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Abstract—This paper introduces a new high-rate analysis of
the multiple description scalar quantizer (MDSQ) with balanced
descriptions. The analysis provides insight into the structure
of the MDSQ, suggesting the nonoptimality of uniform central
quantizer cell lengths, as well as a method to approximate optimal
cell lengths. For both level-constrained and entropy-constrained
MDSQ, new upper bounds on the granular distortion for sources
with smooth probability density functions (pdfs) are derived
under the mean-squared error measure, which are 0.4 dB lower
than previous results. Based on the insights, a universal multiple
description scalar quantizer (UMDSQ) is proposed which, at high
rate, can achieve nearly the same performance as the fully opti-
mized entropy-constrained MDSQ (ECMDSQ), without requiring
extensive training. The proposed UMDSQ has only two control
parameters, and a continuum of tradeoff points between the
central and side distortions can be achieved as the two parameters
are varied.

Index Terms—Asymptotic analysis, multiple description, scalar
quantization.

1. INTRODUCTION

HE multiple description (MD) problem was first in-

troduced at the 1979 IEEE Information Workshop by
Gersho, Wittenhausen, Wolf, Wyner, Ziv, and Ozarow. The
problem can be defined as follows: consider a stochastic process
X1, X5, X3, ... where the X;’s are independent and identically
distributed (i.i.d.) according to some known distribution p(z).
Two descriptions must be generated at rates R; and Ro,
respectively. Three single-letter distortion measures dy, da, dg
are given. The problem is to find the possible reconstruction
distortions simultaneously, by using only description 1, only
description 2, and both descriptions, which are usually denoted
as D1, D,, and Dy, respectively. The problem is difficult in
the sense that if the two individual descriptions each achieve
good reconstruction performance, then they must be very
alike, and the joint reconstruction using both does not improve
significantly over the only-one-description reconstruction.

The MD problem is an information-theoretic representation
of a communication system with channel failures. Consider the
case when a transmission uses two distinct channels. At the
transmitter side, the encoder does not know which channel(s)
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will fail, so it must encode the source with only the knowledge
that the channel(s) may fail with certain probability; at the re-
ceiver, the decoder knows which description(s) it is receiving,
and thus decodes accordingly. In this setting, the distortion re-
sulting from using both descriptions is called the central distor-
tion, and the distortion resulting from using one description is
called the side distortion. These terms come from the simpli-
fied “two channels and three receivers” model [1], as depicted
in Fig. 1. The joint decoder is the central decoder; decoders 1
and 2 are the side decoders. When the two descriptions are bal-
anced, the two side descriptions have the same rate and generate
the same distortion. This paper assumes balanced descriptions.

An achievable rate region for the MD problem is defined as
a set of rates (Ry, Ry) that is sufficient to achieve the fixed
distortions of D1, D+, and Dy. El Gamal and Cover [2] gave
such an achievable rate region for a memoryless source with
a single-letter distortion measure, and it was conjectured that
this region is tight (i.e., it is not only sufficient, but also nec-
essary) for general sources and distortion measures. Ozarow
[1] showed that it is tight for a memoryless Gaussian source
and the mean-squared error measure. But Zhang and Berger [3]
proved that this region is not tight generally for other sources
and distortion measures. To date, a Gaussian source with the
mean-squared error measure is the only case for which the re-
gion has been completely characterized for this problem. How-
ever, a set of outer and inner bounds for the MD problem under
the mean-squared error measure was given by Zamir [4], and the
outer bound was shown to be asymptotically tight under high
resolution conditions.

As a practical system to achieve the MD property, MD scalar
quantizer (MDSQ) [5] employs two steps, namely, a quantiza-
tion step and an index assignment step. MDSQ can be optimized
under two different constraints, which lead to level-constrained
(also referred to as fixed-rate) MDSQ and entropy-constrained
MDSQ (ECMDSQ). The asymptotic analysis of MDSQs [6] re-
veals that they are exponentially optimal at high rate in the rate-
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distortion sense. An important assumption in the analysis pre-
sented in [6] is the uniformity of central quantizer cell lengths
over a certain local area, which will be shown to be nonoptimal
in this paper.

This paper introduces a new and more straightforward asymp-
totic analysis of the MDSQ for a special class of index assign-
ments, which is also exponentially optimal in the rate-distortion
sense. This analysis provides insight into the structure of the
MDSQ, suggesting the nonoptimality of using uniform central
quantizer cell lengths, as well as methods to approximate op-
timal cell lengths. New upper bounds on the granular distortion
of level-constrained and entropy-constrained MDSQ are thus
derived for sources with smooth probability density functions
(pdfs), under the mean-squared error measure. Based on the in-
sights, a class of MDSQs is proposed which is universal in na-
ture and can achieve almost the same performance as the fully
optimized ECMDSQ [7] at high rate, without requiring exten-
sive training.

This paper is organized as follows. In Section II, previous
design and analysis of MDSQ are briefly reviewed, and some
unsolved problems are discussed. Section III introduces the
structure of the proposed two-stage quantizer. Section IV
presents the asymptotic analysis for this structure, and applies
this analysis to the problem of optimizing two-stage MDSQ.
Section V discusses the granular distortions for level-con-
strained and entropy-constrained MDSQ in the context of
our analysis method. Section VI introduces the universal MD
scalar quantizer (UMDSQ) and compares its performance with
ECMDSQ with optimized codebooks. Section VII concludes
the paper.

II. MULTIPLE DESCRIPTION SCALAR QUANTIZER (MDSQ)

The design and analysis of MDSQs were given in a series of
papers [5]-[7] by Vaishampayan et al.. In the following, related
results are briefly reviewed and then the remaining unsolved
problems are posed.

A. Overview of MDSQ

The basic idea of MDSQ is to create two coarse side quan-
tizers, each of which produces acceptable side distortion when
used alone; the two coarse side quantizers are combined to pro-
duce a finer central quantizer, which provides lower distortion
than the side quantizers. MDSQ uses two steps to achieve the
MD property, namely, a central quantization step and an index
assignment step. The system is depicted in Fig. 2.

In the first step, the encoder quantizes the sample = using
the central quantizer, and generates a central quantizer index
l, I € I, where [ is the one-dimensional index space. Then the
index is input to the index assignment block, which performs
a mapping a : | — (p,q),l € I,(p,q) € I%, where I” is
the two-dimensional index space, and (p, q) are the first and
second side quantizers’ indices. In the side quantizers, a cell is
not necessarily a continuous interval, but can be the union of
(central quantizer) intervals. However, as noted in [5], a central
quantizer cell should always be a continuous interval under the
mean-squared error measure.
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The mapping a can be represented as a matrix, called the
index assignment matrix. Some of the elements in the matrix
are assigned a number corresponding to the central quantizer
index, and then the column and row indices of the elements are
the side quantizer indices. Some of the elements in the matrix
are not used; this is to achieve the desired central and side distor-
tion tradeoffs. Generally, by using more diagonals in the index
assignment matrix, better central distortion performance can be
achieved, while sacrificing some side distortion performance.
More details about the index assignment problem can be found
in [5].

