
IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 7, JULY 2008 2903

Successive Refinement Via Broadcast: Optimizing
Expected Distortion of a Gaussian Source Over a

Gaussian Fading Channel
Chao Tian, Member, IEEE, Avi Steiner, Student Member, IEEE, Shlomo Shamai (Shitz), Fellow, IEEE, and

Suhas N. Diggavi, Member, IEEE

Abstract—We consider the problem of transmitting a Gaussian
source on a slowly fading Gaussian channel, subject to the mean-
squared error distortion measure. The channel state information is
known only at the receiver but not at the transmitter. The source is
assumed to be encoded in a successive refinement (SR) manner, and
then transmitted over the channel using the broadcast strategy. In
order to minimize the expected distortion at the receiver, optimal
power allocation is essential. We propose an efficient algorithm to
compute the optimal solution in linear time O(M), when the total
number of possible discrete fading states isM . Moreover, we pro-
vide a derivation of the optimal power allocation when the fading
state is a continuum, using the classical variational method. The
proposed algorithm as well as the continuous solution is based on
an alternative representation of the capacity region of the Gaussian
broadcast channel.

Index Terms—Broadcast strategy, joint source–channel coding,
power allocation, successive refinement (SR).

I. INTRODUCTION

FADING channel occurs naturally as a model in wireless
communications. For slow fading, the receiver can usually

recover the channel state information (CSI) accurately, however,
the transmitter only knows the probability distribution of CSI,
but not the realization. Such uncertainty can cause significant
system performance degradation, and the broadcast strategy was
used in [1], [2] as an approach to combat this detrimental effect.
In this strategy, some information can only be decoded when
the fading is less severe, which is superimposed on the infor-
mation that can still be decoded when the fading is more se-
vere. Thus, the receiver can decode the information adaptively
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according to the realization of the channel state. The similarity
to the degraded broadcast channel [3] (see also [4]) is clear in
this context, particularly for channels with a finite number of
fading states. Generalizing this view, when the fading gain can
take continuous values, the receiver can be taken as a continuum
of users in a broadcast channel.

The broadcast strategy naturally matches the successive re-
finement (SR) source coding framework [5]–[7], as the infor-
mation decodable under the most severe fading is protected the
most, and should be used to convey the base layer informa-
tion in the SR source coding. As more information can be de-
coded when the channel is subject to less fading, more SR en-
coded layers can be decoded, and the reconstruction quality im-
proves. In this work, we consider this scheme for a quadratic
Gaussian source on a single-input single-output (SISO) channel.
In order to minimize the expected distortion at the receiver, it
is essential to find the optimal power allocation in the broad-
cast strategy, and this is indeed our focus. It is worth noting
that though in [2] the objective function to be maximized is
the expected rate, the cross layer design approach of combining
SR source coding with broadcast strategy was in fact suggested
(though not treated) in that work.

Initial effort on this problem was made by Sesia et al. in [8],
where the broadcast strategy coupled with SR source coding
was compared with several other schemes. The optimization
problem was formulated by discretizing the continuous fading
states, and an algorithm was devised when the source coding
layers are assumed to have the same rate. This algorithm, how-
ever, does not directly yield the optimal power allocation when
the fading states are discrete and prespecified, nor does it give
a closed-form solution for the continuous case. Etemadi and Ja-
farkhani also considered this problem in [9], and provided an
iterative algorithm by separating the optimization problem into
two subproblems. In two interesting recent works [10], [11], Ng
et al. provided a recursive algorithm to compute the optimal
power allocation for the case with possible fading states,
with worst case complexity of ; moreover, by directly
taking the limit of the optimal solution for the discrete case, a
solution was given for the continuous case optimal power allo-
cation, under the assumption that the optimal power allocation
is concentrated in a single interval. Similar problems were con-
sidered in [12]–[15] in the high signal-to-noise (SNR) regime
from the perspective of distortion exponent.

