in Tables 111
and I  The second column indicates the arent code in Tables IIIl and I and the to be

subtracted The ne tt ocolumns ives the com onents, itha toindicate a T e Il code,
and the name if an iven to this code in 228 or 2 1 The remainin columns ive the
orders of the lue rou s and , the ei ht distribution, and enerators for the lue

Table II ives the self-dual codes both T el and T eIl of len th 2 and minimal
distance

A com lete list of all T el or T e Il self-dual codes of len ths 2 can be obtained
b formin direct sums of the codes in Tables [ and 1l in all ossible a s ith the codes

01

There are over 1000 self-dual codes of len ths 2 30 see Table I, 2, The hi hest

minimal distance is , and there are res ectivel 1, 3 and 13 codes ith of len ths 2 |

28 and 30

Ternar self-dual codes of len ths 20 and the ma imal self-ortho onal codes of len ths

19, 0 mod  have been enumerated b Pless 22 and allo s, Pless and Sloane

193 for 12, on a , Pless and Sloane for 1 , and Pless, Sloane and ard 2 2
for 20 Leon, Pless and Sloane 179 ive a artial enumeration of the self-dual codes of
len th 2 , makin wuse of the com lete list of adamard matrices of order 2 , and sho that

there are recisel t o codes ith minimal distance 9 c<f Table II belo



e ill make use of the follo in com onents

111, lue , 120 If the coordinates are labeled 1, 2, 3 then is enerated b
123 and 1 2 dia 1 1 1 and has order 2
is the 2 3 tetracode, and is the 12 ternar  ola code, see Section 3 2
is the 10 code consistin  of the vectors  such that 00 If and are
chosen so that 11 , 12 , then the lue ords for can be taken to be , ,
30, 8
Let be the oints of a ro ective lane of order 3, labeled so that the

13 lines are re resented b the c clic shifts of the vector iven b

11 o0 1 o0 0 0 0 0 1 0 0 0

189, 9, 7 The vectors enerate a 13 7 code The dual is , a
13 self-ortho onal code consistin of the vectors ith and 0,
and havin e ht distribution 1, 1, 9, 78 3,
of order 1, 2 The lue ords are

The indecom osable self-dual codes of len ths 1 aresho nin Table III denotes

a suitabl normali ed version of the adamard matri of order 8
The analo ue of Theorem 3 is an self-ortho onal ternar code enerated b ords of
el ht 3is a direct sum of co ies of and A techni ue for classif in self-ortho onal codes

enerated b ords of ei ht usin  center sets is ivenin 2 2

These have been classi ed for len ths 1 see Table I

e ill make use of the follo in com onents

2 enerated b 17  There are 1 cosets of in ,and as lue ords e
choose 0, , , , , , 012, here
1010 1010
0000 0011
1010 1001
1010 10 —
1010 10—
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Also 2 , 3 2 ,or 12 3

— 00 — , lue 1, 012, , of order 0,
is the he acode, , are -versions of the ammin codes in Sections 3 2,
and 1 is the 1 re etition code
1 The rou orders di ersli htl form those in ,since no e are allo in

con u ation in the rou

2 The dots and double-dots in the lue column indicate multi lication b or , re-
s ectivel
3 The uni ue distance codeatlen th1 , [isthe 1 7 e tended wuadratic residue

code enerated b

11 - — =

The analo ue of Theorem 3is a an self-ortho onal code ith minimal distance 2
has as a direct summand b an self-ortho onal code enerated b  ords of ei ht isa

direct sum of co ies of , , , , and

Althou h even codes of len th u to 1 ereclassi ed in 188, the odd codes do not seem

to have been classi ed

These have been classi ed u tolen th7 and T ell codeu tolen th8 in 9, 13
The analo ue of Theorem 3 is the follo in Let  be the code of len th enerated b
all even- ei ht binar vectors 2, and let 11 Then an trace self-ortho onal

additive code over enerated b ords of ei ht 2 is a direct sum of co ies of , , ,

mentioned in Table 1 is the code of len th , containin 2  ords, enerated b

and

These have been classi ed forlen thsu to1l in thefollo in a ers on a and Sloane
71 for 9, Fields, aborit, Leon and Pless 9 for 1 , and Pless, Leon and Fields
238 for T e Il codes of len th 1
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In thissection e ill resent enou h com onent codes to state the analo ue of Theorem 3