MDSQs can be classified by the constraints under which they
are optimized. For level-constrained MDSQ, the optimization
constraint is on the number of columns (and rows) in the index
assignment matrix, or equivalently, the number of levels in the
side quantizers. For ECMDSQ, the optimization constraint is on
the entropy of the column (and row) indices in the index assign-
ment matrix, or equivalently, the entropy of the side quantizer
indices.

B. Existing Performance Bounds for MDSQ

To bound the asymptotic performance of MDSQ, we will use
the Shannon lower bound for MD [4], which is tight at high
resolution. In the case of balanced description, the lower bound
is given as

Dy > P,272R
P 27R

N ANE

where = (1-Dy/P,)?, A = D?/P?—2"4E Ris the rate for
one description, P, = (2re)~122"() ‘and h(p) is the differen-
tial entropy of the source, Dy and D are the central distortion
and side distortion, respectively. Note since this lower bound is
tightd for high resolution, it can be used as the distortion-rate
bound for the asymptotic analysis.

Through some algebra, it can be shown that when R — oo,
if the side distortion is in the form of

D

Dy = b2 20-mE 1)

for some b > 0 and n € (0,1), then the central distortion is
given by

P?  oaimr
Do > —Z27°010 2
0= ()
which for the Gaussian source with unit variance yields
Dy > 27204+mE /45 (3)

as given in [6].
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The product of the central and side distortion bounds is nearly
constant at a fixed rate, except for the special cases when 7 = 0
orn = 1 (see [6] for a more detailed discussion). This product is
therefore used as the information-theoretic bound for the quan-
tizers. It suggests there is a performance tradeoff between the
central and side quantizers, which is simply abbreviated as the
tradeoff throughout this paper.

In [6], the analysis of the MDSQs introduced a compander
function, which is widely used in high-resolution quantizer anal-
ysis, on the central quantizer. The central and side mean-squared
errors were given, respectively, by

1 “ p(x)

Pao 2 132 / ) @
20, (k +1)* [™ p(x)
@ =2k + 1)N? /_x 92(z) du )
where
k
ap = Zuz. (6)
u=1

In the preceding equations, IV is the total number of central
quantizer levels; 2k + 1 is the number of diagonals used in the
index assignment matrix; [—zg, xo] is the support of the source
samples; p(z) is the probability distribution of the source; and
g(x) is the central quantization point density function [2]. For
ECMDSQ, the rate of the quantizer was approximated by

N
Hqg = logz(m) + /

—x9

To

p(z)logy g(x) dz + h(p) (7)

where h(p) is the differential entropy of the source pdf and Hg
is the quantizer rate. It should be pointed out that the compander
function introduced on the central quantizer implies that the cen-
tral quantizer is uniform over a certain local area, but this as-
sumption will later be shown to be not true in general. As such,
(4) and (5) are nonoptimal in general.

Equations (4), (5), and (7) were used to show that the op-
timal ECMDSQ should have a uniform central quantizer, and
then they were combined to derive the granular distortion of
ECMDSQ in [6]. For sources with smooth pdfs, the gap between
the product of the central and side distortions of ECMDSQ and
that of the distortion-rate bound was shown to be 3.07 dB. (This
difference between the quantizer performance and the distor-
tion-rate bound at high rate will be referred to as the gran-
ular gap in this paper.) Applying similar methods to level-con-
strained MDSQ yielded a gap of 8.69 dB for the Gaussian source
under the mean-squared error measure.! This result can be inter-
preted as implying that this granular performance of ECMDSQ
is optimal, if the central and side quantizers are considered to
be simply two scalar quantizers. With this assumption, the cen-
tral and side quantizers should each be 1.53 dB away from the
distortion-rate bound, and their product would thus be 3.07 dB

I'When the decibel (dB) is used as the unit to measure the difference between
the powerligA) and P(B) of two signals A and B, it is often defined as
10log10( ﬁ (2) ). Here, since we are comparing the product of powers, it would
be more natural to use 510910() as the definition of the decibel. In this work,
we still choose to use the former definition adopted in [5]—[7] for comparison
purposes.
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Fig. 3. ECMDSQ with a uniform central quantizer: discrete tradeoff points.

worse than that of the distortion-rate bound. However, we will
show that the above explanation is not justified, by showing that
the granular gap between the optimal ECMDSQ and the distor-
tion-rate bound is actually smaller than 3.07 dB.

C. The Remaining Unsolved Problems

The remaining problems can be categorized into two classes:
inconsistencies between the asymptotic analysis and the per-
formance in practice, and practical difficulty in the usage of
MDSQ.

1) Inconsistencies Between the Asymptotic Analysis and the
Performance in Practice: The results mentioned in the last sub-
section are based on the assumption that the central cells are
nearly uniform over a certain local area, which allows an ap-
proximation of the reconstruction point density function as a
continuous function and allows the use of an integral. However,
it will be shown that this assumption is not valid in most cases;
i.e., it is only valid when the constraint on the side distortion is
so loose that it becomes trivial to satisfy. This assumption leads
to the following discrepancies.

In the design of MDSQ [5], [7], it was shown that for a given
k, MDSQ can achieve different tradeoff points, which are op-
timal in a rate-distortion sense, by adjusting the thresholds and
reconstruction values. Subsequently, by varying the value of &,
tradeoffs can be achieved continuously over a wide range. How-
ever, with a given k, using the expressions for the central and
side distortions in the previous section ((4) and (5)), the cen-
tral and side distortions can be minimized simultaneously by
choosing the proper quantization point density function g(z)
and the total number of central quantizer levels N. This im-
plies there is only one rate-distortion optimal tradeoff point for a
given k (which is achieved by using a uniform central quantizer
for ECMDSQ, as asserted by (4), (5), and (7) that the optimal
ECMDSQ should use). By varying the value of &, optimal trade-
offs can only be achieved discretely (see Fig. 3, and this “dis-
crete” effect was also observed by Goyal and Kovacevic [8]),
which contradicts the aforementioned achievability of a con-
tinuum of tradeoffs.
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2) Practical Difficulty in the Usage of MDSQ: Several au-
thors have used MDSQ in their design of MD encoders for im-
ages [9], [10]. Practical usage of MDSQ poses a dilemma, re-
quiring a choice between simple implementation with minimal
opportunity for tradeoffs, or complex implementation allowing
more tradeoffs.

* If the central quantizer uses only uniform step size, then
the tradeoff points achievable by varying the number of di-
agonals used in the index assignment matrix is so limited,
that, in the tradeoff range of typical interest, it provides no
other choice than the index assignment which maximally
favors the side distortion [9]. Achieving intermediate op-
erating points between these discrete points is desirable.