Our contribution in the present work is twofold: first, we pro-
pose a new algorithm that can compute in linear time, i.e., of
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Fig. 1. The broadcast approach for minimizing the expected distortion.

complexity, the optimal power allocation for the case
with fading states; second, we provide a derivation of the
continuous case optimal power allocation solution by the clas-
sical variational method [16]. Our derivation for the continuous
case solution is more general than that in [11] as it removes the
restriction that the optimal power allocation is concentrated in a
single interval. Both the algorithm and the derivation rely on an
alternative representation of the Gaussian broadcast channel ca-
pacity, which appeared in [17]. The dual problem of minimizing
power consumption subject to a given expected distortion con-
straint is also discussed. Several specific examples are given as
illustrations.

The broadcast strategy coupled with SR source coding can
be considered as a source–channel separation approach with
optimized cross-layer resource allocation. More explicit joint
source–channel coding approaches, for example, those in [13],
[18]–[20], may provide better performance in the scenario
being considered, however, this aspect is beyond the scope
of the present work. We nevertheless note that the algorithm
proposed in the current work is extremely efficient, which
makes it possible to use the broadcast strategy coupled with
SR coding as a benchmark for future investigation into this
joint source–channel coding problem. This is indeed useful
since an outer bound which is nontrivial yet simple to compute
is so far lacking despite extensive research (see [20] and the
comments therein). Moreover, as pointed out recently by Stein-
berg [21], in certain applications, such as medical imaging, it
is important to enforce the requirement that the reconstruc-
tion is a deterministic function of the source observation (the
common knowledge requirement), and under this requirement,
the broadcast strategy coupled with SR source coding is in fact
optimal for the Gaussian source and channel setting considered
in this work.

The rest of the paper is organized as follows. In Section II,
we give the system model and some preliminaries, and in Sec-
tion III, the new algorithm is provided and its optimality is
proved; the dual problem of minimizing the power consumption
subject to an expected distortion constraint is also considered.
In Section IV, we give the derivation for the continuous case

solution, and in Section V, some special cases of fading distri-
butions are considered. Finally, Section VI concludes the paper.

II. SYSTEM MODEL AND PRELIMINARIES

We assume a memoryless source is generated inde-
pendently and identically according to a zero-mean unit vari-
ance real-valued Gaussian distribution. The channel is given by
the model

(1)

where is the complex-valued channel input and is the
channel output, is the (random) multiplicative channel fading
coefficient with , and is the zero-mean
complex circularly symmetric independent and identically dis-
tributed (i.i.d.) Gaussian additive noise.

We consider a slowly fading channel model, where each
channel codeword consists of a length- channel symbol block,
and the realization of the multiplicative fading coefficient is
independent across blocks. Source symbols of block length-
are encoded into a single channel codeword, and there is a
source channel mismatch factor defined as ; this
mismatch factor can also be interpreted as the bandwidth
expansion/compression factor. This system is illustrated in
Fig. 1. Each channel block is assumed to be sufficiently long to
approach channel capacity, as well as the rate–distortion limit,
however, still much shorter than the dynamics of the slowly
fading process. It is clear that without loss of generality each
channel use in the complex domain is equivalent to two channel
uses in the real domain subject to the same power constraint as

(2)

where is the real-value channel input, and is the
(random) channel power gain, and is the zero-
mean unit-variance real-valued Gaussian additive noise in the
channel. From here on, we shall adopt this equivalent channel,
and it is clear that the definition of source–channel mismatch
factor already takes this into consideration.
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For the case with a finite number of fading states, the pos-
sible power gains in an increasing order
are distributed according to a probability mass function such
that . The transmitter has an average power con-
straint , and if power is allocated to the th layer in the
broadcast strategy, the th layer channel rate is given by

(3)

where we use natural logarithm. From the second expression,
the equivalence to broadcast on a set of channels with different
noise variances is clear. Let , which implies

are the equivalent noise power on the channels.
The layers corresponding to smaller values of ’s (and larger
values of ’s) will be referred to as the lower layers, which is
consistent with the intuition that they are used to transmit the
better protected lower layers of the SR source coding.