The smallest self-dual code is 0 2 If a self~ortho onal code contains a vector of
the form 2 0 then is decom osable The ne t-sim lest ossible vectors are
tetrads ,of t e 10 e list a number of self-ortho onal codes that are enerated b

tetrads  denotes the total number of tetrads in the code

The rst four codes have the ro ert that the associated binar code is the self-dual
code of 17
2 is enerated b the tetrads 11130  0,0011130 0 0 01113
, 2 2 or2 2 2, 2 1 is a rou of
t e ith enerators 0101 01, 00 0011
2 is enerated b and the tetrad 1300 0011 or e uivalentl the vector
2020 20 2, 2 8 2 or 22 2 2, 2
isac clic rou oforder enerated b if isodd ,ora - rou enerated
b and 2 if s even
2, but note that is enerated b and 2 2,
2 2 , 1 isa - rou enerated b 2 and
2 is the self-dual code enerated b and 2,
2 2 or2 2 2 2, For use in 1 8 e note that there are t o
ermutation-ine uivalent versions of , ith enerator matrices
1 1 1 1 13 3 3
a 0 2 0 2 b 0 2 0 2 177
00 2 2 0 0 2 2
in either version has 8
is enerated b 1003110, 1010031, 1101003 ) 2 8 is

ac clic rou of order enerated b 3111111

is the self-dual code enerated b and 2222222 or e uivalentl b all ¢ clic shifts of

3110100 2, 21 8, 1, 1 7
2 For both  and the associated binar code is the ammin code
is the self-dual code enerated b 0 , and 30001011 An e uivalent enerator
matri has alread been ivenin 0 , 82 38 1, 1
1 1 8 9
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The some hat com licated inclusions bet een the codes mentioned in the theorem can

be seen in Fi 1 of 71

e ala do al self-dual odes

Recall from Section 9 that e have de ned a self-dual code from an of the families 2 throu h
tobe e e alifit meets the stron est of the a licable bounds from Theorems 28, 31 and

33, that is, if its minimal distance is e ual to

2 — , here 2 if 2, or |, 2 if 22 mod 2 , and 0
other ise,
2 - ;
33— 3
2 - 2,
-1,
2 - 2 , here 1if 1, 1if mod , and 0 other ise,
2 - 2,
- 1

e also de ned a code over  to be norm-e tremal if its minimal norm is
8 — 8
here if 23 mod 0 other ise

It is ver likel althou h e do not have a roof that the above bounds for families 2
throu h  are the hi hest minimal distance that is ermitted b the wurelinear ro rammin
bound a lied tothe ammin ei ht enumeratorand hen relevant theshado enumerator

In contrast, e call a code o ¢ alif it has the hi hest minimal distance of an self-dual
code of that len th An e tremal code is automaticall o timal

In this section e ill summari e hat is resentl kno n about e tremal and o timal
codes in the families e are considerin arlier summaries of e tremal codes and lattices have
a eared in ha ter 7of 70, 1 In the tables e have tried to list all kno n codes ith

the s eci ed minimal distance a eriod indicatin that the list is com lete , or else to indicate
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ho man e tremal codes are kno n henever ossible e have attem ted to name at least

one e tremal code

T e I codes meetin the 2 8 2 bound of Theorem 28 the old de nition of
e tremal ere com letel classi ed b ard 318  nishin the ork be un in 19 | 228,
2 1 suchcodese istif and onl if is?2 , , , 8 , 12 , 1 , 22
or 2 com are Tables IT and 1 In each case the code is uni ue

o ever, there are man more T e I codes that are e tremal in the ne sense, and the
have not et been full classi ed It is kno n Theorem 29 that e tremal T e II codes do
not e ist forlen ths 39 2 and resumabl a similar bound a lies toe tremal T eI codes

Table  sho s the hi hest ossible minimal distance for binar self-dual codes of len ths