* If more tradeoff points at various rates than are achiev-
able with uniform step size are desired, codebooks must
be stored at the encoder/decoder. In designing these opti-
mized codebooks, extensive training is required and the
operating points on the convex hull must be identified
while eliminating the operating points which are only lo-
cally optimal for a particular selection of diagonal number
and index assignment.

III. THE STRUCTURE OF TWO-STAGE MDSQ

To resolve the inconsistencies between the asymptotic anal-
ysis and the performance in practice, we propose a new struc-
ture for the index assignment of MDSQ. Two classes of index
assignments were given in [5]: linear and nested. Let k be the
number of diagonals used in the index assignment matrix above
the main diagonal. Then the linear index assignment in [5] can
be taken as filling the matrix in a zigzag manner along the di-
agonal, and changing directions every 2k rounds. Fig. 4 pro-
vides an example of a portion of the index assignment matrix
for k = 2. The matrix is assumed to be infinite when rate is
high, and thus the border problem can be neglected. For a thor-
ough explanation of the linear index assignment, see [5].

This section provides a new structure for the MDSQ index
assignment, by first introducing the base index assignment
problem, and then by demonstrating that MDSQ can be per-
formed by a two-stage quantization procedure.

A. The Base Index Assignment

When the number of diagonals is increased, the side distortion
increases in exchange for a decrease in the central distortion.
As the requirement on the side distortion tightens, the number
of diagonals decreases, and finally degenerates into two iden-
tical descriptions, where only the main diagonal is used in the
index assignment matrix. In this case, the base index assignment
is the main-diagonal-only index assignment (Fig. 5(a)), and at
this point the requirement on the side distortion tightens to its
extreme. This seems to be a natural choice, but in fact this is not
optimal in a rate-distortion sense for MDSQ.

Consider the staggered index assignment illustrated in
Fig. 5(b) (see [11], [9]) for ECMDSQ, and compare the main-
diagonal-only and staggered index assignments at high rate. In
particular, consider the case when the central quantization step
size of the staggered index assignment is half that of the step
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Fig. 5. Base index assignment: (a) main-diagonal-only and (b) staggered.
size used with the main-diagonal-only index assignment. In
this case, the quantizer rates of the two index assignments are
equal, and the side distortions are also nearly equal (neglecting
the border area of the matrix at high rates), but the central
distortion using the staggered index assignment is reduced by
a factor of four when compared with that using the main-diag-
onal-only assignment. By using the staggered index assignment
and a uniform central quantizer, the side quantizers are in fact
optimal, because the optimal entropy-constrained quantizer is
uniform at high rate [12]. Thus, no further improvement can be
made to reduce the side distortion, even when the number of
diagonals is decreased to one. The staggered index assignment
is indeed a better choice for the base index assignment than the
main-diagonal-only matrix.

To generalize this staggered index assignment, the index
assignment should always include these two diagonals (the twin
diagonals); if more diagonals are needed, they can be added
symmetrically above and below the twin diagonals to maintain
balanced descriptions. By doing this, transition of tradeoffs is
achieved by symmetrically increasing or decreasing the number
of diagonals, and the degradation to the main-diagonal-only
index assignment is avoided. It will become clear in later
sections that this change of base index assignment not only
facilitates an implementation of MDSQ to achieve good perfor-
mance, but also provides a two-stage structure which leads to a
more elegant analysis. Despite these advantages, the staggered
index assignment by itself is neither sufficient nor necessary to
provide the 0.4-dB performance again asymptotically, which
will be explained in more details in Section V.

The index assignment is thus modified as follows. Let k be
the number of diagonals used in the index assignment above the
twin diagonals on each column. The index assignment proceeds
in one direction (northeast or southwest) for 2k + 1 rounds and
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Fig. 6. (a) General index assignment using staggered base index assignment for & = 1. (b) Labeling the cells according to their distances from the twin diagonals.
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Fig. 7.

(b)

(a) General index assignment using staggered base index assignment for k& = 2. (b) Labeling the cells according to their distances from the twin diagonals.

TABLE 1
INDICES AND LABELS BY DIAGONAL POSITION FOR & = 1 IN FIG. 6. MACROCELLS ARE DELINEATED WITH SOLID LINES,
‘WHILE INNER CELLS ARE DELINEATED WITH DOTTED LINES

Central Quantizerindex | 1 [2 |3 [4 [ 5]6[7]8]9][10][11]12][13]14[15]16
Relabel of cells 2 11 2(2:1)2 1)1 2|2 1|2 1]1 2
TABLE 1I
INDICES AND LABELS BY DIAGONAL POSITION FOR k = 2 IN FIG. 7
Central Quantizerindex | 1| 2 [ 3[4 [ 5|6 ] 7[8]9[10[11][12]13]14]15

16[17]18

Relabel of cells 3:1:2]2 1. 3|3

1. 2(12:1:3[3:1:2|3:1:2

then changes directions. As examples, Figs. 6(a) and 7(a) illus-
trate the index assignments for £ = 1 and k = 2, respectively.

B. Two-Stage MDSQ

It is observed in [13] that when the constraint on the side dis-
tortion tightens, the central quantizer cells farther away from
the main diagonal (which are also the farther cells from their
reconstruction values in the side quantizers), become smaller.
This shrinking decreases the side distortion since these farther
cells generate larger side distortion. By shrinking their lengths,
the cells closer to the main diagonal have to expand to com-
pensate for it, which increases the central distortion. Shrinking
the farther cells is therefore a technique to decrease the “actual”
number of diagonals used in the index assignment matrix.

A classification of the central quantizer cells will be made
based on the distance of the cells from the twin diagonals. In
the above example with k = 1, if the cells on the twin diagonals
are labeled / and the cells one step from the twin diagonals
are labeled 2, Fig. 6(b) results, and the corresponding indices

are shown in Table I. (For the example, with £k = 2, they are
given in Fig. 7(b) and Table II.) Now consider every (2, 1) or
(1,2) to be a larger cell, the boundaries of which segment the
entire source range into continuous intervals. Such a larger cell
is defined as a macro-cell, which is the union of central quantizer
cells on a single antidiagonal; an inner-cell is then defined as
one of the central quantizer cells within each macro-cell. Within
each macro-cell, the inner-cells are indexed 1,2,3,..., in an
increasing order of their distances to the twin diagonals in the
index assignment matrix.

The MDSQ can therefore be modeled in two steps: the first
step is to identify which macro-cell ¢ contains the sample, and
the second step is to identify which inner-cell 5 contains the
sample. An index assignment mapping

a': (i,5) = (p,q), (i.5) € I?, (p,q) € I?
is still required, but because of the periodicity in the index as-
signment matrix, this mapping is trivial after performing the
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above two steps. Note this mapping o’ is different from the map-
ping a in Section II-A.