Since the Gaussian source is successively refinable [6], the re-
ceiver with power gain can thus reconstruct the source within
distortion

(4)

Combining (3) and (4), the problem we wish to solve is es-
sentially the following minimization over the power allocation

:

subject to:

(5)

When the fading state is continuous, the density of the power
gain distribution is then given by , which is assumed to be
continuous, and differentiable almost everywhere. In this case,
the task is to find a power allocation density function , or its
cumulative function, which minimizes the expected distortion.

III. THE NEW ALGORITHM AND ITS OPTIMALITY

In this section, we consider the optimization problem when
the channel has a finite number of fading states. The difficulty is
that the optimization problem as defined in (5) is not convenient
for computation due to its complicated form. In fact, it is not
immediately clear that the function being optimized is a convex
function of , nevertheless, it is indeed clear
that the rate region of the degraded broadcast channel is always
convex. Thus, our approach is to convert the problem given in
(5) into a convex problem, by utilizing another characterization
of for the Gaussian broadcast channel
capacity. Such an alternative characterization was given in [17],
and we start by translating it into our notation.

A. Rederivation of the Equivalent Representation

The rate vector on the boundary of the Gaussian broad-
cast capacity region corresponds to a power allocation

. Solving the value of in terms of the
rate vector gives an equivalent system of equations, and
through further simplification, we have1

(6)

where we define . The right-hand side (RHS) of
the above equation is monotonically decreasing in , hence for
any nonnegative rate vector , provided that (6) is satisfied for

, i.e.,

there must be a power allocation such that (6) is satisfied for all
, and it is on the boundary of the capacity region. Thus, we

can alternatively characterize the capacity region as

(7)

Moreover, the function on the left-hand side of this inequality
is convex in , which is clear by observing its
sum-exponential form.

We can now reformulate the optimization problem as a stan-
dard convex programming problem

subject to:

If the optimal rate allocation can be found, then the corre-
sponding optimal power allocation can be recovered from this
solution.

B. The Lagrangian Formulation and the Algorithm

Now consider the Lagrangian form

(8)

1The equations given in [17] appears to have a minor typographical error that
the inner summation was given as R .

Authorized licensed use limited to: Chao Tian. Downloaded on February 19, 2009 at 10:06 from IEEE Xplore.  Restrictions apply.



2906 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 7, JULY 2008

The Karush–Kuhn–Tucker (KKT) condition requires that
for the optimal solution [22], which subsequently

yields

(9)

Taking the difference between and gives

(10)

where for convenience we define . and ,
are the Lagrangian multipliers. Further-

more, the complementary slackness requires ,
; the power constraint should be satisfied with

equility, or . Note that the set of equations in (10) also
implies the set of (9), and thus they are equivalent.

Since the optimization problem is a convex programming
problem, the KKT condition is both necessary and sufficient for
an optimal solution [22]. Clearly. if the quantity

is monotonically increasing, we can set for
and find an explicit solution, provided

that the power constraint is not violated; however, this is not
true in general. Nevertheless, the factor plays an extremely
important role, which in fact reveals certain inherent structure
of the layers.

We observe the following simple fact to motivate the algo-
rithm: whenever two consecutive layers yield two factors that
are not increasing, some combination of the layers must occur
such that one layer is assigned zero rate. This is because oth-
erwise the resulting rate vector would include negative rates,
which is invalid. To be more precise, two consecutive layers are
said to be combined when the higher layer is not allocated any
positive rate (power), such that the two layers can be treated as a
single aggregated layer with the sum-probability mass, and the
power gain of the lower layer.

The following algorithm can be used to find the optimal rate
allocation. In the sequel, when a layer is assigned zero rate, it
will be called ineffective; otherwise, it will be called effective.
For simplicity, define . A layer is labeled active
if it is a result of combination of layers in the immediate pre-
vious loop. An intuitive explanation is given in Section III-C;
the readers are encouraged to browse the algorithm below and
read the intuitive explanation first in their initial reading.