72 This is based on earlier tablesin Fi 192 of 189, 9 and 83 In the table res

denotes the hi hest minimal distance of an strictl T el res T ell self-dual code

The fourth column of the table ives the kno n codes havin the indicated minimal dis-
tance As mentioned above, a eriod indicates that the lists of codes is com lete  The
enumeration for len ths 32 has alread been discussed in Section 11 3 hen is a
multi le of 8 a semicolon se arates the T el and T e Il codes

In the ears since the manuscri t of 9 as rst circulated, a lar e number of se uels
have been ritten, su | in additional e am les of self-dual codes in the ran e of Table
The biblio ra h includes all the manuscri ts kno n to us, even thou h inevitabl not all of
them 1ill be wublished It as not ossible to mention all these references in the table, so
instead e list them here This list also includes a number of older a ers Readers interested
in e tremal self-dual codes, es eciall of T e I, in the ran e of the table should therefore
consult the follo in 3 , 38, 39, o0, 1, 2, 3, 81,83,8 ,8 ,8 , 87, 107,
108, 109, 110, 111, 113, 118, 120, 121, 122, 129, 12 , 127, 130, 138, 1 0,
11,12,1 , 11, 218, 220, 233, 237, 2 , 2 , 27,28, 30 , 30 , 308,
309, 310, 311, 331, 332, 333, 33 , 33 , 33

Note that if e dont distin uish bet een T el and T e Il codes, but ust ask hat

is the hi hest minimal distance of a binar self-dual code, then the ans er is kno n for all
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0
The s mbol in an of these tables indicates an e tended uadratic residue code of
len th 1 oth uadratic residue codes and double circulant codes rovide man e am les
of ood self-dual codes cf Section 12 of ha ter 1, ha ter ard , ha ter Pless |,
189, ha terl There aret o basict esof binar double circulant codes, havin  enerator

matrices of the form

1 01 1 11
1 1
1 1 178
1 1
1)1
or
1
1
1 179
1
1
here is a circulant matri  ith rst ro sa 178 is used onl  hen the len th is a

multi le of  Such codes and their enerali ations to other elds have been studied b man
authors, includin 12, 1 , 108 118, 1 , 12, 17, 18 , 18 |, 189, ha 1 , 2 7,
2 , 307, 31 , 331 333 Table I, based on 9 and 203, ives a selection of double
circulant binar codes ode 8 from 83 is the shortest T e I self-dual code resentl
kno n ith 1 The rst column ives the name of the codes, follo in 9, and the last
column ives ,theinitial ro of ,in he adecimal The codes marked are not necessaril
o timal The minimal distance of the last t o codes in the table as determined b oore
202, 203 Fortheset ocodes has1satthes uares modulo 3 and 7, res ectivel oore
remarked that the analo ous code oflen th1 8 ¢  alsohave beene tremal o ever, Aaron
ulliver  ersonal communication, Nov 1997 has sho n that the minimal distance of this
code is at most 28
e see from Table  that there are e tremal T e I codes in the ne sense that are not

also T eIl codes at len ths

2 121 1 182022323 38 0 2 0 8

that such codes do not e ist at len th

8102 2 28303 8 0 2 8 180
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and that their e istence at len ths

2 70 72 181

is at resent an o en wuestion The none istence of the T e I codes of len ths in 180 is
established b im osin the e tra condition that the shado enumerator must have inte ral
coe cients

oncernin e tremal T e II codes, ith 2 , these e ist for the follo in

values of

81 2 32 0 8 80 88 10 13

but their e istence at len ths 72 and 9 and all reater len ths is o en Forlen ths 8, 2 | 32,
8, 80 and 10 e can use e tended uadratic residue codes, and for len ths 0, , , 88,
13 e can use double circulant codes see Table I

nl one 8 2 12 codeis resentl kno n, , hich is enerated b and

101111011110010101110010011011000101011000010000

ith 1s at the non ero s uares modulo 7 u man 138 has sho n that an T e Il

8 2 12 code ith anontrivial automor hism of odd order is e uivalent to ou hten,
Lam and Thiel ¢f 13  are attem tin to establish b direct search that is uni ue
As Table  sho s, if 0 is con ruent to 8 or 1 mod 2 there are often lar e numbers
of e tremal codes Itiseas to nd 723 12 T e Il codes, for e am le 83 sho s
that there are at least 33 ine uivalent codes ith these arameters

oncernin the e istence of self-dual codes ith as eci ed minimal distance, the follo in
results ere established in 9 Self-dual codes ith minimal distance
e ist recisel for 22
8 e ist recisel for 2 32, and 3