IV. ASYMPTOTIC ANALYSIS OF TWO-STAGE MDSQ

The above macro-cell/inner-cell structure is used to develop a
straightforward asymptotic analysis of the MDSQ. This method
is used to optimize the MDSQ, and to suggest strategies for the
design of UMDSQ.

The basic idea in this analysis is that using a continuous func-
tion to approximate the distribution of the inner-cells is a poor
approximation when the number of diagonals is low; this en-
compasses many cases of practical interest. Here, such an ap-
proximation is not made; however, were this to be done, the
asymptotic results (in k) in the next section would still be ob-
tained, but the generality would be lost when the number of di-
agonals were low.

The well-accepted conjecture made by Gersho [14] states that
at high rate the cells of the optimal vector quantizer for a vector
uniformly distributed on a convex set are all congruent to a
certain (optimal) polytope. In MDSQ, a similar situation oc-
curs, only instead of the shape of each vector quantizer cell,
we have the inner-cell structure of each macro-cell. In order
to make the derivation traceable, we make a similar conjecture
that at high rate for a source uniformly distributed in [0, 1], all
the macro-cells of the optimal MDSQ have identical inner-cell
structure. Note that even if this conjecture is not true, our deriva-
tion still suffices to provide an upper bound on the distortions,
since then MDSQs with such a property are just a special class
in the general MDSQs.

Let s; € [0,1] be the normalized length factor for inner-cells
of class j, which represents the ratio between the length of
inner-cell 7 and that of its macro-cell, and thus Zj:ll s5; = 1.
Denote the vector (s1, So,...,5k41) as 871, Let N denote the
total number of macro-cells in an MDSQ. For a sequence of
MDSQs with strictly increasing number of macro-cells, quan-
tizer (Q ; has a total of N macro-cells, and the & + 1 inner-cells
in each macro-cell has inner-cell structure following sf’VN 1 we
will denote the parameters of Q y as (V, kn, sﬁ?’ *1), or without
ambiguity simply as (k,8)y. The following theorem can be
proved even without assuming the aforementioned conjecture.

Theorem 1: For any sequence of parameters (k, 8)n such
that imy_, oo % = 0, there exists a sequence of MDSQs with
such parameters on a source uniformly distributed on [0, 1],
and a sequence of vectors w**! = (wy,ws, ..., wyy1), where
j—1 < w; < j,such that

k+1

1 3

Doo =15 ; 5 ®)
D

lim L — =1 )

N—ooo _L_ .
N Ej:l w5s;

Theorem 1 essentially states that for high-resolution MSDQs,
when the number of diagonals is relatively small compared with
the number of macro-cells, the performances in (8) and (9) are
achievable. In fact, w]2- has its physical meaning as the expected
squared distance between the points falling in inner-cells of
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class j and their side quantizer reconstruction points, normal-
ized by the squared length of a macro-cell. More details on s;
and w; will be given as we proceed. Note that different tradeoff
points can still be achieved by using different values of s;’s
for a given k, in contrast with the expressions given in [6] (see
Section II-B (4) and (5), which give the central and side distor-
tions for ECMDSQs with a uniform central quantizer at high
rates), where only one optimal tradeoff point is achievable for a
given k.

The purpose of presenting this theorem is to rigorously pro-
vide certain justifications for the approximations that will be
made during the derivation (at least for a simple source), and
the proof of this theorem is delayed to the Appendix. In the se-
quel, we start the derivation with more general sources using a
heuristic approach by introducing a point density function on
the macro-cells.

A. Central Distortion Integral

Using the concept of ‘“asymptotic fractional density of
quanta” by Lloyd [15], define the macro-cell density function
as

1

gN(l'):m 3?6011’1/212/]\[

(10)
where L(C;) denotes the length of the macro-cell C; and N is
the total number of macro-cells.

When the rate is high, N is very large, and gy (x) can be ap-
proximated closely by a continuous density function g(z). Then
g(2)AL(z) may be taken as the fraction of macro-cells located
in an incremental length element A L(x), which contains x. The
length of the macro-cell C; into which the sample z falls is given
approximately by

1
Ng(z)

Assume that the overload region is properly chosen such that
the overload distortion can be ignored, and thus only distortions
generated on the finite support of [—xg, x| need to be consid-
ered (see [12] for a complete explanation on this topic). Con-
sider the central distortion

Doo= [ (@ = ale)plo) do

—x0

L(C;) ~ (11)

(z - y,;j)zp(x) dx (12)

where ¢(z) is the quantized value of x by the central quantizer,

v;; 1s the jth reconstruction value (for the jth inner-cell) in the

macro-cell ¢, L;; is the lower threshold of the inner-cell j in

macro-cell 7, U;; is the upper threshold of the inner-cell j in

macro-cell 7, and there are k& + 1 inner-cells in a macro-cell.
Since at high rate

p(z) = p(yiz) = p(yi) (13)
where y; is taken as the midpoint of macro-cell ¢, then
N k+1 Usj
Dao~ Y p(yi) ) / (¢ —yig)*de. (14)
i=1 j=1""Lij
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Fig. 8.

(a) The index assignment matrix for k = 2. (b) Labeling with the inner-cell indices. (c) The quantizer cells on the real line. The union of the shaded cells

in the quantizer are the side quantizer cell in shading in the index assignment matrix, while the different shadings of the shaded areas stand for different classes of

inner-cells.

Let s;; denote the length of the jth inner-cell of macro-cell
1. Assuming midpoint reconstruction, the distortion in an
inner-cell is approximated as

Uij si5/2
/ (z — yij)? do = / w2 dr ~ 5%/12 (15)
L;j; —sij/2
and then
N k41 3
~ ) “ij
Dqo = ;p(yz) Z; - (16)
1= ]:

In the high-resolution case, every macro-cell covers only a
very small fraction of [—z, x|, thus, we can now invoke the
Gersho-type conjecture for MDSQ. Then take

1
5ij = 8; L(C;) = s ——
1= 5O = s an
where s; is the normalized length factor of a inner-cell. Re-
call that it is the fraction that the inner-cell j occupies in the

macro-cell to which it belongs, and they must satisfy

a7

k+1
> osi=1. (18)
j=1
From (16), the central distortion is given as
N 1 k+1
Dgo= Y —=pyi) o35 D5 (19)
@~ 2 50 Tty 22
which can be approximated as
N |k
Dqo —DPYi §3
@0~ 2 T3P0 (g W) 2=
N 1 k+1
2 T3P0 g ) 2

1 &R o ply)
:—233/ 2y (20)
2
1247 )2y (Ny(y))
with the fact that
1
L(C;) ~ =~ by. 21
(Ci) No() S0

B. Side Distortion Integral

To obtain an expression for the side distortion, the side quan-
tizer cell structure is exploited. It can be expressed in terms of
the macro-cell length and probability based on the classification
of the inner-cells, and is given by

" (- g @) p(a) da

1
T =Y,

( )?p() da (22)

where ¢!(x) is the quantized value of = by the side quantizer
1; and yilj is the reconstruction value for side quantizer 1 for
inner-cell j of the macro-cell 7.