1) Combination of layers to reach a monotonic sequence.
a) Assign and calculate for

. Label all the layers effective and
active. Let .

b) Denote the lower effective neighbor of layer as ,
and its upper effective neighbor layer as . Start from

, for all the active layers :
i) If and : label layer ineffec-

tive and combine it with its current lower ef-
fective neighbor layer . Update ,

, as well as values ac-
cordingly. Label as active.

ii) If : label layer ineffective and
combine it with its current lower effective
neighbor layer . Update and
values accordingly. Label as active.

iii) If , increment by and return to Step
1b)i).

c) If after the above loop, any layer remains active: in-
crement by and return to Step 1b).

2) Denote the number of effective layers by . For all the
effective layers , , let

in other words, for all the effective layers we have

Assign the ineffective layers rate zero.
3) Check power consumption.

a) Let be the lowest effective layer, and define
.

b) Let

c) If

(11)

then reduce by , and the algorithm
terminates; otherwise, label ineffective

, increment by , update , and
return to Step 3b).

C. The Correctness of the Algorithm and its Complexity

Intuitively, the layers are classified into two kinds: those with
value lower than or equal to their lower neighbors (the first

kind), and those with value higher than their lower neighbors
(the second kind); see Fig. 2. The algorithm combines the first
kind layers to their lower neighbors in each step, and then con-
tinues this operation until no layers of the first kind exist in the
resulting sequence. The resulting rate allocation is valid, if the
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Fig. 2. An example of the algorithm: the lines with dots on the top are the layers of the first kind, and dashed lines are the active layers after the previous loop;
the active layers are not labeled before the first step. In the example, Step 1 of the algorithm terminates after three loops. At each loop, some layers are combined
with its lower neighbor layers (and removed).

sequence is indeed monotonically increasing, the rates are non-
negative and the power constraint is satisfied.

A few more comments are in order: 1) In Step 1, we seek
to form a monotonic sequence of by combining consecutive
layers, such that Step 2 can provide meaningful rates. To do this,
we combine (remove) all the layers that are monotonically non-
increasing. Only the neighbors of those layers whose values
were updated in the immediate previous loop need to be consid-
ered, because this is the only case that a change of classification
may occur. 2) In Step 3, we need to assure that the total power
is used up by adjusting the value of . However, this has to be
done such that the lowest layer still has positive rate, which is

the condition in (11). If this is not possible, the lowest effective
layer is eliminated; this condition is checked repeatedly for the
reduced layers until it is satisfied. 3) In the loop of Step 1b), we
emphasize that the layer is combined with its current effective
lower layer, because the layer (or ) may become ineffective
in the previous steps.

The complexity of the algorithm is . Step 2 is clearly of
complexity. In Step 3, is updated less than times. A

close inspection of the summation in the numerator reveals that
each time it can be done with complexity, and thus Step 3 is
of complexity. The complexity of Step 1 is more subtle.
The value of can be computed in complexity. Denote
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the number of loops in Step 1 as ; denote the number of layers
with value lower than or equal to its lower neighbor (the first
kind) in the th loop as . The complexity in the th loop is
bounded by linear term of , however, , because only
the active layers and their lower effective neighbor layers can be
of the first kind. Moreover, notice that , since it is
upper-bounded by the total number of layers made ineffective,
further implied by the fact that a layer is active only when a
layer is made ineffective and combined into it. Clearly, we have

, and thus . The overall complexity is
thus , and then the conversion into power allocation is of

complexity.
We note that in order to achieve the complexity of the

given algorithm, a fairly involved data structure is needed. More
precisely, a doubly linked list to update effective layers, cou-
pled together with a singly linked list to update the active layers
(which can be combined into one linked-list) appears most ap-
propriate. However, even a naive implementation without such
data structure is of complexity, since Step 1 terminates
within at most iterations, and each iteration has maximum
complexity .

D. The Optimality of the Algorithm

Since we are solving a convex optimization problem, and it
obviously satisfies Slater’s condition, the KKT conditions are
sufficient for optimality. Thus, the proof for optimality reduces
to finding , that satisfy (10) and the complementary slack-
ness condition , , with the solution
found by the algorithm; note that the power constraint is already
satisfied with equality.

Theorem 1: The algorithm given above finds the optimal rate
allocation.