10 e ist recisel for

12 e ist for 8, , 0and erha s for 2 and do not e ist for all
other values of As ointed out in 9, the 8 29 12 self-dual code claimed in 1 is an
error

ou hert , ulliver and arada 83 ,e tendin orkin 9,sho that codes ith
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1 e ist for 78 erha s for 70,72,7 ,7 and do not e ist for all other values
of

1 e ist for 80,8 ,88,9 ,100 10 , 112 and 120 and ossibl for other values
of

Table IIsho sthe hi hest ossible minimal distance for ternar self-dual codes of len ths

72

For the entries at len ths 2 , see the discussion in Section 11
tremal codes e ist at len ths , 8, 12,1 ,20,2 ,28,32,3, 0, , 8 , 0and
tremal codes do not e ist at len ths 72,9 | 120 and all 1 , because then the e tremal
ammin  ei ht enumerator contains a ne ative coe cient The e istence of e tremal codes
in the remainin cases 2, 87, ,10 isundecided
In Table 1I, denotes an e tended uadratic residue code of len th 1, and
denotes a Pless double circulant or s mmetr code of len th see Section of ha ter
codin -constructions , 18, 19, 193, 227, 229 A 28 1 9 code as discovered b
hen and R Scharlau 8 Another such code as iven b  schischan and Pasu ath
173 , namel the ne ac clic code enerated b the ol nomial 1

1 1,ie b the vectors

2002021222020010000000000000

here the subscri t indicates that the code is ne ac clic u man 1  sho s that there
are at least 1 ine uivalent 28 1 9 codes ith nontrivial automor hisms of odd order
ard 320 and a son 7 inde endentl discovered that 0 20 12 codes can be con-
structed usin  enerator matrices of the form , here is a adamard matri of
order 20 There are three distinct adamard matrices of this order, and a sonsho s that all
three roduce 0 20 12 codes arada 123 sho s that these three codes are ine uivalent
a son also sho s that the same construction usin the Pale - adamard matri of order 32
leads to a 32 18 self-dual code A 32 18 code e uivalent to a sons had

been constructed earlier b eenker 12



The codes of len th 32, , 2, and 8can beobtainedb subtractin  see Section 11 3
aco of from a code of len th reater

ther constructions for ternar self-dual codes can be found in arada 123 and eki

21

Table III sho s the hi hest ossible minimal distance for ermitian self-dual codes over

of len ths 32

A eriod in the  odes column indicates that the list is com lete
For the entries at len ths 1 , see the discussion in Section 11
tremal codes e ist at len ths 2, , , 8, 10,1 ,1 , 18, 20, 22, 28 and 30 The do not
e ist at len ths 12,2 | 102, 108, 11 , 120, 122 and all 12 the lar er bein eliminated
b the resence of ne ative coe cients in the e tremal ammin el ht enumerator The
remainin len ths 2 32 3 are undecided

The 18 9 8 code enerated b

11— - -
has a number of interestin  ro erties see 188, 7, 9, 23 It has automor hism rou
3 1 ,of order 89 0 9 and is the uni ue 18 9 8 code 1 7

The lon -standin  uestion of the e istence ofa 2 12 10 code as settled in the ne ative

b Lam and Pless 17 seealso 1 0 The code isane am leofa 2 12 8 code

Table I |, taken from 9,sho sthe hi hest ossible minimal distance for additive codes

over of len ths 30 that are self-dual ith res ect to the trace inner roduct

A eriod in the odes column indicates that the list is com lete
tremal T elcodese istatlen ths1 |8 12,1 18,20 22 and 28 30, and do not e ist
at len ths 7, 13 and 2 Len ths 19, 23,2 , 2 | 27 are undecided



an of the entries are co ied from the table of ermitian self-dual codes, Table III The

codes are de ned in Section 11 7, is the he acode, and is the 2 3  shortened
he acode, enerated b 01 1, ith ei ht enumerator 10 1 and
120 Also, , , , are ¢ clic codes ith eneratorssho nin Table