An example can illustrate the structure of the cells specified
by an index assignment matrix, and the example with k = 2
from the previous section is redrawn in Fig. 8 for convenience.
Notice that each column has 2(k 4 1) inner-cells, and these
inner-cells belong to 2(k+ 1) macro-cells, which approximately
makes the center of the union of these inner-cells (in the same
column) the center of two innermost of these 2(k + 1) macro-
cells. Observe that in Fig. 8, the side quantizer cell in shading
is consisted of central quantizer cells (6,9,11,14,18,21), and
these cells are contained in macro-cells (2, 3,4, 5, 6, 7), respec-
tively. The reconstruction value for this column is approximated
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at the boundary between macro-cell 4 and 5. This approxima-
tion is less accurate for small k, but improves as k increases.
Nevertheless, this is a conservative approximation, which suf-
fices to provide an upper bound on the granular distortion.

The square root of the expected squared distance of points
falling in inner-cells of class j to their side quantizer reconstruc-
tion points can be represented by

1 19

w]XNg(y)’ =12 ...
and w; denotes the same value normalized by the macro-cell
length, and notice that j — 1 < w; < j. Animplicit assumption
is made that the macro-cell lengths are approximately uniform
over a local area with 2(k + 1) macro-cells, which requires that
2(1‘;{1) — 0 as R — oo. In other words, the index assignment
matrix is a “thin”-banded matrix.2

Then it can be shown that the side distortion is approximated

Jk+1 (23)

as
k+1

Z/ a:—yu 2 dx

k+1

v
1 2 . S/.
~ ;p(yi);(wjm) L(C;)s;
. )

N
DQI Z P \Yi

ESIIES
+

~ wz-s-/m0 &d .
2 )L (N2 ™

(24)

~
Il

Equations (20) and (24) share a common factor

To
/ p(y) dy
2o (Ng(y))?

which depends only on the macro-cell density function, the
source pdf, and the total number of macro-cells. Thus, to simul-
taneously minimize D¢o and D¢ while allowing a tradeoff
between these two, the common factor should be minimized
first, and then the normalized length factors s; and the number
of diagonals k should be properly selected to achieve different
tradeoffs.

C. Rate of the Quantizer

1) Rate of ECMDSQ: For the entropy-constrained case, the
rate is the entropy of the side quantizer indices. To compute this,
first note that the sum of the lengths (and probabilities) of the
inner-cells in every column (row) of the index assignment are
approximately equal to the sum of the lengths (and probabilities)
of two macro-cells, because each column/row has two sets of
inner-cells, and each set consists of inner-cells with inner-cell
indices to make a macro-cell. Thus, 3

bi p(y2i) p(y2i+1)  2p(y2i)
" Ng(y2i)  Ng(y2it1)  Ng(y2i)

2This is true if ¥ + 1 = 277, 0 < 5 < 1, when R — 0. Proof: suppose
it is false, then NV has to be at most ©(k + 1), which implies the size of the
matrix has to be at most ©(k + 1). Thus, the rate of the quantizer is at most
O(nR),regardless of whether it is an entropy-constrained or a level-constrained
quantizer, and this contradicts the fact that the rate of the quantizer is R. O

(25)

3Note the labeling here is not consistent with the example in Fig. 8, because of
the border effect in the index assignment matrix. However, under the high-rate
condition, the border effect can be neglected and this approximation holds.
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where p; is the probability that the sample falls in the column
with side quantizer index ¢. The rate integral is given by

Hg =~ ZPilng (pi)

~ Z 2p(y2i) 2p(y2i)
Ng(y2i) Ng(yZi)
~ Z p(y2:) 2P(y2i)
N’J U2 Ng(fUZi)
Z P(Y2i+1) 2p(y2i+1)
N(J 'U21+1 ? Ng(y2i41)
i) 2p(yi)
= - (s log .
; Ng(y:) 2 Ng(ys)
£
N - / p(y)log, p(y) dy
o

— 14> p(yi)logs(Ng(yi))sy

i

i) -1+ [

—x0

p(y)loga(Ng(y)) dy

where h(p) is the differential entropy of the random variable z.
In this case, applying Jensen’s inequality to (26) gives

/ 0 p(y)

J 2y (Ng(y))?
The optimal g(y) which makes (27) hold with equality is a
constant, corresponding to uniformly distributed macro-cells.
This suggests that for ECMDSQ, in the first stage of an op-
timal two-stage implementation of quantization, a uniform step
size can be used for the macro-cells regardless of the structure
within the macro-cell. And also the common factor in the cen-
tral and side distortion integrals ((20) and (24)) only depends on
the rates, but not on the tradeoff.

Consider now the special case when the inner-cells have equal
length; i.e., s; = 1/(k + 1). For a Gaussian source with unit
variance, and when k is large, taking either w; = j (or w; =
7 — 1) leads to the distortion product

(26)

dy > 9—2(Hqo—h(p)+1) (27)

’/T2e2
DooDo1 ~ 4Hq 2
Dor~ - (28)

which agrees with the result in [6] for ECMDSQ with a uniform
central quantizer.
2) Rate of Level-Constrained MDSQ: For the level-con-
strained case, the total number of side quantizer indices
|IN/2| +k+1=2%
2(k+1)
N

is given. As previously mentioned, — 0as R — oo, and
thus, N — 2E+1 as R — o0. Thus, the constraint of quantizer
level is actually on N in this case. Then the optimal macro-cell
point density function is given in [16]
g(z) = )

= — .
S5, ptA(@)ds
This suggests that in the level-constrained case, the common
factor

(29)

o p(y)
/_a:0 (Ng(y))? i

is also only controlled by the rate by varying N at high resolu-
tion.
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Thus, in both entropy-constrained and level-constrained
cases, the two-stage quantization reduces the optimization
problem to a decoupled two-step procedure: optimize the
product of the macro-cell density function and IV subject to the
rate constraint; and optimize the normalized inner-cell length
factors to achieve different tradeoffs.

D. The Optimal Normalized Inner-Cell Length

To achieve an optimal tradeoff, the normalized inner-cell
lengths must vary according to the distortion and rate con-
straints. Redefine the problem as follows:

minimizeDgo
subject to constraints on both the side distortion and the rate
Dg1 <D,
Ho <R

where D, is the constraint on the side distortion. This formu-
lation and the following analysis are for ECMDSQs only, but a
similar approach also applies to level-constrained MDSQs. Also
notice that this problem can be formulated in a Lagrangian ap-
proach [17], which is to minimize Dgo + A1 Dg1 + A2Hq for
this specific problem.