Proof: Since for the effective layers by definition,
we may set to satisfy the complementary slackness
condition. There are several cases that we need to consider next.

1) The ineffective layers above the lowest effective layer.
2) The (originally effective) layers which are rendered inef-

fective by the power constraint, i.e., the layers that become
ineffective in Step 3.

3) Other ineffective layers below the lowest effective layers,
i.e., the layers that become ineffective in Step 1 and are
below the lowest effective layer.

For the first case, suppose some of these layers are between
two effective layers and , ; if there are ineffective
layers above the highest effective layer, we take .
From Step 3 of the algorithm we can essentially assign the value
of such that

(12)

Since layer and are effective, we set . By
expanding the condition in (10), we have

(13)

Though the above equations (under the solution found by the
algorithm) uniquely specify , , it is not clear yet
whether those values are indeed nonnegative. We need the fol-
lowing lemma to proceed, the proof of which is given after the
proof of the theorem.

Lemma 1: For the combined layers between layer- and
layer- , given any such that , we have

(14)

Now we are ready to prove the nonnegativeness of ’s for
the first kind of ineffective layers. The value of , where

, is also specified by

(15)

(16)

To see thus specified is indeed nonnegative, suppose
was true, then

(17)

Lemma 1 asserts that for we have

(18)

which implies that

(19)

However, this subsequently implies

(20)

which would contradict (12); alternatively, we see that (19)
would contradict (16) if the supposition were true. This proves
that for the first kind of ineffective layers, the given ’s are
nonnegative.

We next consider the second kind of ineffective layers. Sup-
pose the originally effective layers become
ineffective due to the power constraint. Since they are all effec-
tive originally, we have by the monotonicity of the factor

(21)
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where we have used to denote the accumulated probability
mass after the combining of layers in Step 1 but before Step 3.
By Step 3 of the algorithm we have

(22)

Thus, we only need to show the following equations specify a
set of nonnegative ’s for :

(23)

From the first equation, we get

and it is nonnegative because of (22). From the second equation,
we have

(24)

which is also nonnegative, because
due to (21) and (22), and the last term is nonnegative

from the proceeding argument. Continue this line of argument,
then it is clear that

(25)

By this we conclude that ’s for the second kind of ineffective
layers are indeed nonnegative.

For the third kind of ineffective layers, we might have to split
any given layer in the layers, in order to re-
cover the original layers as well as the corresponding values.
However, from any one of equations in (23), it is seen that

(26)

Now following the same line of argument as for the first kind
ineffective layers, we can indeed find the desired nonnegative

values for all the split layers in Step 1 of the algorithm. This
completes the proof for the optimality of the algorithm.

It now remains to prove Lemma 1, before which we first give
the following useful facts.

Lemma 2: When all the quantities are positive we have the
following conditions.

• If

then we have

• If

and

then we have

These facts are straightforward by elementary calculations and
thus the detailed proof is omitted.

Proof of Lemma 1: We use an induction approach and show
this fact is true after any loop in Step 1 of the algorithm. The
statement is clearly true after the first loop, by the given mono-
tonicity of the sequence for any combined layer before the
operation, and the first fact in Lemma 2. Then consider the th
step for Step 1b). For a given index , let and
denote the appropriate quantities after step ; i.e., the quan-
tities defined in Lemma 1 in the interval to for which layer

is in. Denote the updated layer that the original layer is in
as . By the procedure, suppose the aggregated layers after the

th loop
are to be combined into a new aggregated layer in the th loop,
which satisfy

(27)

as well as

(28)

Then by the second fact in Lemma 2, we have .
This induction is apparently true for any loop in Step 1 of the
algorithm, thus the lemma is proved.

E. The Dual Problem

We can also consider the dual problem of minimizing the
power consumption for a given expected distortion value. This
can be done with essentially no change to the problem as

subject to:

The Lagrangian form is almost without change as

(29)
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The following condition similar to (10) can be derived, where
again

(30)

From this form we see that the first and second step of the
algorithm can be used without any change, and in the third step
of the algorithm, only very minor changes are needed for this
dual problem. For simplicity, we combine the layers into the
aggregated ones and take the aggregated probability mass as .