If no name is iven, the code can be obtained b shortenin a code of len th one reater

Table I ives the hi hest ossible ammin distance, Lee distance and uclidean norm
for codes over  of len ths 2  Thisis basedon 71, 88, 9 , 1 8, 238 and 2 3 The

columns headed ive the number of e tremal codes

The len th 1 code is iven in 238, here it is called f It has

2 3 7 and enerator matri
1111111111151 1111
1011 111100O0/0 1000
110100111 1O0/0 0100
111 010101O0T1T/00010
0000111111 1/00001
000 0O0O20O0O0O0O02200 2
000 0O0OO0OZ2O0O00022222
000 0O0OO0OOTZ2O0O0O00220 2
000 0O0OOOTOODZ2TU0TO000222
000 0OO0OOOTODO0OZ2TU012020 2
000 0O0OO0OOUOO0OTO0DZ220022
The codes and mentioned in the table have enerator matrices
1 000O0O0OOO0ODTT 2111111 2
010000001 10001220
001 0000O0O132002322
0 001 0O0OO0OO0O1T30O0O0Z2TU03°@0
00001 0OO0OO0OO0ODTT 3333112
000 0O0O1O0OO0OO0OO0OOS3T1T®020 3
0 000O0OO1O0OO0O0OS3%21000 3
0 000O0OOO0OI1O0O0OT1320U00 3
0 000O0O0OO0OO0O0222220000



and

1003 000O0O032403¢02000
01003 00O0OO0O0S3?223¢00TU0°0O0
001 0030O0O0Z2O03023°%0°0°0
0001 003 0O0O0OO0OCO03?2¢0 30 2
00001 003 0O0O0O0O0S3?223°0
000001 0O030O0O0Z2Q03°¢0 23
00000013 00330331321
0 000O0OO0OO0OT133¢033%0313 2
0 000O0O0OO0OTO0DZ2O02202202°0
0 000O0O0OO0OO0ODO0OZ2?2 2222222
and automor hism rou s of orders 7 and 1 | res ectivel
asde ned in 1 ,and throu h are shortened versions of it

esides the norm-e tremal codes of len th 8, 12, 1 2 sho n in the table, there are also
norm-e tremal codes of len ths 32 and 8 obtained b liftin binar e tended uadratic residue
codes to The code of len th 32 has minimal Lee ei ht 1 and minimal norm 1  Pless
and ian 2 0 havesho n that the code of len th 8 has minimal Lee ei ht 18 and minimal
norm 2
Further e am les of ood self-dual codes over ~ ma be found in 22, 23, 27, 1, 88,
102, 112, 11 , 12 , 18,20, 23, 23

u e o S

The roblem of decodin self-dual codes is an e tremel im ortant one for a lications,
but e ill not discuss it here ecodin the binar  ola code,in articular, has been studied
in man a ers see 2, , 7,70, ha ter11, 232, 23 , 28, 291, 31 , 31 See

also 2 7, 313, and Section 8 of ha ter codes-and- rou s

There is a ver nice a lication of self-dual codes to rto ective lanes If iscon ruent to 2
mod  then the incidence matri of a ro ective lane of order  enerates a self-ortho onal
code , hich hen an overall arit -check is added becomes an 2, - 2 2

T eIl self-dual binar code see 3, 191 or ha ter assmus for the roof
It as a famous unsolved roblem to decide if a ro ective lane of order 10 could e ist

The ei ht enumerator of as initiall studied in 191 see also 19 Finall | after

97



man ears of ork, Lam, Thiel and S ierc 17 seealso 17 succeeded in com letin this
ro ect and sho ed that and hence the utative lane of order 10 does not e ist
The ossibilit of the e istence of a lane of order 18 or 12, but then e do not obtain a

self-dual code remains an o en uestion

arious to ics concernin the automor hism rou s of self-dual codes are discussed in
cha ter codes-and- rou s ,e the full automor hism rou s of e tended uadratic residue
codes, the occurrence of self-dual codes ith a trivial rou see 39, 9., 120, 179, 20 ,