Using the equations in Sections IV-B-IV-D, proper selection
of Ng(y) satisfies the second constraint. The problem, there-
fore, reduces to one involving the normalized length factors for
the inner-cells

k+1

minimaize E s?
7j=1

subject to the constraints

k41
2
Z wisj <O
j=1
k41
> si=1
j=1
s; >0,  j=1,2... k+1
where the constant C, is defined as
D
C, = > (30)

zo _ p(y)
—zo (Ng())? dy

and is completely determined by the constraint D and the func-
tion Ng(y), which are known.

Application of the Kuhn-Tucker conditions to this problem
yields

2 _ ()\ — )\1U)J2) A Z )\1’U}J2~
%= {0, else G
and
k+1
Z w?s; < Cy (32)
j=1
k+1
> si=1 (33)
j=1
A>0 (34)
A >0 (35)
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k+1
)\1 wasl — CS =0.
j=1

Consider these conditions under the following cases.

High Side-Distortion Case: 1If Cj is large, the constraint (32)
can be satisfied with inequality and thus, A\; = 0, which gives
s; = VA = 1/(k + 1). A uniform inner-cell length factor
is therefore optimal in the high side-distortion case; i.e., when
the side-distortion constraint is so loose as to be satisfied with
inequality, uniform inner-cell length is optimal.

Low Side-Distortion Case: As the constraint on the side dis-
tortion tightens, (32) must be satisfied with equality. Thus, some
s; corresponding to large values of w; go to zero, and without
loss of generality, choose A = (A1, with 8 chosen so w?n <
B < w2 i, 1 <m <k, yielding

J 0, 7> m.

(36)

S

(37

(Recall that j — 1 < w; < j.)

This result suggests that the farthest cells from diagonal are
eliminated first, and the remaining nonzero cells are sized ac-
cordingly. Uniform inner-cells will not provide optimal MDSQ
performance, unless the constraint on the side distortion is so
trivial to satisfy that it has no influence on the optimization
problem. As the value of 3 changes continuously, the normal-
ized inner-cell length factors vary accordingly, and a continuum
of tradeoffs is subsequently achieved.

Similar behaviors were observed by Goyal et al. [18] in the
case of multiple description vector quantizer (MDVQ) with
a lattice codebook. Though their observation was reached by
applying a generalized Lloyd-Max algorithm without explicit
analysis such as presented here, the diminishing of the “far-
thest” cells when the side distortion constraint tightens and the
nonuniformity of central quantizer cells are very similar. The
topic of MDVQ is beyond the scope of this paper; however, the
analysis presented here can be extended to MDVQ with minor
modifications [19].

V. GRANULAR DISTORTION REVISITED

The granular distortion of MDSQ was calculated in [6] using
a compander function on the central quantizer. In this section,
the granular distortion problem is re-examined using our
analysis. The granular distortions for ECMDSQ and level-con-
strained MDSQ are derived, respectively, and compared with
the rate-distortion bounds.

Note that in the proposed two-stage structure, macro-cells
have the same number of inner-cells, and subsequently are as-
sumed to have the same inner-cell structure. This is different
from the previous structure of MDSQ by Vaishampayan [5], [7],
which interleaves two types of macro-cell structures, when the
main-diagonal-only matrix is used as the base index assignment
matrix. These two types of macro-cells have different numbers
of inner-cells, thus, they cannot be assumed to have the same in-
nercell structure. However, with some modification, the asymp-
totic analysis method presented here can be used on the MDSQs
designed with a main-diagonal-only matrix as the base index as-
signment matrix, which leads to similar expressions for Dy, D1,
and H, and the same granular gap results can also be derived
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through a less straightforward route. The choice of the stag-
gered matrix as the base index assignment matrix against the
main-diagonal-only matrix is more from a design perspective,
rather than to reach different asymptotic results. An even more
accurate approximation for the side distortion can be derived
by using refined classification of “types” as presented in [20],
which is beyond the scope of this paper. However, the deriva-
tion presented here is reached by a conservative approximation,
which suffices to provide an upper bound on the granular dis-
tortions of MDSQ.

A. ECMDSQ

To achieve different tradeoffs by using different k value, let
kE+1 = 2"He which is also used in [6] to derive the granular
distortions. Using the expressions from the previous section, the
optimal entropy-constrained quantizer can achieve

1 k+1
_ 39—2Hqg+2h(p)
Dgo = 18 Zl 552 Q
j=

1 ke
2. o—2Hg+2h
DQ1 :ZzijJQ et (p)
i=1
Thus upper bounds are needed for the quantities

k41 k+1
_ 3 _ 2.
By = E 85 and Bj = E wjs;.
j=1 j=1

To find these upper bounds, we show that some sets of valid
s5; can achieve satisfactory distortions.

(38)

Definition 1: A set of s; is said to be admissible for k£ + 1 if
Zf;rllsj =lands; >0forj=1,2,...,k+ 1.

For any admissible s;

k+1 k+1
S uts €3 @
j=1 j=1
which is trivial because w; < j. Thus, if the quantity
k+1
(40)

Bi=) i%
j=1

with a set of admissible s; is upper-bounded, then this bound is
an upper bound for B;.
Consider the following admissible s; for a certain k 4 1, call
it 5
_ 52\1/2
55 = k(fl /) ; (41)
Zj:l (B - .72)1/2

where /B =k + 1+ ewithl > ¢ > 0.
Then

k+1 .9

(42)
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ktl -2 2

B =S La-L)ig3
! ]Z:lﬁ g
o2 !
— 2372 .
x<;(1 5 ) 43)

Let z = ﬁ,andsincel <j<k+1,then0 < 2z < 1.
Recall that /3 ~ k + 1=2"He and as k — oo, L@:Az:dz.
Thus, the above quantities can be approximated as integrals

1 v 1 )
Bo ~2-21Ha / (1_z2)%dz(/ (1 22)bdz)=3
JO J0

12
= FQ—Q”HQ (44)
/ 2nH ! 2 2\1 ! 2y1 -1
Bl a2 Q/ 21— 2 )zdz(/ (1 - 22)4dz)
J0 J0
1
= _2%Hq, (45)

Thus, the optimal central and side distortions are upper-
bounded by

1 9—2(14n)Ho+2h(p)

Do =~ o) (46)
1
Do1 ~ E2_2(1_W)HQ+2h(p)' 47)

For ECMDSQ with the mean-squared error measurement, the
sets of §; can achieve arbitrarily close to

11
DgoDg1 ~ — — 2 4Ho+ih(p) 4
Dor~ = — (48)
while the rate distortion bound is ((1) and (2))
1 1
DoDy = — 9 4Ha+4h(p) 49
D1 = Gre (49)

Thus, an upper bound for the granular gap of the product of
central and side distortions for ECMDSQ is /4 = 2.67 dB.
The performance difference between ECMDSQ with the op-
timal inner-cell lengths and ECMDSQ with uniform inner-cell
lengths is 9/72 = 0.4 dB, in terms of distortion product.