3a) Let be the lowest effective layer, and define
.

3b) Let

(31)

3c) If

then reduce by ; otherwise, label
ineffective , increment by , update

, and return to Step 3b)

The proof of correctness and optimality remains virtually un-
changed, and the complexity is also unchanged.

IV. VARIATIONAL DERIVATION OF THE
CONTINUOUS CASE SOLUTION

We next turn our attention to the case of continuum of layers,
which is in fact the case considered in [2]. To facilitate under-
standing, we first give a less technical derivation under the as-
sumption that the optimal power allocation concentrates on a
single interval of the power gain range, and show that this is
indeed true for some probability density function . This
simple derivation provides important intuitions for the general
case, based on which a more general derivation is then given.
For simplicity, we first assume has support on the entire
nonnegative real line ; later it is shown that this assump-
tion can be relaxed.

A. A Simple Derivation for the Single Interval Solution

In this subsection, we give a simple derivation under the as-
sumption that there is a unique interval which the power
allocation concentrates on. The optimization problem can be re-
formulated as follows. Define

(32)

We take the number of layers to infinity, and both the objective
function and the constraint become integrals. The function
we need to find is

(33)

where we convert back to the power gain instead of noise
power , and is the rate density associated with a fading
gain . It is clear we can replace the inequality constraint by
equality constraint without loss of optimality by writing the con-
tinuous counterpart of (6) as

(34)

The term to be minimized is

(35)

Note the additional condition that has to be monotonically
nondecreasing, and the boundary conditions .

Ignoring the positivity constraint for now, take

the optimization problem can thus be written in the usual vari-
ational notation as

minimize (36)

subject to (37)

Next we assume there is a unique interval for which
power allocation is nonzero. Under this assumption, the objec-
tive function reduces to

(38)

where is the cumulative distribution function of the fading
gain random variable, i.e., , and the con-
straint becomes

(39)

We can write the Lagrangian form
To find the extremal solution, we consider an arbitrary incre-
ment on , and the increment of the Lagrangian func-
tional is given by . Take an increment
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with for and , and the prin-
cipal linear part of the increment given in the following equation
should be zero (see (27) [16, p. 25, and pp. 42–50])

(40)
where the last term in the summation is due to the terms outside
of the integration in (38) and (39). Since can be arbitrary,
we have

(41)

with

(42)

which further simplifies to

(43)

At this point, it is clear that for to be true, which is nec-
essary for to be a valid solution, should have non-
negative derivative in any interval such that (43) holds; in fact for
any interval that positive rate is allocated to, should have
strictly positive derivative such that is strictly increasing. If
there is only one interval over the support of where
has strictly positive derivative, then the single interval solution
assumption is indeed true. Now since can be arbitrary, at
this variable end ([16, pp. 25–29]), a necessary condition for an
extremum is

(44)

which gives

(45)

Because , , the expression of gives
one boundary condition

(46)

The lower bound is determined by the power constraint,
from which we have

(47)

where in the second equation we split the integral into two parts
partitioned by . We have thus found the unique extremal
solution

(48)

in with the boundary conditions specified by (46)
and (47).

To find the corresponding power allocation, define
. We derive from (6) that

(49)

For the continuous case being considered, the relation between
and can also be derived directly by solving a linear

differential equation without using (6), i.e., without taking the
limit of the alternative channel capacity representation with a
finite number of users; see the Appendix for details. In fact,
the derivation given in the Appendix can lead naturally to the
constraints in (34) and (39).

Through some basic algebra, it can now be shown that (49)
is in fact the same solution as that in [11]. Thus, the limit of the
optimal solution of the discrete case in [11] indeed converges to
the extremal solution derived through the classical variational
method. Moreover, the variational method derivation directly
asserts that has a positive derivative for any positive
power allocation interval; this condition was however lacking
in the derivation in [11].