30 , and the e istence of self-dual codes ith an rescribed s mmetr rou 20

otheree ist 723 1 or 9 8 20 T ell self-dual binar codes f 3,9 ,12,
2, 281
Fill in the other a sin Tables , 1I, III No e tremal ermitian self-dual codes over
of an len th reater than 30 are resentl kno n
There is an interestin o en uestion concernin self-dual codes of len th 2 There e ists
a uni ue 2 12 8 binar code, e actl t o 2 12 9 ternar codes, and no 2 12 10
ermitian or uclidean self-dual code over 17 ut the ossibilit of an @ i e trace-
self-dual code of len th 2 over ith minimal distance 10 remains o en see Table 1
From Theorem 33, if such a code e ists then it must be even o ever, all our attem ts so far
to construct this code have failed, so it ma not e ist
hen is the rst time a T e I binar code has a hi her minimal distance than the best
T el code of the same len th No such e am leis resentl kno n
In this re ard it is orth mentionin that there is a 32 17 8 binar code 0, hich has
the same minimal distance as the best self-dual codes of len th 32, et containst ice as man
code ords There are similar e am les in the ternar case see ha ter rou er
The Nordstrom-Robinson code see ha ter1 isane am le of a nonlinear code that has a
hi her minimal distance than an self-dual or even linear code of the samelen th o ever,
as mentioned in Section 3 2, the Nordstrom-Robinson code should reall be re arded as a self-
dual linear code over the octacode hen is the rst time a non-self-dual 2

binar linear code has a hi her minimal distance than an 2 self-dual code This

98



certainl ha ens atlen th 0, but ma ha en atlen th 3 or 38

Is there an di erence as m toticall , as , bet een for the best binar codes,

the best binar linear codes and the best binar self-dual codes

Let  denote the collection of binar self-dual codes that have the hi hest ossible minimal
distance at len th , and let be res ectivel the smallest and lar est orders of ,
hen if ever is the rst time that 1 Is there an in nite se uence of

values of ith 1 Sho that 1 for all su cientl lar e

Self-dual odes a d la es

There are man connections and arallels bet een self-dual codes and lattice s here ack-

in 8 ur ori inal intention as to end the cha ter ith an account of these connections, but

constraints of s ace and time have not ermitted this Instead, e ive a brief list of some

of the arallels, to het the reader s a etite For more information about the relationshi

bet een thet o elds,see 32, 33, 92, 97, 98, 103, 28 , 28 andes eciall 70, 73

odin conce t Lattice conce t
inar linear code Lattice
ual code ual lattice

Self-ortho onal code Inte ral lattice

Self-dual code nimodular lattice
oubl -even self-dual code ven unimodular lattice
ammin code Root lattice 70, 120
e acode o eter-Todd lattices 70, 127
inar  ola code Leech lattice 70, 131
inimal distance inimal norm

Number of minimal ei ht ords issin  number
el ht enumerator Theta series
ac illiams identit 33 Jacobi identit 70, 103

ei ht enumerator of dual code in terms
of ei ht enumerator of code
leason s theorem Theorem 11

ei ht enumerator of doubl -even

theta series of dual lattice in terms
of theta series of lattice
ecke s theorem 70, 187

theta series of even unimodular

code is ol nomial in ei ht enumerators lattice is ol nomial in theta series
of and of and
The similarit bet een the theorems of leason and ecke is articularl strikin , and

ill end the cha ter b sa in a little more about this Su ose is a binar code of len th
ons ion A roduces an -dimensional s here ackin , consistin of the
for , mod 2 If  is linear, is a lattice if is self-dual,
unimodular and if is T ell, is an even unimodular lattice
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If is alinear code ith ei ht enumerator , then 2 2 is the theta

series of , here
here , Im 0 This ma ives an isomor hism bet een a the rin of ei ht
enumerators of T e I self-dual codes, see 9 , and the rin of theta series of
even-dimensional unimodular lattices, , here
1 1
and b the rin of ei ht enumerators of T e Il self-dual codes, Theorem 13
and the rin of theta series of even unimodular lattices, , here
1 20
1
and is the sum of the cubes of the divisors of For further information see 70,
ha ter 7