B. Level-Constrained MDSQ

For level-constrained MDSQ, a similar result is obtained by
taking N = 28+1 k 4+ 1 = 2% and using the optimal g(z) as
given in (29); thus, an upper bound is given as

1 [
Do ~ —
Q1 16(/

—x9

1 [,
Doo s ([ po(a)dayi2enn
i z0
pl/S(x)dx)32—2(1—n)R.

Compare these with the results when a uniform central quantizer
is used [6], which are

/ Nl o
Qo & 5

—xq

D! ~1( "
QL™ 19

—xq

p1/3(x)dx)32—2(1+n)R

p1/3(a:)d:v)32_2(1_")R.
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There is also a 9/7% = 0.4 dB difference in terms of distortion
product. In the special case of a Gaussian source with unit vari-
ance, optimal inner-cell lengths can achieve

27
DgoDg1 =~ —27*F (50)
16
and comparing with the rate-distortion result of
1
DoDy = 12—45‘ (51)

which demonstrates a 8.29-dB granular gap, while previously
this gap was given as 8.69 dB [6].

VI. DESIGN OF UNIVERSAL MSDQ (UMDSQ)

Since quantizers are in practice typically followed by entropy
coding, in this section we apply our analysis results to the design
of ECMDSQ and introduce the UMDSQ.

A. A Greedy Approximation to the Optimal Inner-Cell Lengths

In order to achieve a continuum of tradeoff points while ex-
ploiting the simplicity of uniform inner-cell structure, the fol-
lowing technique is considered: for fixed &, keep the macro-cell
length fixed (which approximately fixes the rate), shrink grad-
ually the farthest inner-cell from diagonal, and make the other
inner-cells uniform. This approximation method is greedy, be-
cause it starts with uniform inner-cells and their tradeoffs, then
greedily achieves other tradeoffs. As the diagonal number is
varied, repeating the above process yields a continuous tradeoff
curve.

The performances of the greedy and optimal inner-cell
lengths are compared using simulation methods. Fig. 9 illus-
trates the results when R = 4 bps/channel. The difference
between the greedy and optimal methods is almost undistin-
guishable, which is not surprising, since asymptotically this
difference is only 0.4 dB. The optimal method gives smoother
transitions between tradeoffs, while the greedy method pro-
duces some small bumps on the curve. The optimal method
therefore only provides a minor improvement over the greedy
method, and the latter is applied to the design of universal
MDSQ in the next section.

B. Implementation of UMDSQ

Based on the two-stage MDSQ structure and the greedy
inner-cell structure, UMDSQ is proposed in this section as
follows.

1) Quantize the sample using the macro-cell step size Ay, to
get the macro-cell index 7. Suppose sample = € [x;, z; +
Ay), where z; and x; + A; are macro-cell thresholds,
then compute the residual error as e; = x — x;, which
will give 0 < e7 < Aj.

2) Quantize the residual error e; with one of two classes of
the inner-cell quantizers, which are uniform except for the
farthest cell from the twin diagonals, to get the inner-cell
index j.

3) Compute the index assignment based on the above two
steps.

Details of the three steps are now described.

2099
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Fig.9. Comparison of optimal versus greedy methods at R = 4 bps/channel.
TABLE III
TWO INNER-CELL QUANTIZERS
class | Normalized inner-cell length factor
1 1 1 1 a
k+14+a? k+14a? " k+14a? k+14a
kE+1
2 a 1 1 1
k+1+a? k+1+a? k+14a? 7 E+1+a
k41

The inner-cell quantization can be taken as quantizing a
sample on a finite support. Define an index assignment to
have redundancy parameter k + «, such that the macro-cell
is divided into k£ + 2 inner-cells, and the cell length ratios are
1:1:---:1:q,i.e., the k + 1 inner-cells closer to the twin
diagonals have same cell lengths, except that the inner-cell
farthest from the twin diagonals has normalized inner-cell
length factor a//(k + 1 4+ «). Note that only 0 < o < 1is
allowed, and k is a positive integer. If & = 0, then the k + 1
inner-cells will have uniform threshold, i.e., the macro-cell
is divided uniformly into k£ + 1 cells; and if @ = 1, then the
k + 2 inner-cells have uniform step size. Now there are only
two parameters to control this whole system: the redundancy
parameter k + « and the macro-cell length Aj.

Because of the periodically changing direction of index as-
signment matrix, in the second stage quantization, there are two
classes of quantizers as in Table III. Class 2 quantizers are used
in macro-cells in which the inner-cell with the smallest central
quantizer index is farthest from the twin diagonals; otherwise,
class 1 quantizers are used. These two quantizers have nearly
identical structures (they differ only in that one is the reverse of
the other) and almost uniform step sizes, and therefore they are
easy to implement.

To achieve perfectly balanced descriptions, the fact that the
sources in practical application usually have symmetric distri-
bution about zero is used. An example index assignment matrix
for k = 1, which takes this fact into account, is given in Fig. 10.
Notice that there are negative indices in this matrix, and special
care should be taken to retain the symmetry about zero. Details
for this technique can be found in [5].
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Fig. 10. Index assignment using the symmetric property of the source. The

numbers outside the matrix are the column/row indices.

Reconstructing using the cell centers rather than centroids
dramatically deteriorates the performance of UMDSQ at
low rates, especially the side distortion. To maintain uni-
versality, on-the-fly training can be employed for several
reconstruction values around zero [21]. The encoder uses the
uniform two-stage quantizer to encode and simultaneously,
the reconstruction values of quantizers are trained using the
data being encoded. The decoder uses the trained reconstruc-
tion values to reconstruct the data, instead of using center
reconstruction. Training the side quantizer reconstruction
values with indices (—3,—2,—-1,1,2,3) (see Fig. 10) and
the central reconstruction values with indices (—2,-1,1,2)
achieves performance with negligible differences from centroid
reconstruction (0.3-0.6 dB, compared with the granular gap of
2.67 dB). Notice that the trained reconstruction values need to
be transmitted, which results in a higher rate. However, these
values need to be transmitted only once after a block of data
are transmitted, at the expense of delay, and the overall rate
increase over the whole block is usually minor.