B. Derivation of the General Case Solution

Next we provide a more technical and complete derivation for
the general case when the power allocation does not necessarily
concentrate in a single interval of the range of power gain. From
the physical meaning of , we assume that is a piece-
wise smooth, continuous and differentiable function, and it is
within this function space we seek the optimal solution. With
the positivity condition of , the Lagrangian functional
subject to optimization can be written as

(50)

where is an arbitrary nonnegative function; see [23, p. 249].
The general extremum and subsidiary conditions are then sim-
ilar as in the last subsection, and we state here for completeness

(51)

and the complementary slackness conditions are

(52)

(53)

We thus have the general solution for in some interval
where

(54)

which has the same form as given in the previous subsection.
We first observe from the complementary slackness in (53) that
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for any , it must be true that . Thus, for any
interval for which , it is seen that

(55)

This implies that , because, otherwise, in this
interval, which clearly violates the power constraint. Then the
first complementary slackness condition requires

(56)

Because for any interval for which , we have

(57)

it is clear that has to have positive derivatives in any
interval which are allocated with positive rate (and power); if,
on the other hand, this condition is not satisfied, then
for this interval, and accordingly can be strictly positive.

Given the above discussion, it is clear that disjoint intervals
with positive rate (power) allocation are separated by intervals
where . Moreover, it will be shown in the sequel that
only a single continuous allocation interval may occur within a
single interval where the derivative of is strictly positive;
we shall assume that the number of such intervals is finite. For
simplicity, assume that the first such interval has the form ,
i.e., the lower boundary is zero; this condition can be relaxed
as shown in Section IV-C. Denote a total of positive power
allocation intervals, and let the th positive power allocation in-
terval be specified by , and label the positive
derivative interval it belongs to as the th such interval, speci-
fied by ; i.e., .

For a piecewise smooth continuous extremal solution,
the Weierstrass–Erdmann (corner) conditions must be sat-
isfied ([16, p. 63]). These are given for every corner point

. The two conditions are

(58)

By substituting from (50) into the corner conditions (58)
we get

(59)

and

(60)

which further simplifies into

(61)

where (59) and (61) impose certain continuity conditions on
and on , respectively. Thus, for

for all , and is nonnegative otherwise; from (59),
we have and for all .

The continuity of at the corner points does not rely on
the presumption that in the extremal solution, the power alloca-
tion in a single interval with positive derivative
does not have within it more than one disjoint positive power
allocation subinterval. We now prove that the presumption is in-
deed true. Suppose otherwise, which implies the range

is assigned with , and there exist
and such that in and . We
have that

(62)

for (63)

(64)

where (62) is due to the preceding discussion, (63) is due to (51),
and (64) is due to (57), the continuity of , and the continuous
assumption on . Since has strictly positive derivative
in , we have that in this interval

(65)

But this contradicts (62). Thus, the supposition cannot be true,
and there can be only one effective allocation interval in each
such first kind interval .

In order to determine all corner points , we
rewrite the original functional (50), as a piecewise optimization
problem, and derive the variation

(66)

where we define , and thus, . The
variation of in (66) with respect to (w.r.t.) an arbitrary
function , which satisfies for , is
given by (67) shown at the top of the following page, where

Note that for to remain a continuous function, it must be
true that .

Hence, the general solution extremal expression is the same
as that afore-specified, with an additional condition, arising
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(67)

from the variable endpoint problem similar as in the previous
subsection. This condition is given by

(68)

By using the general solution for within as given
in (54), the condition (68) becomes

(69)

From the continuity conditions on the corner points, i.e.,
, the next condition is obtained

(70)

For , the condition (69) simplifies into

(71)

which is (46) when .
To summarize, the extremal solution is given by

(72)

in the intervals , , and the boundary
values are determined by

(73)

as well as the power constraint

(74)

These are the necessary conditions to determine an extremum.

C. Comments on Relaxing the Support Condition

Until this point, we have assumed that the probability den-
sity function (pdf) has support on the entire nonnegative
real line , such that the conditions (69) and (70) (or (46)
and (47)) are sufficient to determine boundary values. This as-
sumption can be relaxed to the case that has a compact
support, however certain complication will be introduced. To il-
lustrate this, we next treat one special case where the support
of is on a single finite interval and has a
unique positive derivative interval , such that and

; the same approach can be extended to more general
support. Without loss of generality, we can assume and

. We shall follow the less general derivation as given
in Section IV-A for simplicity. The main difference now is that

is not necessarily true if , i.e., it is possible
for to be discontinuous at .