The biblio ra h also contains a number of references that are concerned ith articular
constructions of lattices from self-dual codes, or of ro erties of lattices that are analo ous to
ro erties of self-dual codes mentioned in this cha ter 8, 9, 22, 23, 2 , 1, , 1,
8, 72,82, 112, 12, 17, 170, 173, 192, 208, 209, 211, 212, 213, 21 , 2
29,270, 271, 28

o led e e s

ver the ast2 ears NJAS has had the leasure of collaboratin  ith man of the eo le
hose names are listed in the biblio ra h  he ishestoe resshisa reciation to all of them
e thank iichi annai, ave Forne , Aaron wulliver, asaaki arada, ar u man, ichio
eki, era Pless and Patrick Sole for hel ful comments on the manuscri t of this cha ter

e also thank Susan Po eforasu erbt in ob
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e Il binar codes of len th 32 Part 1

oubl -even self-dual or T

Table II1

om onents

ode

71113 120

711

3
3

2

80

11

38
30

10
11
12
13

11

28
32

20
30

120 2 3

1

17
18
19
20
21

38

17

22
18

22
23

10

711

3

37
37
37

720 2 3

32

20
1

7

3

27
28
29
30
31

71123

3

2

20

10

37

32

18

33

18

20
18

2 237

1

22
20

37
38
39

17

12
12
10

12

29

37
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e Il binar codes of len th 32 Part 2

oubl -even self-dual or T

Table 1

om onents

ode

23
17

37
37

13

AN AN AN N
AN I~ ™ oo
— —

— GO ™ AN
— — o o

I~
I~ I~
;M M M ;MmN M

2
2
2
10 2 3
2
2
2

I~ 00 O © — AN M

12

12
11
10

13
18
19
21
18
12

10
9
8
8
7

2
12 2 3
2
2
12 2 3
2
2

I~ O © — AN M

72

2 2313

37
37

112 2 3
33

13

1
1

I~ o0 O

10

13

72 2 3

1
18

8 237

1

80
81

23 31

82

2

2

201 0

83

37

33
11 20 23

2
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Table  The rou s for the com onents mentioned in Tables II, I1I and I

om onent
2 2
2 18
2 13
1 1
2 1
3 3
23
23 7
23 711
2 3 71123
2 3 23
2 3 2 23
2 23
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Fi ure 3 enerator matrices for the 32 1 8 T e Il codes 83 , 8 and
8

10



Table

I

inar self-dual codes ith 22,
ode om ts Name enerators for lue
0 1 - 1 1 -
8 2 1 1 1 0 1 -
12 3 1 1 1 32 1 0 1
1 1 2 1 9 9 1 0
1 1 1 28 0 198 0 28
1 2 28 0 198 0 28 -
7 1 2 12 102 12
18 8 1 1 17 1 187 187 1 -
9 1 9 7 171 171 7
20 3 1 1 0 210 12 210
10 1 1 29 32 22 8 22 -
11 1 1 21 8 23 1 23
12 1 2 13 22 38 22
13 1 2 17 238 00 238
1 1 9 72 2 38 2 -
1 1 120 80 20 32 20
22 8 1 1 28 9 2 700 700
1 1 2 20 7 0270 7 7 -
17 1 2 1 1 282
18 1 2 28 9 2 700 700 -
19 1 1 1 1 282 -
20 1 2 12 29 2 2 -
21 1 8 9 30 0 0 ,
22 2 73 318 28 28 ,
23 2 1 0 77 330 1 1  the all-ones vector