The design of ECMDSQ presented in [7] requires extensive
training on the quantizer thresholds and reconstruction values
for a given index assignment matrix, with a generalized
Lloyd—Max algorithm. Furthermore, running this algorithm
to convergence only once might not be enough, because the
operation points thus reached are only locally optimal, and
they have to be identified whether they are indeed on the
convex hull of the rate-distortion region. If they are not on
the convex hull, which itself is difficult to determine, multiple
runs with different index assignment matrices are required.
For practical applications, the pdfs of the sources are usually
unknown, which makes such training either impossible or
undesirable. In contrast, UMDSQ does not require training,
while it still achieves a similar performance to ECMDSQ with
optimized codebooks at high rates. And it is for this reason that
UMDSAQ is universal to various sources with smooth pdfs. In
a sense, UMDSAQ is similar to the uniform quantizer followed
by entropy coder in classical one-description system, which is
widely used in practical applications and is (close to) optimal
at reasonably high rate.

C. Simulation Results

The performance of UMDSQ is evaluated and compared with
that of ECMDSQ with optimized codebooks for a memory-
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Fig. 11. Comparison of UMDSQ (with center reconstruction) versus

ECMDSQ with optimized codebooks at R = 4 bps/channel. The “Uniform
Central Quantizer” marks the discrete tradeoff points that can be achieved by
using uniform inner-cells, while UMDSQ connects them nicely.

less Gaussian source with unit variance. The granular region
is taken large enough so that the rate and distortion contribu-
tion in the overload region can be ignored within machine pre-
cision. The parameter k + « is increased in increments of 0.1
at both 4 bps/channel in Fig. 11 and 1 bps/channel in Fig. 12.
At 4 bps/channel, as k + « is varied from 0 to 5, UMDSQ with
center reconstruction can achieve nearly the same performance
as ECMDSQ with optimized codebooks. At 1 bps/channel, the
high-rate assumption does not hold. UMDSQ with centroid re-
construction is shown for comparison purposes and achieves
comparable performance to ECMDSQ with optimized code-
books, while the performance with center reconstruction deteri-
orates dramatically. On-the-fly training provides a compromise
between them. Note that while ECMDSQ with an optimized
codebook favors the central distortion, UMDSQ favors the side
distortion. UMDSQ implemented using a two-stage quantizer
followed by an entropy coder requires selection of only two pa-
rameters, and provides a continuum of tradeoff as the two pa-
rameters are varied.

VII. CONCLUSION

We provide a new and straightforward asymptotic analysis
of a class of MDSQs. This analysis is more general and more
insightful than previous analyses. We show that the uniform
central quantizer is not optimal in general, and by using op-
timal inner-cell lengths, the granular gap of ECMDSQ can be
reduced to 2.67 dB, instead of 3.07 dB. Similarly, for level-con-
strained MDSQ, the same 0.4-dB improvement can be achieved.
These results in effect provide new upper bounds on the granular
distortions of MDSQs. The tightness of these bounds relies on
a generalized Gersho-type conjecture for MDSQs that at high
rates all the macro-cells are identical on a source with uniform
pdf, and thus it is possible that these bounds can be improved.
Based on the result given by the analysis of the two-stage quanti-
zation, UMDSAQ is proposed, which can achieve a continuum of
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Fig. 12.  Comparison of UMDSQ versus ECMDSQ with optimized codebooks at & = 1 bps/channel.
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Fig. 13. Top-left portion of the index assignment matrix.

tradeoffs between central and side distortions more gracefully,
without using the extensive training in the design, as required
by ECMDSQ with optimized codebooks.

APPENDIX

In this appendix we prove Theorem 1 by showing that a
particular construction of two-stage MDSQ can achieve the
claimed performances.

A. Proof

Consider an MDSQ partitioning the interval [0, 1] uniformly
into a total of N macro-cells, and all the macro-cells have the
identical inner-cell structure. It is trivial to show that when
center reconstruction is used

Do = [ (o — g(a))? da =

k+1

12N2 Z %

where ¢(z) is the quantized value of z by the central quantizer.
To derive the side distortions, observe the top-left portion of
the matrix can be filled as shown in Fig. 13. Notice that the
top-left corner is not filled with indices, which causes certain
irregularity in the side distortion.
The side distortions generated by the 2k + 1 macro-cells near
each boundary are different from that of the inside macro-cells.

(A52)

For the inside macro-cells, the side distortion can be calculated
using the same approach as in Section IV-C, and we denote
the contribution of distortion from these macro-cells as Dél.
Correspondingly the contribution of distortion from the macro-
cells near the boundaries is denoted as Dgl. With each inside
macro-cell contributes side distortion in the amount bounded in
the interval

S (= 1)2s;
N3 ’

k+1 .o
Z] 17785
N3

there exist w;’s such that j — 1 < w; < j and
g k1

Z w?s;. (AS3)

7=1

N - 4k
Dg1 = D4,+Dg, > Dy = ——5——

We denote the right-hand side of this inequality as Dy,.

On the other hand, for the macro-cells near the boundaries,
the distortion contribution can be bounded above, if we treat
them in the same way as the inside macro-cells, which is obvi-
ously not optimal. And this gives

Dq1 = Dg: + D,

k+1 k+1
N—4k—2 4k + 2
<— > wis;+ § jJ s; (AS4)
j=1

because w; < j. We denote the right-hand side of this inequality

as Dy.
Thus,
1 k+1
Dy > <5 > wis;> Dy (A55)
j=1
DU > DQl > DL. (A56)

Now it suffices to show that limn_, oo % = 1, which is equiv-
alent to showing
4k+2 k+1 .2
Z_] 17755

lim

k+1
Neooo N— 4k 22+1ws]

=0. (AS7)
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Observe that 12(w;)* > j? for any integer j > 1, because
wj > j— 1. Consider the two cases when s; > 0.5 or s < 0.5.

e 51 > 0.5:

In this case, each class 1 inner-cell occupies more
than half of its macro-cell. Recall that w? is the expected
squared distance between points in class j inner-cell to
their side quantizer reconstruction points, normalized
by the squared length of a macro-cell. With the uniform
distribution (see also Fig. 8), we have

rS1 2
w? > / L e = ‘%1 (A58)
0

S 1
S1 ].2'

Thus, 12w? > 1, which implies 12(w;)? > 52 for any

7 > 1. Thus,
W2 s (A +2) 20K (120)s;
Noth=2 52 M 2g; T (N — 4k — 2) X5 wls;
4k + 2
=12— . A59
(N — 4k - 2) ( )
e 51 < 0.5:
In this case
k+1 k+1
ijsj > Zs]- > 0.5
j=1 j=2

since w; > j — 1. Thus,

4Zkv-|§2 f:ll j?sj
S T o
(4k +2)(s1 + X551 (1202)s)
k+1
(N =4k —2) Zj;rl wjz-sj
4k + 2 S1
= (= +12)
(N — 4k - 2) Zj:l wjzsj
4k + 2
<l 3————. A.60
- (N—-4k-2) ( )
In both cases
im N 5211]28] < lim 1374k+2 =0
Neoo N—]élgc—? ;ci-ll w?»s]' T Nooo (N —4k—2)
(A61)

since limpy 00 % = 0 as given in the condition. This completes
the proof. O
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