In order to resolve this difficulty, first assume , then
indeed we have , from which (46) and (47) follow. If
the solution given by them indeed satisfies ,
then an extremal solution is specified by these boundaries. If, on
the other hand, this is not true, then and the condition

is not necessarily true. Denote the value as
. In this case, i.e., , the solution in can be

written as

(75)

The boundary condition (46) can still be derived. The other
boundary condition derived from the power constraint is now
given by

(76)

Thus, for the case that , the solution is given by (75)
with the value of and boundary function value determined
by (46) and (76).

V. NUMERICAL EXAMPLES

In this section, several examples are solved using the solution
developed in the previous sections. We start with one example
motivated by multiple access with user interference, then dis-
cuss the Rayleigh-fading case, finally, a simple example is given
for the general solution when the optimal power allocation does
not concentrate in a single interval.

A. Interference Multiple-Access Channel

Consider here an additive white Gaussian noise (AWGN)
channel with interfering users. The goal by a single user is
to find the optimal power allocation of transmitting in the
presence of unknown interference by the other users. The
level of interference depends on the number of users using the
multiple-access channel at a given transmission block. Such
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Fig. 3. An example of AWGN interference channel with N = 4 interfering users (p = 0:3, b = 2, P = 0 dB). (a) pdf of the fading gain s , denoted by p .
(b) The associated � . (c) Optimal discrete power allocation P . (d) Optimal cumulative rate exponent I(s ).

channel models were considered, for example, in [24]–[26].
More precisely, consider the following model:

(77)

where is the received signal, and is the multilayer trans-
mitted real-valued signal the user can design subject to an av-
erage power constraint . The additive interference ’s are as-
sumed to be Gaussian distributed, which are the signals sent by
other users in this time slot. Finally, is the addi-
tive noise in the channel. Every interference element is as-
sociated with an average power level , and a random binary
variable to determine whether user is transmitting at this
time slot. is assumed to be i.i.d. Bernoulli random variable
with . The exact realization of the ’s are
not known to user , however, it is assumed that the value

of is known. Since the receiver has no knowledge of and
cannot attempt joint decoding, it has to treat as AWGN when
decoding . Thus, an equivalent channel model representation
may be useful

(78)

where . The equivalent fading gain is then

(79)

It is clear that there are possible fading gain states, which
correspond to all possible states of . The optimal power al-
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Fig. 4. An example of AWGN interference channel with N = 6 interfering users (p = 0:3, b = 2, P = 0 dB). (a) pdf of the fading gain s , denoted by p .
(b) The associated � . (c) Optimal discrete power allocation P . (d) Optimal cumulative rate exponent I(s ).

location for multilayer coding can be found by the discrete lay-
ering algorithm presented in Section III-B.

We demonstrate by examples of the optimal power allocation
for two cases of interference distributions. Fig. 3(a)–(d) shows
the fading gain discrete density , the optimal discrete power al-
location , and , respectively, where
there are interfering users; the transmit power is 0
dB; the bandwidth expansion is ; and are

(80)

The second example is given in Fig. 4(a)–(d), where there are
interfering users, with and specified by

(81)

where the transmit power and bandwidth expansions are the
same in both examples.

The results may just as well be generalized to the case that
is different for every user, depending on the scheduling method
in the system.

B. The Rayleigh-Fading Case

We consider here the SISO Rayleigh-fading channel. Starting
with the outage approach minimal distortion, which is a single
level coding distortion bound. This is later compared to the min-
imal average distortion with continuous broadcasting.

1) Outage Approach: In case there is only a single source
code and channel code, the transmission scheme is known as
the outage approach. When channel conditions allow, the data
can be completely recovered, otherwise, an outage event occurs.
Let the transmission rate be

(82)
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