10



Table 11

inar self-dual codes ith len th 2 and

ode om onents Name ode om onents Name
2 32
33
7 3
10 3
11 2
12 3
18 37
19 38
20 39
2 27
2 0
2 1
29 2
30 3
31 28
Table III Indecom osable ternar self-dual codes of len ths 20
om onents lue
8 1 1 |3
8
12 2 3 00
190080 1 1
1 1 8 2 3 000 2111
30 2 |31 0 0
1 2 1 |3
1 2 18] 2
20 17 codes
see 2 2
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Table I Indecom osable ermitian self-dual codes over  of len ths
om onents lue
2 12 1 1
21 0 1 1
8 80 1 1
10 2 1
0 2 11
12 2 1
018 1 11
2 2
0
1 27 1
18 2 11
2 0 1 01 10
0 18 2 01 10
23 1
2 3 2 011 -
23 18 2 0 0
011 0 0 —0 1
1 108 | 2 00011 00— 110
001 01 0 O011—0
2 1 1
1 31 codes
see
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Table

i hest minimal distance of binar self-dual codes

odes

70
72

N DO BN DO N

10
10 or 12
10
12
10 or 12
12
12
12
12011
12011

12

12

12o0r 1

3

7 codes Tabl

2

3 codes 2
13 codes 2,
3 codes 9

200

2

3 9,1

22 1000

30 83

108 83

1 9

7 1

9 11

80 83

3270

121, 27

108

ell

codes Table III

27
see te t for references
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Table I ouble circulant binar codes

Name T e Form he adecimal
22 11 I 179 97
2 12 8 I1 178 7
2 13 I 179 K7
1 28 1 I 178 8
2 3 17 I 179 1
3 3 18 8 I 178
38 19 8 I 179 793
0 20 8 11 179 7
0 20 8 I 179 11 3
7 0 20 8 I 179 393
8 22 8 I 178
9 0 2 10 I 179 31
10 2 2 10 I 178 7F 9
11 28 12 11 178 A FI1FF
12 8 29 10 I 179 A89
12a 8 29 10 I 179 2 13
13 0 30 12 I 178 3 F 77
1 32 12 I1 178 27 0
1 32 12 I 179 2 F3 7
1 33 12 I 179 2 97 9
17 8 3 12 I 179 1F 88 F
18 72 3 12 I 179 2 879
19 7 37 12 I 179 1 39372 7
20 82 1 12 I 179 A 919
8 8 3 1 I 179 7TF7101712 2
88 88 1 11 178
13 13 8 2 11 178
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Table II 1 hest minimal distance of ternar self-dual codes

odes
3
8 3
12
1
20 codes 2 2
2 9 , 2 179
28 9 32 8,123, 173, 1
32 9 239 1
3 12 1 3
0 12 20 320, 7 , 123, 1
12 8 123
8 1 2 8
2 12or1
1 1
0 18 2 0
18 112, 7
8 1 orl8
72 18 1 7

Table TII i hest minimal distance of ermitian self-dual codes over

odes

2 2

2
8
10
12 codes Table I
1
1 codes
18 8 17
20 8 2codes 17
22 8 38 codes 1 2, 1
2 8 1 code
2 8 or 10
28 10 3codes 1 2, 1
30 12 188
32
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Table 1 i hest minimal distance of additive self-dual codes over

odes odes
1 1 1 codes
2 2 17 7
3 2 18 8
2 3 codes 19 7
3 20 8 2 codes 17
21 8
7 3 22 8 38 codes 1 2
8 23 89
9 2 810
10 , 2 89
11 2 810
12 27 9 10
13 28 10
1 29 11
1 30 12
Table enerators for ¢ clic additive codes over
10100101
11010100101011

— 1 00111101011011000 101110010111001011100
0101111000000001111010
111010 010111000000000000

111



Table I i hest ammin distance , Lee distance and wuclidean norm Norm
of self-dual codes over
Len th ammin Lee Norm
code code Norm code
1 1 1 2 1 1
2 1 1 2 1 1
3 1 1 2 1 1
2 1 1 2
1 2 2 2 2
2 1 1 3
7 3 1 1
8 2 1 8 1
9 1 11 2 11 11
10 2 1
11 2 3 3 19
12 2 39 39 8 9 19
13 2 8 8
1 3 9 1 8 9 3
1 3 7 9 1 8 9 28
1 1 8 8
17 2 17 8 17
18 8 7 8 39
19 3 1 1 8 1
20 1 8 1 8 1
21 38 8 38 8 38
22 193 7 8 193 7 8 193 7
23 7 172 10 |10 30 12 30
2 8 1 7 10 |12 13 1 0
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